
K. Ensslin

Bilayer graphene: 
- constrictions and dots
- valley splitting and a spin splitting
- topological properties

A. Kurzmann, H. Overweg
M. Eich, R. Pisoni, Y. Lee
C. Gold, P. Rickhaus, T. Ihn

Graphene Quantum Devices



Graphene constrictions on BN

motivation fabrication bulk measurements (DPBN07) nanoribbons summary

! ribbons

phase AFM images

7 ribbons: 3 clean (left) 4 with residues (right)

clean! APL 101, 203103 (2012)
PRB 90, 115405 (2014) 



Comparison BN and SiO2 substrate
Ribbon: L = 200 nm, W = 60 nm (70 nm)
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Δ gap = vF 2πCGΔVG /e

Typical transport gaps: 100-200 meV



Comparison BN and SiO2 substrate
Ribbon: L = 200 nm, W = 60 nm (70 nm)

  

€ 

Δ gap = vF 2πCGΔVG /e

Typical transport gaps: 100-200 meV

No difference between BN and SiO2 substrate!!!!

But: bulk disorder strongly reduced on BN

Therefore: edge disorder must be dominant

-> prepare electrostatically defined edges

APL 101, 203103 (2012), PRB 90, 115405 (2014) 



Bilayer graphene
single layer

linear dispersion

bilayer

parabolic dispersion

bilayer + electric field

Mexican hat dispersion
+ bandgap

bilayer graphene: gap can be induced by vertical electric field
See Goossens et al. Nano Lett. 12, 4656 (2012) 
Dröscher et al. New. J. Phys. 14, 103007 (2012) 

linear dispersion



Encapsulation

Si-Backgate
SiO2

BNbottom

S D

top layer BN

BNtop

BN
bilayer graphene
contacts

top gate
TG

-> tunable p-n junction
Fabry-Pérot oscillations
Lifschitz transition etc.



Electrostatically induced band gap
Experiments
• Oostinga et al, Nature Materials 

7,151 (2008)
• Sui, et al, Nature Physics 11, 

1027 (2015)
• Zhu et al, Nature Comm. 2017, 

10.1038/ncomms14552

• Gap can be induced by vertical 
displacement field D

But:
• Gaps in transport are too small
• Resistances are finite (kWs)

http://dx.doi.org/10.1038/ncomms14552


Encapsulation: 
additional graphite back gate

Si-Backgate
SiO2

BNbottom

S DBNtop
TG

p n p

graphite

large gap, large resistance



Si-Backgate
SiO2

BNbottom

S DBNtop

graphite

Encapsulationsplit gate



Si-Backgate
SiO2

BNbottom

S DBNtop

graphite

Encapsulationsplit gate

insulator



Si-Backgate
SiO2

BNbottom

S DBNtop

graphite

Encapsulation
insulator

split gate

top gate



Electrostatically induced band gap

D = 0.7 V/nm
T = 1.7 K



Electrostatically induced band gap



Electrostatically induced band gap
Extra top gate to tune 
channel density



Channel conductance
no plateaus below 10 e2/h

plateaus spaced by 4 e2/h

Tombros, et al, Nature Physics 7, 697 (2011)
Allen et al., Nature Com. 3, 934 (2012) 
Goossens et al., Nano Letters 12, 4656 
(2012)
Terres et al, Nature Com. 7, 11528 (2016)
Kim et al., Nature Physics 12, 1022 (2016)
Kraft et al., PRL 121, 257703 (2018) 
-> Romain Danneau’s group Yongjin Lee



Channel conductance
no plateaus below 10 e2/h

plateaus spaced by 4 e2/h

Pinch off R ~ 10 MΩ
M.T. Allen, J. Martin, A. Yacoby, 
Nat. Comm. 3, 934 (2012) Yongjin Lee



QPC in AlGaAs heterostructures

van Wees et al, PRL 1988
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FIG. 1. Point-contact resistance as a function of gate volt-
age at 0.6 K. Inset: Point-contact layout.

