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We develope the method to use HOLICs(Higher Order Lensing Characteristics) developed by
us in the weak lensing shear analysis. We test the method using actual, ground based Subaru
observations of the galaxy cluster A1689. It turns out that spin-2 HOLICs of order up to 8
are sufficiently useful for an accurate mass reconstruction.

1 HOLICs

HOLICs are introduced by us(see Okura, Umetsu & Futamase 2007) as particular combinations
with a definite spin of multipole moments of the image and the source. It has been shown
that spin-1 and -3 HOLICs is direct estimator of the so-called Flexion of first and third types,
respectively(Okuram Umetsu & Futamase 2008). We remind you that a quantity is said to have
spin-s if it has the same value after rotation by 2π/s.

Here we show that the spin-2 HOLICs are also very useful in the weak lensing analysis. For
this purpose it is very useful to use the complex moment to define HOLICs.

First, we define complex displacement as

X1
1 ≡ dθ1 + idθ2 (1)

XN
M ≡ (dθ1 + idθ2)(N+M)/2(dθ1 − idθ2)(N−M)/2, (2)

where dθi means displacement vector from image center and N and M means order of dθ and
spin number, respectively. Similarly, we define Y N

M as complex displacement of source image
defined by the displacement vector (dβi) from the source center.

Complex moments of images having brightness distribution I(θ) are defined as follows.

ZN
M ≡

∫
d2θXN

Mq[I(θ)]. (3)

where q[I(θ)] is an appropriate weight function. In this notation, the spin-2 HOLICs of order
N is defined as ZN

2 /ZN
0 (N is an even number). For example, N=2 is complex ellipticity χ, and

N=4 is η and N=6 is υII according to the notation in OUF2008. Similarly, we define Z
N(s)
M as

complex moments of teh source imnage using dβi and Y N
M .

In the shear dominant field, the lens equation is expressed using the complex moments as

Y 1
1 = (1 − κ)

(
X1

1 − gX1∗
1

)
, (4)

where asterisk ∗ means complex conjugate and g is reduced shear γ/(1 − κ). Using the above
form of the lens equation we have the following simple relation between the intrinsic and the



observed spin-2 HOLICs.
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If we assume the expectation values of intrinsic spin-2 HOLICs to vanish, then the reduced
shear is obtained directly by observing spin-2 HOLICs as

g ≈
〈
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2

ZN
0

〉
. (6)

2 A1689 analysis

In this section, we apply the weak lensing analysis using spin-2 HOLICs with order N = 2, 4, 6, 8
to Subaru imaging observations of the massive galaxy cluster Abell 1689 at z = 0.183. Abell
1689 is one of the best studied clusters(e.g., Tyson & Fisher 1995; King, Clowe, & Schneider et
al; Bardeau et al.; Broadhurst et al. 2005a; Broadhurst et al 2005b; Halkola et al. 2006; Leonard
et al. 2007; Limousin et al. 2007; Umetsu, Broadhurst, Takada 2007; Umetsu & Broadhurst
2007), and therefore serves as an ideal target for testing new method.

For this purpose we have to make PSF correction because the real data have random noise
and images are smeared by isotropic PSF and distorted by anisotropic PSF. In order to do this,
we have introduced the weighted HOLICs and appropriate PSF corrections for higher-order
HOLICs. The general treatment of the PSF correction may be found, for example, in Kaiser,
Squires, & Broadhurst 1995 and Bartellman & Schneider 2001. The technical details of the PSF
corrections in measuring HOLICs is found in OUF2008.

We use Subaru Suprime-Cam i′-band data which has 30′ × 25′ field and 0”.202pixel−1. We
analyzed 3000 × 3000 pixel(or about 10′×10′)which is center of the field, and the seeing is 0”.88
by FWHM.

We used IMCAT(Kaiser et al. 1995) with additional scripts (K. Umetsu, private communi-
cation) for image detection in some stage of analysis pipeline. We used 81 star images which
have 2.2 < rh < 2.5 and 21 <MAG< 22.5 for PSF correction, where rh is half-light radius, and
we used 3366 galaxies(about 33 arcmin−2) with 2.5 < rh < 10 and 22 <MAG< 25.5.

Figure 1 are the reconstructed mass distributions measured with HOLICs of order N =
2, 4, 6, 8. The smoothing is 0.15” by gaussian radius and the interval of successive contours
is ∆κ = 0.2 and the lowest contour is κ = 0.2. Reconstructed B-modes of each order have
dispersion 1σ ≈ 0.065, 0.060, 0.062, 0.073, respectively. Figure 2 is the average of these four
reconstructed mass distribution and the interval of successive contours is ∆κ = 0.2 and the
lowest contour is κ = 0.2. Averaged B-modes has dispersion 1σ ≈ 0.059.

These results clearly show that we can reconstruct A1689 mass distribution using the higher
order spin-2 HOLICs as well as the usual ellipticity χ. The dispersion of B-mode is reduced
by combining B-mode of each order. Compared with the case of using only complex ellipticity
χ, the dispersion is reduced by about 10%. We can even detect a sub clump by using higher
order spin-2 HOLICs which is not detected by using only complex ellipticity. We can see the
suppression of the noise in the averaged mass distribution.

3 Conclusion

We examined the possibility to use higher order multipole moments to measure the weak shear.
For this purpose we use spin-2 HOLICs of order N larger than 2. In order to apply the actual
observational data, we introduced the weighted HOLICs and investigated PSF correction. Then
we apply the method to the massive galaxy cluster A1689(z=0.183), and found surprisingly that
spin-2 HOLICs of order N up to 8 may be able to measure the mass distribution with sufficient



Figure 1: The reconstructed mass distribution in the central 10′×10′ region of A1689 by spin-2 HOLICs of various
order up to 8. The contours are spaced in units of 1σ(≈ 0.2) North is to the top, and East to the left.

Figure 2: The averaged mass distribution in the same region of Fig.1 over that measured by spin-2 HOLICs of
order N up to 8.



accuracy. The reconstructed mass distributions from higher order spin-2 HOLICs show a 2nd
peak in the central region, and the dispersions of B-mode measured by these HOLICs are of the
order of that measured by the usual complex ellipticity. The combined B-mode is reduced by
about 10%.

The improvement is obtained by the partial independence of the shear measured by spin-2
HOLICs of different orders. The higher the order, the outer the region of the image the shear
is measured. Thus spin-2 HOLICs of different order measure the shear in the different region of
the image. In general the direction determined by the measured shear near the central region
of the image is not necessarily the same with the direction determined by the measured shear
in the outer part. This is the basic reason of the improvement. Of course the weight function
of the different order of multipoles are overlapped each other, and thus the shear measured by
them are only partly independent.

Although we have tested our method to weak lensing analysis for cluster of galaxies, we can
also apply the method to the cosmic shear. It is very interesting to see how we can improve
the measurement of the cosmological parameters by the cosmic shear using higher order spin-2
HOLICs.
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