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We consider the cosmological evolution of a particular F (R) modified gravity model that
can satisfy local gravity tests and is devoid of known pathologies. By considering the trace
of the gravitational field equations, we show that the Ricci scalar will undergo asymmetric
oscillations around its General Relativistic limit R = −T/M2

pl. We also find that R will diverge
at some finite time in the past. We discuss the generality of this singularity in F (R) models.

We consider a class of gravitational models in which the action contains an arbitrary function
F (R) of the Ricci scalar. It is well known that certain F (R) functions can give rise to an
inflationary regime in the early Universe. However, in recent works it has been speculated that
F (R) models can also describe the current late-time accelerating epoch of the Universe without
resorting to dark energy. However, it has proved difficult to modify gravity in the infra-red in
a theoretically consistent way, whilst also satisfying stringent observational constraints such as
local fifth force experiments.

Any F (R) model must satisfy certain conditions in order to exclude the possibility of ghost
degrees of freedom or other instabilities. These are F ′(R) > 0, which ensures no ghost degrees
of freedom, and F ′′(R) > 0, which prevents instabilities arising in the early Universe. We also
assume that there is no Cosmological Constant in such models, which imposes F (0) = 0, and
also that at large curvatures we recover General Relativity, F (R) → R for R � Rvac, where
Rvac is the current vacuum curvature of the Universe. One such model that satisfies all of the
above conditions is 1
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log [cosh(R/ε)− tanh(b) sinh(R/ε)] , (1)

where b is a dimensionless constant and ε = Rvac/2b < Rvac. In the limit b → ∞, F (R) →
R−Rvac/2, and hence b dictates how closely the model mimics General Relativity. This model
possesses many desirable features, since it not only satisfies the above constraints, but is also
consistent with solar system tests of gravity, with a suitable choice of b� 1. The success of this
model is due to the fact that for R > Rvac, (1) can be expanded as

F (R) ≈ R− Rvac

2
+ εe−R/ε, (2)

that is, (1) reduces to an expansion around General Relativity, with a small additional term
χ(R) = εe−R/ε, which satisfies χ(R)/R� 1 for all R > Rvac.

We consider the cosmological evolution of (1). The trace of the Gravitational field equations
can be written as
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(1 + x) = 0, (3)

where x = e(RGR−R)/ε−1, and primes denote derivatives with respect to the ‘fast time’ λ, which
is related to the cosmological time t as dλ/dt = eRGR/2ε. We have defined H̄ = d log(a)/dλ. By
solving (3) we can deduce the Ricci scalar from the relation R = −T/M2

pl − ε log(1 + x).
Equation (3) has been studied extensively 2, and it has been found that x possesses an

oscillatory component xosc, which satisfies the non-linear oscillator equation

3x′′osc +
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)
x′osc + ε log(1 + xosc) = 0, (4)

which can be solved numerically. By evolving (4) backwards in time, taking as an example a
pure matter-era energy-momentum tensor, it has been shown that after a finite time x → −1.
From the relation R = −T/M2

pl − ε log(1 + x), we see that this corresponds to R →∞ at some
finite time during the matter era. This singularity is due to the form of the potential of x,
V (x) = ε [(1 + x) log(1 + x)− (1 + x)], and is not specific to a matter-era energy momentum
tensor. We see that as x → −1, V (x) → 0 but dV/dx → −∞. Since the potential is finite
at this point, the singularity is dynamically accessible and will be reached for general initial
conditions.

The existence of this singularity is a general feature of F (R) models for which F (R) → R
as R → ∞, as we will now show. If we consider a generic model which can be expanded as
F (R) ≈ R −Rvac/2 + χ(R) for R � Rvac, where χ/R � 1, |χ′| � 1 and Rχ′′(R)� 1, then we
can define x = χ′(R)/χ′(RGR)− 1, and the oscillatory component of x will satisfy the equation3

3∇α∇αχ′(RGR)x +
dV

dx
≈ 0, (5)

where dV/dx ≈ −(R(x)−RGR). The potential can be written as a function of R as,

V (R) = − χ′(R)
χ′(RGR)

(R−RGR) +
χ(R)

χ′(RGR)
(6)

In the limit R→∞, we have x→ −1, dV/dx→ −∞ and V (R)→ 0. This is true for any model
for which χ(R)→ 0 and Rχ′(R)→ 0 as R→∞, and hence we conclude that such models have a
singularity that is potentially dynamically accessible, since V (x)→ const whilst dV/dx→ −∞.
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