FIG. 2. Point-contact conductance as a function of gate
voltage, obtained from the data of Fig. 1 after subtraction of
the lead resistance. The conductance shows plateaus at multi-
ples of e /xh.

pinched off at Vg =—2.2 V.
We measured the resistance of several point contacts

as a function of gate voltage. The measurements were
performed in zero magnetic field, at 0.6 K. An ac lockin
technique was used, with voltages across the sample kept
below kT/e, to prevent electron heating. In Fig. 1 the
measured resistance of a point contact as a function of
gate voltage is shown. Unexpectedly, plateaus are found
in the resistance. In total, sixteen plateaus are observed
when the gate voltage is varied from —0.6 to —2.2 V.
The measured resistance consists of the resistance of the
point contact, which changes with gate voltage, and a
constant series resistance from the 2DEG leads to the
point contact. As demonstrated in Fig. 2, a plot of the
conductance, calculated from the measured resistance
after subtraction of a lead resistance of 400 0, shows
clear plateaus at integer multiples of e /&A. The above
value for the lead resistance is consistent with an es-
timated value based on the lead geometry and the resis-
tivity of the 2DEG. We do not know how accurate the
quantization is. In this experiment the deviations from
integer multiples of e /zh might be caused by the uncer-
tainty in the resistance of the 2DEG leads. Inserting the
point-contact resistance at V~= —0.6 V (750 0) into
Eq. (1) we find for the width W,„=360nm, in reason-

able agreement with the lithographically defined width
between the gate electrodes.
The average conductance increases almost linearly

with gate voltage. This indicates that the relation be-
tween the width and the gate voltage is also almost
linear. From the maximum width W,„(360 nm) and
the total number of observed steps (16) we estimate the
increase in width between two consecutive steps to be 22
nm.
We propose an explanation of the observed quantiza-

tion of the conductance, based on the assumption of
quantized transverse momentum in the contact constric-
tion. In principle this assumption requires a constriction
much longer than wide, but presumably the quantization
is conserved in the short and narrow constriction of the
experiment. The point-contact conductance G for ballis-
tic transport is given by "

G =e NpW(It/2m)( [ k„~ ).

The brackets denote an average of the longitudinal wave
vector k, over directions on the Fermi circle, N p
=m/eh 2 is the density of states in the two-dimensional
electron gas, and W is the width of the constriction. The
Fermi-circle average is taken over discrete transverse
wave vectors k» = ~ nz/W (n =1,2, . . . ), so that we can
write

T

&Ik. l&= J d'krak, )&(k—kF) g 6' k»—
7C F 8', -) 8' (3)

Carrying out the integration and substituting into Eq. (2), one obtains the result

N,

(4)

where the number of channels (or one-dimensional subbands) N, is the largest integer smaller than kFW/x. For
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QPC in AlGaAs heterostructures

van Wees et al, PRL 1988

Parabolic confinement:

Finite magnetic field:

Var UME 60, NUMBER 9 PHYSICAL REVIEW LETTERS 29 FEaRU~RV 1988

15

1P

LLj

I—
5-

U3
LLJ
CC

-2 —1.8 —1 6 -1.4 -$. 2 -i -0.8 -0 6

—1 4

GATE VOLTAGE IV)

—1 2

GATE VOLTAGE (V)

FIG. 1. Point-contact resistance as a function of gate volt-
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We measured the resistance of several point contacts

as a function of gate voltage. The measurements were
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below kT/e, to prevent electron heating. In Fig. 1 the
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point contact. As demonstrated in Fig. 2, a plot of the
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timated value based on the lead geometry and the resis-
tivity of the 2DEG. We do not know how accurate the
quantization is. In this experiment the deviations from
integer multiples of e /zh might be caused by the uncer-
tainty in the resistance of the 2DEG leads. Inserting the
point-contact resistance at V~= —0.6 V (750 0) into
Eq. (1) we find for the width W,„=360nm, in reason-

able agreement with the lithographically defined width
between the gate electrodes.
The average conductance increases almost linearly

with gate voltage. This indicates that the relation be-
tween the width and the gate voltage is also almost
linear. From the maximum width W,„(360 nm) and
the total number of observed steps (16) we estimate the
increase in width between two consecutive steps to be 22
nm.
We propose an explanation of the observed quantiza-

tion of the conductance, based on the assumption of
quantized transverse momentum in the contact constric-
tion. In principle this assumption requires a constriction
much longer than wide, but presumably the quantization
is conserved in the short and narrow constriction of the
experiment. The point-contact conductance G for ballis-
tic transport is given by "
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vector k, over directions on the Fermi circle, N p
=m/eh 2 is the density of states in the two-dimensional
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QPC in AlGaAs heterostructures
Parabolic confinement:

Finite magnetic field:
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ω ' = %./ +%0/
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2m%0

/2/
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FIG. 12. Point contact conductance (corrected for a senes lead resistance) äs a function of

gate voltage for several magnetic field values, illustrating the transition from zero-field quantiza-
tion to quantum Hall effect. The curves have been offset for clarity. The inset shows the device
geometry. (From Ref. 57.)

