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Motivations

• Space-time noncommutativity is an extension of 
quantum mechanics:

Heisenberg algebra:
 

is extended with new noncommutative (NC) relations:

that lead to new uncertainty relations:



  

• This is a nice analogy to the Heisenberg uncertainty 
relations.

•
• Quantum mechanics and general relativity considered 

together imply the existence of a minimal length in 
Nature: Gauge theories with a fundamental length are thus 
very interesting.

• A class of models with a fundamental length are gauge 
theories on noncommutative spaces (length ~ √θ).

• Noncommutative coordinates appear in nature: e.g. 
electron in a strong B field (first Landau level can be 
described in terms of NC coordinates). Tools which are 
developed can prove useful for solid states physics.



  

• Idea of a noncommutative space-time is not new! It can be 
traced back to Snyder, Heisenberg, Pauli etc. At that time 
the motivation was that a cutoff could provide a solution to 
the infinities appearing in quantum field theory.

•  Nowadays, we know that renormalization does the job for      
infinites of the Standard Model, but modifying space-time          
at short distances will help for quantum gravity.



  

•  Furthermore, the Standard Model needs to be extended if it is  
coupled to gravity since it is then inconsistent: noncommutative 
gauge theories are a natural candidate to solve this problem.

•  Another motivation is string theory where these NC 
relations appear.



  

Goals

• How does the Standard Model of particle physics which is 
a gauge theory based on the group SU(3)×SU(2)×U(1), 
emerge as a low energy action of a noncommutative gauge 
theory? 

• The main difficulty is to implement symmetries on NC 
spaces.

• We need to understand how to implement SU(N) gauge 
symmetries on NC spaces.

• Are there space-time symmetries (Lorentz invariance) for 
noncommutative spaces?



  

Enveloping algebra approach to NC

• Goal: derive low energy effective actions for NC 
actions which are too difficult to handle.

•  Strategy: map NC actions to an effective action on a 
commutative space-time such that higher order 
operators describe this special property of space-time. 

•  There is an alternative to taking fields in the Lie algebra:   
consider fields in the enveloping algebra.
 



  

Local gauge theories on NC spaces
• Let         be Lie-algebra valued gauge transformations, the 

commutator:

is a gauge transformation only for U(N) gauge transformations 
in the fundamental (or anti) or adjoint representations. 

Problem: Standard Model requires SU(N)!
BUT, it can close for all groups if we take the fields and 
gauge transformations to be in the enveloping algebra:

Is there an infinite number of degrees of freedom? 
No! They can be reduced using Seiberg-Witten maps!



  

Consistency condition and Seiberg-Witten map

1) Replace the noncommutative variable     by a 
commutative one. Price to pay is the introduction of 
the star product: 

2) Let us consider the commutator once again:

x̂

PDEs: solved order by 
order in θ. Solution to 
leading order PDE is Λ1



  

Consistency condition and Seiberg-Witten map

Using  similar ideas for the gauge potential and the fermion field.



  

Expanding the star product and the fields via the SW maps 
in the leading order in theta, one finds:

Action is 
SU(N)

invariant!

This opens the door to a formulation of the usual Standard 
Model on a noncommutative spacetime. Main new effects 
are modifications in the interactions of the gauge bosons:



  

Spacetime symmetries of NC spaces

 NC spacetime:

But, there is a class of transformations that preserve the NC 
algebra (i.e. the minimal length):

Note that the Lie algebra is the same and since the momentum 
transforms as usual, the little group is the usual one. In this case 
the invariant length is given by:

Breaks 
Lorentz 

invariance!



  

One can then show that the NC Yang-Mills potential transforms as:

and the covariant derivative as:

The field strength transforms as:

and a spinor as:

}}
} }



  

• This represents an extension of special relativity. The limit 
θ → 0 is well defined: one recovers the usual Lorentz 
invariance. Note: we do not deform the Poincaré algebra!

• It is easy to verify that the actions discussed previously are 
indeed invariant under these transformations.

• This symmetry is important because serious bounds on 
space-time noncommutativity come from bounds on 
Lorentz violation (atomic clocks). The bounds will be 
affected.

• Any operator derived from loop calculations must be 
invariant under this symmetry: beware of artifacts of 
regularization procedure.

 



  

From colliders:
•  Lots of corrections to SM processes, but large background: 
  search for rare decays (tree level), e.g. quarkonia decay.
•  Smoking gun for NC: Z--> γγ  or Z--> g g.
•  Limit on ΛNC from OPAL is 141 GeV.

Bounds on NC scale

• Bounds on      

imply ΛNC ~ 10 TeV from atomic clock comparison (Be9). 
Note that the bound comes from Lorentz violation, and is thus not a 
“direct” test of the noncommutative nature of space-time.

From low energy experiments:

ΛNC >1TeV

Caution!



  

Bounds from astrophysics: 
If one expands the NC action to second order in θ one finds an 
operator  

which leads to a new operator (gauge inv. and NC Lorentz inv.)
by closing a photon loop:

This operator modifies dispersion relation of light (vacuum is 
birefringent and light propagates at two different independent 
modes) there are very tight bounds coming from observations of  
galaxies in the very early universe (see Kostelecky and Mewes). 
We get:

Interpretation is not obvious since we have a cutoff.



  

• What is θ?
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In 
principle 
we have 
6 scales! 

If we take the cutoff equal to the NC 
scale(s): c’s have to be very small:

Nevertheless important to put clean bounds on 
new interactions of the gauge bosons: relevant 
for the LHC

What we 
know for 
sure is that 
the NC scale 
is above 
roughly 1TeV



  

Conclusions
• Noncommutative gauge theories are examples of non-

local theories with a minimal length.
• SU(N) gauge symmetries, which are crucial for the 

Standard Model, can be implemented on noncommutative 
spaces.

• Noncommutative Lorentz transformations can be 
introduced.

• Possibility to test very high energy scales.
• Lots of interesting issues e.g. Loops, general relativity, 

connection to cosmological constant.
• Applications to solid state physics, cosmology etc.
• Even if there is a grand desert, Planck scale physics might 

be accessible with low energy experiments.
• Exciting field in development.


