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Wavelet functions allow the sparse and efficient representation of a signal at different scales. Re-
cently the application of wavelets to the denoising of maps of Cosmic Microwave Background
(CMB) fluctuations has been proposed. We discuss a Maximum entropy method using wavelets
for the denoising and deconvolution of CMB maps. A brief comparison of different filtering
methods is given.

1 Introduction

Reconstructing maps of fluctuations in the Cosmic Microwave Background (CMB) radiation
from observed data requires a number of steps in the data analysis. Among these are the re-
moval of receiver noise, the deconvolution of the image and the separation and subtraction of
foreground contaminants. The latter is usually achieved by the use of multifrequency observa-
tions, which exploit the different spectral behaviour of the physical foreground sources. Here
we will consider the case of a single image and develop a maximum entropy method (MEM)
for the reconstruction that involves a regularisation in wavelet space. In a simplified model we
will assume that the data D observed by an experiment are given by a convolution of the true
sky signal or image h with the point spread function P of the instrument, plus some Gaussian
random noise �:

D = P � h+ �: (1)

1.1 Wavelets

Wavelets are function basis sets that can be localised in both real and in Fourier space. The basis
is constructed from dilations and translations of the original wavelet function. Thus wavelets



can describe structure at a given scale and position on an image. There are many possible
choices for the wavelet function; commonly known wavelets are the Haar and Daubechies-4
wavelets. The wavelet transform expands an image in terms of the wavelet basis functions.
There exists a class of orthogonal wavelet transforms, analogous to Fourier transforms.

Two-dimensional transforms can be constructed from tensor products of the one-dimensional
basis. However, it has been suggested that non-orthogonal, redundant, translationally and ro-
tationally invariant (isotropic) transforms are better suited to the task of image reconstruction
than orthogonal ones (Langer et al. 4). A particular instance of a non-orthogonal transform is
the à trous transform6.

1.2 Maximum Entropy

In order to recover an image h from a blurred noisy version D, one needs to reconstruct a large
number of parameters, the image pixels, from the data points. Clearly, some kind of regular-
isation is required to solve this inverse problem. A prescription for the reconstruction can be
derived using Bayes’ theorem. Bayes’ theorem states that the probability of a reconstruction h

given the data D is proportional to the likelihood of the data, times the prior probability of the
reconstruction:

pr(hjD) / pr(Djh) pr(h): (2)

For Gaussian distributed errors the likelihood is given by pr(Djh) / exp(��2), where �2 is
the misfit statistics. The regularisation is achieved through the choice of a suitable prior. In
the commonly used Maximum Entropy method1, the prior is chosen to be pr(h) / exp(�S),
where S(h) is the (Shannon) entropy of the image, and the parameter � can be thought of
as some Lagrange multiplier or equivalent thermodynamic temperature which controls the
trade-off between the goodness-of-fit �2 and the regularisation. The reconstructed image can
be calculated by minimising the functional F = �2 � �S.

2 Wavelet regularised MEM

The idea of wavelet regularised Maximum Entropy is to apply the entropy functional not in real
space (i.e. on the image pixels), but on the wavelet coefficients of the image. This method was
first proposed by Pantin and Starck5. However, these authors did not make use of the proper
entropy functional for distributions that can take both positive and negative values (Hobson &
Lasenby3):

S(h) = 	� 2m� h log
	 + h

2m
;

where 	 =

p
h2 + 4m2 and the model m incorporates prior information about the image by

setting some typical scale for the image rms, and is usually chosen to be constant across the im-
age plane. Here we propose to set the the model m to the expected signal rms in the respective
wavelet domain, m =

q
�2data � �2noise, and choose � proportional to the inverse of the model

� / 1=m. The absolute value of � can then be found by demanding that �2 = N , the number
of data points in the image. This choice is usually referred to as historic MEM.

3 Results

In order to test the method, we have applied it to simulated observations of CMB fluctua-
tions taken from a CDM model. The fluctuations were simulated on a 256 � 256 grid with
1:50 resolution, corresponding to a total size of 6:4 degrees. The image was convolved with a
5 pixel FWHM beam (7:50), and white Gaussian random pixel noise was added with varying



signal-to-noise ratios S=N ranging from 5 to 1. The image was reconstructed with a wavelet
regularised MEM using the orthogonal tensor transform and the à trous transform, a MEM
algorithm in real space and in Fourier space, and with the orthogonal wavelet filter proposed
by Sanz et al. 7. The original and the reconstructed images are shown in Fig. 1. The Fourier
and real space methods yield reconstructions that look visually similar to the original. How-
ever, they contain a large amount of small-scale structure, which is to a certain degree due to
mere noise-fitting, whereas the wavelet filter reconstruction displays the characteristic hori-
zontal and vertical stripes of the Daubechies-4 tensor wavelets used in the reconstruction. The
wavelet regularised MEM reconstructions contain less small-scale structure.

In order to quantify the reconstruction errors, we have calculated the rms difference of orig-
inal map and the reconstructions, quoted in per cent of the original image rms in Table 1. Not

S/N 5 2 1
wavelet regularised MEM

à trous transform 11.5 18.2 25.9
orthogonal tensor transform 11.9 18.6 27.7

Fourier-space MEM 12.4 20.5 30.8
real-space MEM 13.0 20.9 33.2
wavelet filter (tensor wavelets) 17.2 21.9 28.6

Table 1: A comparison of reconstructions with signal-to-noise ratios S=N between 1 and 5. The numbers show the
rms differences of original and reconstructed maps in per cent.

surprisingly, the quality of the reconstructions improves as the signal-to-noise ratio increases.
Wavelet regularised MEM consistently performs best, with the errors on the à trous reconstruc-
tions lower than those using orthogonal wavelets. The Fourier method performs better than the
real-space one. It should be noted that for Gaussian distributed images, such as CDM, Fourier
MEM is to first order equivalent to Wiener filtering (Hobson et al.2). In the high signal-to-noise
regime, the wavelet filter performs worst. However, it does not attempt a deconvolution, and
its performance in the low signal-to-noise ratio, where the other methods lose their deconvolu-
tion capabilities, is quite good.

To conclude, wavelet regularised MEM entropy is the best Maximum Entropy algorithm
we have.
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Figure 1: (a) Original CDM map. (b) Simulated data, convolved with a 5-pixel beam and noise added with a signal-
to-noise ratio of S=N = 1. . (c) Reconstruction using à trous wavelet regularised MEM. (d) Fourier MEM. (e)

Real-space MEM. (f) Tensor wavelet filter.