spin-splitting energy |0µ¬5| is considerably smaller than the subband Split-
ting ƒ£. (If one uses the low-field value g = —0.44 for the Lande g-factor
in GaAs, and the definition µ¬ = eh/2me for the Bohr magneton, one finds
a Splitting äs small äs 0.025 meV per T, while AE in general is more than
l meV, äs discussed later.) We note that the spin degeneracy of the quantized
plateaus also can be removed by a strong parallel (rather than perpendicular)
magnetic field, äs shown by Wharam et al.5

Because the arguments leading to Eq. (5) are valid regardless of the nature
of the subbands involved, we can conclude that in the presence of a mag-
netic field, the conductance remains quantized according to G = (2e2/h)N
(ignoring spin-splitting, for simplicity). Calculations95·112"114 done for specific
point contact geometries confirm this general conclusion. The number of oc-
cupied (spin degenerate) subbands 7V is given approximately by Eq. (8), for a
square-well confining potential. In the high-magnetic field regime W > 2/cycl,
the quantization of G with N given by Eq. (8b) is just the quantum Hall
effect in a two-terminal configuration (which has been shown115"117 to be
equivalent to the quantization of the Hall resistance in the more usual four-

van Wees et al, 
PRB 38, 3625 
(1988) 
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Model
four band model Hamiltonian for bilayer graphene:

basis: 
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Appendix A: Model Hamiltonian

The four-band model Hamiltonian of BLG (BLG) is
given by [1, 2]

H
⇠
BLG =

⇠

0

BB@

⇠U(x)� 1

2
�(x) v3⇡ 0 v⇡

†

v3⇡
†
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�(x) v⇡ 0
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†

⇠U(x) + 1

2
�(x) ⇠�1

v⇡ 0 ⇠�1 ⇠U(x)� 1

2
�(x)

1

CCA ,

(A1)

written in the basis �K+ = ( A1, B2, A2, B1) or
�K� = ( B2, A1, B1, A2) in the two valleys K+ (for
⇠ = +1), and K

� (for ⇠ = �1). The diagonal terms
in this Hamiltonian account for the spatially modulated
confinement potential U(x) and the modulated gap�(x):

U(x) =
U0

cosh x
L

, �(x) = �0 � �
�0

cosh x
L

, (A2)

where we chose U0 = �30 meV, L = 20 nm, and � = 0.3,
in accordance with the parameters of the experimental
probes. Furthermore, ⇡ = px + ipy, ⇡† = px � ipy, with
p = �i~r�

e
cA and for the velocities and hoppings we

use v = 1.0228 ⇤ 106 m/s, v3 = 1.2299 ⇤ 105 m/s, and
�1 = 381 meV [2].

Appendix B: Bulk properties

In the limit x ! 1 the Hamiltonian of Eg. A1 de-
scribes the properties of homogeneous gapped BLG. The

⇤ peterri@phys.ethz.ch

dispersion is given by the four valley degenerate bands [1]
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where ↵ = 1, 2, and k = k(cos', sin'). In the top panel
of Fig. 1 we plot the lower conduction band (↵ = 1) in
the K� valley for a gap of �0 = 150 meV demonstrating
the e↵ect of trigonal warping induced by v3 6= 0 causing
the dispersion to form three mini-valleys around each K-
point. The states of gapped BLG carry a non-trivial
Berry curvature and orbital magnetic moment. From
the Bloch functions of the nth band the magnitude of
the corresponding Berry curvature ⌦n(k) = ⌦nez and
the orbital magnetic moment Mn(k) = Mnez can be
computed according to Refs. [3, 4]

⌦n(k) = ihrk�n|⇥ |rk�niez,

Mn(k) = �i
e

~ hrk�n|⇥ [✏n(k)�H(k)]|rk�niez,

where rk = (@kx , @ky ) and ” ⇥ ” denotes the two-
dimensional cross product. We plot the Berry curvature
and the magnetic moment of the lower conduction band
in the K�-valley in the lower panels of Fig. 1 for � = 150
meV. In the K+-valley both ⌦ and M carry the opposite
sign. A non-zero orbital magnetic momentum behaves
like the electron spin [3] and will hence couple linearly to
a magnetic field through a Zeeman-like term �M(k) ·B.

