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FREQUENCIES OF THE QUASI-NORMAL MODES

(COMPLEX EIGENFREQUENCIES)

A STAR EMITS GW AT THE FREQUENCIES OF THE QUASI-NORMAL-
MODE

g-modes: main restoring force is the buoyancy force
f-modes: has an inter-mediate character of p- and g-mode
p-modes: main restoring force is the pressure
w-modes: pure-space time modes (only in GR)
r-modes (inertial modes): main restoring force is the Coriolis force

...ωgn<...<ωg1<ωf<ωp1<...<ωpn...<ωw1<...ωwn

It is customary to classify the QNM according to the source
of the restoring force which prevails in bringing the

perturbed element of fluid back to the equilibrium position



Quasi-normal modes

The modes are not equally important with respect
to GW emission

It depends on the energy that can be stored in (and
released by) each mode

It depends on whether their eingenfrequency falls in the
bandwith of a detector



 f-mode
MOST NUMERICAL SIMULATIONS OF ASTROPHYSICAL PROCESSES

 IN WHICH GW ARE  EMITTED SHOW THAT

 THE MORE EFFICIENT MODE IS THE FUNDAMENTAL MODE

The fundamental mode is related to the global oscillations of
the fluid

As in newtonian gravity, in GR the f-mode frequency
scales as the average density

G.Allen, N.Andersson, K.D. Kokkotas, B.F. Schutz, Phys. Rev. D,1998



Oscillations of NR- stars

The observational identification of oscillation frequencies of
relativistic star could constrain the high density EOS

Lindblom, Detweiler, 1983 -Andersson, Kokkotas, 1998
Benhar, Ferrari, Gualtieri, 2004

 It is necessary to extend gravitational wave asteroseismology
to include the effects of rotation of oscillation frequencies

While for NR-stars the frequencies of normal modes can be computed with
perturbative methods and a theory of

gravitational waves asteroseismology has already been formulated

H.Dimmelmeier, N.Stergioulas, J.A.Font, 2006



Including rotation

Stellar rotation introduces physically interesting problems
 as well as the complications in the solutions

of the linearized equations

 Frequencies and damping times are shifted

 The modes become coupled

 Rapidly rotating stars can become unstable
    to the emission of gravitational waves



Including rotation
  Non linear integration of Einstein equations

 - Most non-perturbative studies of oscillating fastly rotating stars assume
the Cowling approximation (spacetime perturbations are neglected)

 - There are also a few non-perturbative studies which do not assume the
Cowling approximation

  Perturbative approaches

  -Perturbative approaches in the literature are restricted to slowly
rotating stars, i.e. they take a spherical, non-rotating star as a
background and consider both stellar rotation and its oscillations as
perturbations of this background.

H. Dimmelmeier, N. Stergioulas, J.A. Font, 2006,
J.A. Font et al. 2006
N.Stergioulas, J.L. Friedman, 1998



Including rotation
The main problem for applying the perturbative approach in full GR

 is the absence of analytic boundary conditions at infinity,
which would allow to apply the outgoing-wave boundary

 conditions defining the QNM

Stergioulas,2003

QNM are defined as the solutions of the system of equations which
govern the perturbations ,both inside and outside the star, that

satisfy the following BC:

- regularity of all functions at the center
- δp=0 at the surface
- continuous mathing of the interior and the exterior solutions
- at infinity the solutions must be reduced to a pure outgoing wave



Our approach
We treat the oscillations as perturbations of a stationary

axisymmetric background describing the rotating star
 The perturbation equations are partial differential equations in two
dimensions (r,θ)

 The oscillations modes are studied in the frequency domain, the
boundary condition at infinity are handled using the standing wave
approach, conveniently generalized in two dimensions

 The differential equations are solved using spectral methods that
are very powerful to solve differential equations (specially in two
dimensions) and useful to implement boundary condition

V. Ferrari, L.Gualtieri, S. Marassi, in preparation



 Our approach
The standing wave approach in two dimensions

Spectral methods

This method can be applied only for slowly damped modes (f-mode, p-mode, r-mode).
It cannot be applied to black holes and to w-modes

We have developed a procedure to solve the two-dimensional perturbation equations
on a non-spherical background using spectral method

We have used Chebyshev polynomials to expand the dependence
 in the radial variable r and the associated Legendre polynomials

 to expand the dependence in the angular variable θ

We have conveniently generalized this method to the case of a stationary and
axisymmetric background where the perturbation functions depend on both r and θ
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S.Chandrasekhar, V. Ferrari,1992



Oscillations of slowly rotating stars:
comparison with Kojima’s results

Y.Kojima ApJ, 414 , 1993
Y.Kojima Prog.Theor.Phys.Suppl. 128 ,1997

A slowly rotating star can be described as a spherical star perturbed by a
stationary axisymmetric perturbation: the perturbation parameter ε
corresponds to the angular velocity Ω normalized as
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The general structure of Kojima equations is the following

Lpol and L ax are operators of the O(ε0) equations, and E, F±,N,D± are
operators at O(ε1) which give the corrections due to the rotations of

the star



Results
We have integrated the equations without the couplings, studying the

fundamental mode of a slowly rotating star with a polytropic EOS and we
find a total agreement with the results of Kojima

The frequency of the mode has the form:
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The value of σR,σ’
R properly normalized are plotted as functions of stellar

 compactness different curves correspond to different values of ε.
 For small values the linear form is valid, for ε≥10-3 σ’R depends on ε.
This discrepancy is of the order O(ε2) as expeted theoretically, due to
the fact that we have neglected the second order terms



σR are normalized to
(GM/R3)1/2

f-mode l=m=2



Conclusions
 We have developed the general method and
the mathematical machinery

 Next step is the implementation of our approach to
the general case of fastly rotating stars

 We want to use more recent EOS that model hadronic
interactions in different ways leading to different composition and
dynamics



“Comparison “ with DSF results

 We have compared our results for the frequency of the f-mode with that of DSF.
In the non-rotating case we find a good agreement (better than 1%)

 In the rotating case we cannot directly compare our results we consider
modes with m ≠ 0 (as we are neglecting the couplings, the frequency shift
disappears in the m=0 case) on the contrary DSF study axisymmetric modes m=0

 Anyway we can draw some conclusion from this comparison: the frequency shifts
we find, due to rotation, are much larger that the ones found in DSF. The reason is
that the shift present in the m ≠ 0 case is much larger than the shift present in the
m=0 case, as argued by Kojima, it can be considered a lowest order effect.

H. Dimmelmeier, N. Stergioulas, J.A. Font, 2006,



 Comparison with DSF results for the f-mode frequency sequence
BU

Therefore, in order to estimate the effect of rotation on the mode
frequencies the m ≠ 0 modes must be taken into account 


