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We discuss how histograms of polarization position angles might be used to identify systematic
effects in CMB polarization maps. First we investigate the statistical properties of CMB
position angles using Monte-Carlo simulations. We then perform similar analyses in the case
where a simple shearing matrix is applied to simulated polarized sky maps. We find that
surprisingly small shears can be detected in the absence of noise and foregrounds.

1 Introduction

Detecting the effects of inflation produced gravitational waves on cosmic microwave background
(CMB) polarization via their B-mode signature has become an area of significant activity world-
wide 1. An example discussed in these proceedings is the CLOVER experiment 2 which aims to
detect a scalar-to-tensor ratio of r ≈ 0.03. Such measurements of the CMB polarization will
require exquisite control of systematics and a number of tests will be performed on the data to
check its consistency.

The polarization position angle (PA), α, is defined in terms of the Stokes parameters Q and
U as,

α =
1

2
tan−1

(

U

Q

)
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In this short contribution we discuss the idea of using the PA computed at each point in a map
to perform a novel null test. This involves binning the PAs into a histogram and testing whether
it is consistent with a uniform distribution. In order to do this one needs to understand the
statistics of polarization PAs for a CMB sky. We note that this approach is similar to that which
has been already applied to the NVSS point source catalogue at 1.4GHz 3. More details of the
idea and underlying theory are presented in other publications 4,5.

2 Statistics of CMB polarization position angles

In the case of point sources at 1.4GHz it was assumed that the PAs were distributed uniformly,
something which had been previously tested at higher frequency where the effects of Faraday
rotation are much less 6,7. Under this assumption the mean of the PA histogram would be
expected to be constant and the standard deviation will given by

√
ni, where ni is the number

of sources in bin i. One expects that there will be significant correlations between pixels in
CMB maps and this means that the standard expression for the variance will not hold. Loosely
speaking the effect of the correlations will be to reduce the effective number of pixels within the
map increasing the standard deviation, while keeping the mean constant. It should be possible



Figure 1: Results for the Monte-Carlo simulations for a range of different power spectra. The connected curve
represents the mean, and the errorbars the standard deviation. The quantity we have plotted is n̂ = (n − n̄)/n̄.
(top-left) constant Cℓ; (top-right) standard E-mode power spectrum plus B-modes with r = 1; (bottom-left) pure

E-mode; (bottom right) pure B-mode.

to establish this increase given the power spectrum CEE
ℓ for E mode polarization which will

dominate the total polarization.

In order to investigate the statistics of CMB polarization PAs we have performed a series
of Monte-Carlo simulations involving maps with Nside = 512 which have Npix ≈ 3 × 106 pixels,
and we will use Nbins = 20 for the histograms. The maps are created using a power spectrum
Cℓ. The four cases which we study are: (i) Cℓ constant - a white noise spectrum equivalent to
the case of the point sources, that is, random values of Q and U in each pixel; (ii) the standard
E-mode polarization created using commonly used cosmological parameters plus B-modes with
r = 1; (iii) a pure E-mode power spectrum used in (ii); (iv) a pure B-mode power spectrum used
in (ii). The quantity n̂ = (n − n̄)/n̄ is presented in fig. 1 for these power spectra.

The first thing to notice is that 〈n̂〉 is consistent with zero; a result which we have established
analytically. This is will form the basis for our test for systematic effects where we will test
whether the histogram of an observed map is consistent with this within sample variance errors.
We notice, however, that the standard deviation for (ii) is much larger than that for (i) which

is consistent with 〈n̂2〉1/2 =
√

Nbins/Npix ≈ 2 × 10−3. The standard deviation for the pure

E-mode case is lower than for the pure B-mode which has substantially less small-scale power.
All the results are consistent with the standard

√
n law applying when Cℓ is constant, and the

standard deviation increasing in inverse proportion to the amount of small scale power. It has
been possible to understand these results analytically 5.



3 Simple systematic effects

We will consider a limited class of systematic effects whereby the observed Stokes parameters
(Q′, U ′) are related to the true ones (Q,U) by
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Here, ǫ0, ǫ1, ǫ2 and θ are constants, for the purpose of this discussion, but need not be more
generally. This represents the decomposition of the most general transformation into a stretch,
ǫ0, a rotation, θ, and two independent shears, ǫ1 and ǫ2. A stretch will not result in a change in
the PA, while a global rotation will affect each PA by the same amount and the histogram will
be invariant. The shearing will lead to rotation in the PA

δα =
1

2
(−ǫ1 sin 4α + ǫ2 cos 4α) , (3)

which depends on the true PA, α. Hence, one finds that

n̂ ∝ ǫ1 cos 4α + ǫ2 sin 4α . (4)

We have simulated histograms including systematic effects using an input power spectrum
which has standard E-mode polarization and B-modes with r = 0.1 for a range of values for ǫ1

keeping ǫ2 = 0. The resulting histograms are presented in fig. 2. The means of the histograms
are compatible with (4). It is clear by eye that one might be able to detect systematic effects
with ǫ ≈ 0.01 by testing the observed histogram for an observed sky against that for a pure
CMB sky as discussed in section 2.

4 Discussion

We note that we have ignored the effects of noise and foregrounds in our discussion and have
mainly focused on whether the test we suggest can be performed in the most idealistic situation
possible. It appears to be possible to detect the effects of systematics at the 1% level.

It is important to understand that real CMB maps will contain noise and artifacts created
by inaccurate foreground subtraction. It would be seem implausible that one would be able to
detect systematics in a noise dominated map and therefore we are clearly talking about a map
which has been reduced in resolution sufficiently for it to be signal dominated at the pixel level.
Even then one has to be careful to take into account any possible effects caused by the noise on
Q and that on U not being the same, or if they are correlated (both these possibilities are true
for the WMAP data, for example). Given accurate maps of the noise properties should allow
such effects to be included in the Monte-Carlo simulations.

The issue of foregrounds is more subtle. Astrophysical foregrounds from diffuse emission in
the galaxy and from point sources will not respect the properties of the CMB. Nor are they
likely to give rise to the precise kind of effects we have shown that some kinds of instrumental
systematics can lead to. Hence the test we are proposing could equally well be thought of as
a possible test for this astrophysical contamination as well for instrumental effects. Ultimately,
when searching for B-mode signals at the what might be possible, one would hope that a fore-
ground cleaned map will be created before power spectrum analysis. At this stage one should
require that such a map satisfies this null test in addition to many others.
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Figure 2: Results of Monte-Carlo simulations which include the systematic effects for a range of values of ǫ1.
(top-left) 0.1; (top-right) 0.05; (bottom-left) 0.01; 0.005 (bottom-right).
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