Appendix C: Numerical diagonalization inside the

channel

In the presence of a nontrivial confinement poten-
tial we diagonalize the Hamiltonian in Eq. A1 numer-
ically in a basis of harmonic oscillator wave functions

 n(x) = Nne
� 1

2 (↵x)
2

Hn(↵x), where Nn =
q

↵p
⇡2nn!

is
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where ↵ = 1, 2, and k = k(cos', sin'). In the top panel
of Fig. 1 we plot the lower conduction band (↵ = 1) in
the K� valley for a gap of �0 = 150 meV demonstrating
the e↵ect of trigonal warping induced by v3 6= 0 causing
the dispersion to form three mini-valleys around each K-
point. The states of gapped BLG carry a non-trivial
Berry curvature and orbital magnetic moment. From
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the orbital magnetic moment Mn(k) = Mnez can be
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where rk = (@kx , @ky ) and ” ⇥ ” denotes the two-
dimensional cross product. We plot the Berry curvature
and the magnetic moment of the lower conduction band
in the K�-valley in the lower panels of Fig. 1 for � = 150
meV. In the K+-valley both ⌦ and M carry the opposite
sign. A non-zero orbital magnetic momentum behaves
like the electron spin [3] and will hence couple linearly to
a magnetic field through a Zeeman-like term �M(k) ·B.
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in accordance with the parameters of the experimental
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where ↵ = 1, 2, and k = k(cos', sin'). In the top panel
of Fig. 1 we plot the lower conduction band (↵ = 1) in
the K� valley for a gap of �0 = 150 meV demonstrating
the e↵ect of trigonal warping induced by v3 6= 0 causing
the dispersion to form three mini-valleys around each K-
point. The states of gapped BLG carry a non-trivial
Berry curvature and orbital magnetic moment. From
the Bloch functions of the nth band the magnitude of
the corresponding Berry curvature ⌦n(k) = ⌦nez and
the orbital magnetic moment Mn(k) = Mnez can be
computed according to Refs. [3, 4]
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where rk = (@kx , @ky ) and ” ⇥ ” denotes the two-
dimensional cross product. We plot the Berry curvature
and the magnetic moment of the lower conduction band
in the K�-valley in the lower panels of Fig. 1 for � = 150
meV. In the K+-valley both ⌦ and M carry the opposite
sign. A non-zero orbital magnetic momentum behaves
like the electron spin [3] and will hence couple linearly to
a magnetic field through a Zeeman-like term �M(k) ·B.
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In the presence of a nontrivial confinement poten-
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5(*) : conf. potential
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% = 1.02 * 108 -//

Angelika Knothe & Vladimir Falko
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in this Hamiltonian account for the spatially modulated
confinement potential U(x) and the modulated gap�(x):
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where we chose U0 = �30 meV, L = 20 nm, and � = 0.3,
in accordance with the parameters of the experimental
probes. Furthermore, ⇡ = px + ipy, ⇡† = px � ipy, with
p = �i~r�

e
cA and for the velocities and hoppings we

use v = 1.0228 ⇤ 106 m/s, v3 = 1.2299 ⇤ 105 m/s, and
�1 = 381 meV [2].

Appendix B: Bulk properties

In the limit x ! 1 the Hamiltonian of Eg. A1 de-
scribes the properties of homogeneous gapped BLG. The
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where ↵ = 1, 2, and k = k(cos', sin'). In the top panel
of Fig. 1 we plot the lower conduction band (↵ = 1) in
the K� valley for a gap of �0 = 150 meV demonstrating
the e↵ect of trigonal warping induced by v3 6= 0 causing
the dispersion to form three mini-valleys around each K-
point. The states of gapped BLG carry a non-trivial
Berry curvature and orbital magnetic moment. From
the Bloch functions of the nth band the magnitude of
the corresponding Berry curvature ⌦n(k) = ⌦nez and
the orbital magnetic moment Mn(k) = Mnez can be
computed according to Refs. [3, 4]

⌦n(k) = ihrk�n|⇥ |rk�niez,

Mn(k) = �i
e

~ hrk�n|⇥ [✏n(k)�H(k)]|rk�niez,

where rk = (@kx , @ky ) and ” ⇥ ” denotes the two-
dimensional cross product. We plot the Berry curvature
and the magnetic moment of the lower conduction band
in the K�-valley in the lower panels of Fig. 1 for � = 150
meV. In the K+-valley both ⌦ and M carry the opposite
sign. A non-zero orbital magnetic momentum behaves
like the electron spin [3] and will hence couple linearly to
a magnetic field through a Zeeman-like term �M(k) ·B.
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where ↵ = 1, 2, and k = k(cos', sin'). In the top panel
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the K� valley for a gap of �0 = 150 meV demonstrating
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in the K�-valley in the lower panels of Fig. 1 for � = 150
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A,B, and C: trigonal warping
opposite k -> opposite  moment and  

opposite Berry curvature
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FIG. 1. Top: Dispersion of homogeneous, gapped BLG in the

K� valley (lower conduction band for � = 150 meV). The

letters A,B, and C label the three anisotropic minivalleys

that form around each K-point due to trigonal warping. The

blue stripes indicate the orientation of the channel at angles

✓ = 0 or ✓ = ⇡/2, respectively. Bottom: Corresponding Berry

curvature ⌦ and magnetic moment M of the states of the

lower conduction band in the K� valley for � = 150 meV. In

the K+ valley the sign of both ⌦ and M is reversed.

the normalization constant and ↵ is a scaling factor of
unit length�1; we choose ↵ adapted to the potential
U(x) obtained from comparing a parabolic potential to

U(x). We assume free propagation of the electrons in
the y-direction. The basis states are then of the form
 n(r) = e

ikyy�n(x) where the x-dependent part is given
by
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For every set of system parameters we construct the
matrix corresponding to Hamiltonian H

⇠
BLG in the basis

given in Eq. C1 and obtain the energy spectrum by di-
agonalization. Convergence is reached when the energy
levels do not change anymore upon including a higher
number of basis states. In order to include a magnetic
field we do Peierls substitution in the Hamiltonian in
Eq. A1 : ⇡ ! ⇡ �

e
cA. For a magnetic field perpen-

dicular to the BLG sheet and to preserve translational
invariance in the y-direction we chose Landau gauge of
the form A = (0,�Bx, 0). The basis states of Eq. C1
then translate into the basis of Landau level wave func-
tions localized at Landau orbital x0 = 0.

Appendix D: Channel spectra for di↵erent

parameters

Due to the trigonal warping e↵ect for non-zero v3 the
dispersion is not rotationally symmetric (c.f. the disper-
sion of homogeneous gapped BLG in Fig. 1) and the
channel spectra therefore depend on the orientation of
the channel. We distinguish between the two angles of
orientation ✓ = 0 and ✓ = ⇡

2
for which the orientation

of the channel is indicated by the blue bars in Fig. 1. In
Fig. 2 we show additional channel spectra for di↵erent
system parameters and the two di↵erent angles of orien-
tation. Figure 3 shows the dependence of the lower band
edges as a function of the magnetic field for both angles.
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FIG. 3. (a) Bandstructure (conduction band) at B = 0 T of BLG in the presence of a confinement potential U(x) and
a modulated gap �(x) as described in the text showing a discrete, valley degenerate mode spectrum. (b) Bandstructure
(conduction band) of the channel at B = 2.2 T, where symmetry between valleys is broken. The valley splitting at small
magnetic fields is proportional to the magnetic field. Insets: lowest conduction band of homogeneous gapped BLG (K� valley)
for �0 = 150 meV with three minivalleys forming around the K-point (left). Berry curvature ⌦ of the corresponding states with
non-zero peaks in the three minivalleys (right). (c) Magnetic field dependence of the subband edges of the conduction bands
in the electron channel. The nontrivial Berry curvature of the zero-field states implies a non-zero orbital magnetic moment M
of the states, M / ⌦, which induces the linear in magnetic field splitting at small magnetic fields. At high magnetic fields the
levels evolve into the LLs of gapped BLG.

FIG. 4. a) Di↵erential conductance dG/dE of a 180 nm wide
BLG nanoribbon, including a thermal smoothening of 1.7 K.
b) and c) show separately the contributions from the two val-
leys K+ and K� at low energies. The channel voltage is
determined through the relation Vch /

p
E2

F � (�/2)2, with
�/2 = 25 meV.

�, resulting in the two lowest conduction band subbands
belonging to only one valley, e.g., K+ (then, the highest
valence band subbands would be from valley K�). The
other LLs in both valleys with N � 2 have approximately
the same weight on the sublattices in the two layers and
very close energies. Such an asymptotic behaviour corre-
sponds to the evolution of the subbands such that sub-
bands nK� eventually merge with subbands nK+�2 upon
an increase in magentic field as shown in Fig.4.

Note that the absence of hard edges characteristic for
the present electrostatically defined bilayer constriction is
critical for observing the interweaving pattern of crossing
states. In rough-edged constrictions broken valley sym-
metry due to scattering quickly obscure the underlying
pattern. These di�culties aside, a similar crossing pat-
tern appears in principle in single layer graphene, as we
have verified numerically for an ideal constriction (see
Appendix G).

In conclusion, we reported on the experimental obser-
vation of the mode crossing pattern during the evolu-
tion from size quantization to the Hall regime in BLG
QPC. A valley splitting linear in magnetic field could be
explained by a non-trivial orbital magnetic moment of
states in gapped BLG. Our experimental results could
be reproduced by numerical simulations.
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