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Using a classification of large-scale structure based on tidal stability, we associate haloes to
clusters, filaments, sheets or voids. Applying this scheme to N-body simulations of cosmic
structure formation, we illuminate several key aspects of the environmental dependence of
halo formation and evolution in the context of the cosmic web. First, we present evidence
for alignment correlations of halo spin and shape with the large-scale tidal field and then
consider the effect of environment on the build-up of halo mass that manifests itself in the
’halo assembly bias’.

1 Introduction

Galaxy redshift surveys have provided us with a detailed picture of the large-scale distribution
of galaxies in the Universe: galaxies and mass are known to be embedded in a web-like spatial
structure made up from dense clusters connected by massive filaments and otherwise near-empty
void regions. Cosmological N-body simulations have shown that this cosmic web (Bond et al.
1996) arises naturally by gravitational instability from tiny density perturbations seeded in the
very early Universe. While galaxy formation and evolution takes place inside this cosmic web, it
is a long-standing open question if the relevant processes depend on the large-scale environment
or only on the most immediate vicinity of the galaxy that is essentially determined by the mass of
its host halo. On small scales, astronomical observations show that galaxy properties, especially
color and morphology, in the local Universe vary systematically with the density of their local
environment and that galaxies show alignment effects with the centre of the group or cluster in
which they reside. On large scales, coherent alignments of galaxy shapes are however detected
on the scales of the cosmic web, larger than 100-1000 times the virial radius of the galaxies.
These results indicate that both small- and large-scale environmental effects are important for
our understanding of the formation and evolution of galaxies. Moreover, large-scale correlations
of halo properties are a potential strong contaminant in cosmic shear surveys if they appear in
the form of shear-ellipticity alignments (cf. Hirata & Seljak 2004).

As a fundamental step towards understanding galaxy formation in cosmic context it is thus
essential to understand the interplay of large and small scales in the formation and evolution
of dark matter haloes. In the following we will present the approach from Hahn et al. (2007a)
to associate a given halo to its large-scale environment through the signature of the local tidal
field tensor determining the tidal stability of test particles. We will then use this automated
classification scheme to demonstrate the alignment of halo shapes and spins with the large-scale
matter distribution and the dependence of halo assembly on environment (Hahn et al. 2007a/b).
Finally, we will present evidence for the tidal origin of this environment dependence of halo



Figure 1: (Left Panel:) Median alignment angles between the halo angular momentum vectors and the eigenvectors
pointing in the direction of filaments and normal to the sheets, respectively, at three different redshifts. Error
bars indicate the error in the median. The dotted horizontal line indicates the expectation value for a random

signal. (Right Panel:) Same as left panel but for halo major axis rather than spin vector.

assembly (Hahn et al. 2008).

2 A Natural Definition of Halo Environment

In Hahn et al. (2007a) we present a simple stability criterion to classify the large-scale environ-
ment of haloes, inspired by the Zel’dovich approximation (Zel’dovich 1970). In this classification
scheme, we first compute the overdensity field of the cosmic matter distribution. Since we are
only interested in the large-scale structure of the cosmic web, we then erase the small scales
by convolution with a Gaussian smoothing kernel. Next, we compute the potential for this
smoothed density field. And finally, we determine the eigenstructure of the Hessian of the po-
tential at the halo positions. Since the Hessian of the potential is symmetric, its eigenvalues are
real and hence their signature (number of positive/negative eigenvalues) can be used to classify
each halo as belonging to exactly one of four large-scale environments: clusters (−,−,−); fila-

ments (−,−,+); sheets (−,+,+); and voids (+,+,+). By using the corresponding eigenvectors,
it is possible to probe alignments of vectorial halo properties with the respective structures.

This classification approach can also be seen as determining the triaxial deformation of test
particles due to the smoothed tidal field, where a positive eigenvalue corresponds to expansion
and a negative to compression. Due to the multi-scale nature of the cosmic web, no preferred
smoothing scale exists. Since this scale has to be large enough to erase the virialized non-linear
structures and be sensitive only to the large-scale structure, we choose the scale corresponding
to twice the non-linear mass M∗(z) in our analysis in Hahn et al. (2007a/b). This scale gives
excellent agreement with a visual classification of haloes.

3 Alignments of Halo Shapes and Spins with the Cosmic Web

Using the eigenvectors pointing along the filament and perpendicular to the sheets we can probe
the alignment of halo shapes and spins with these two large-scale environments. Halo shapes
are defined by the main axes of their moment of inertia tensor, while halo spins are defined as



Figure 2: (Left Panel:) Median formation redshift in voids, sheets, filaments and clusters as a function of halo
mass. Error bars indicate the uncertainty on the median. (Right Panel:) Median velocity field (in units of the
circular velocity vc) along the three main axes of the rate-of-strain tensor. Data is shown for the z = 1 progenitors
of haloes with masses between 2× 1010 and 4× 1010

h
−1M⊙ at z = 0. The sample of haloes is split into those 20

per cent with largest (grey squares) and smallest (black triangles) increase in mass until z = 0.

the angular momentum in their centre-of-mass frame. Figure 1, left panel, shows the median
cosine of the angle between the spin vector of the halo and the eigenvectors of the large-scale
structure. The right panel repeats this analysis for the angle between major axis direction of
the halo and the large-scale structure.

In the M . M∗ mass regime, haloes in sheets tend to have spin vectors in the plane of the
sheets, and haloes in filaments tend to have spin vectors pointing along the filaments; above
the M∗ mass scale, there is evidence that haloes in filaments reverse this trend and tend to
have spins orthogonal to the filaments. Furthermore, haloes with masses M & 0.1M∗ tend
to have their major axis parallel to their host sheets or filaments, with the strength of the
alignment increasing with increasing mass. This may reflect the fact that, for massive haloes,
the gravitational potential field is substantially influenced by their shape and thus leads to an
aligned tidal field. The alignment of halo spins and major axes with the LSS that we have
unveiled up to redshifts of order z = 1 should be taken into account in studies of weak lensing
maps of cosmic shear. In this context it might prove problematic that we find a clear mass
dependence of the alignment strength. In addition, the signal is scale dependent. For the results
shown in Figure 1, the smoothing scale, that is used when measuring the eigenvectors of the
tidal field tensor, evolves with redshift as 2M∗(z). Toy models for the intrinsic alignment signal
(e.g. Catelan et al. 2001) so far do not include any dependence on galaxy luminosity/mass or
any evolution with redshift, let alone scale dependence.

4 The Tidal Origin of the Environment Dependence of Halo Assembly

In Hahn et al. (2007a/b) we demonstrate that halo assembly is different in the different large-
scale environments, thus confirming earlier results using density or clustering analysis (e.g.
Gao et al. 2005). Figure 2, left panel, shows the median formation redshift of haloes as a
function of their mass in the four environments. Formation redshift is defined as the redshift at
which the halo had already assembled half of its mass. Results are shown for haloes at three
redshifts. We find a strong environmental dependence of halo formation times with environment



for haloes with masses M . M∗. At any given mass in this mass regime, haloes in clusters tend
to be older than haloes in the other environments, and haloes in voids form much more recently
than in any other environment. This environmental dependence of halo formation is commonly
termed ”assembly bias”.

In Hahn et al. (2008) we argue that the origin of this environment dependence of halo
assembly for small mass haloes is caused by tidal effects due to the vicinity of massive haloes.
The presence of tides changes the infall behaviour onto a halo. Figure 2, right panel, shows the
velocity along the three main axes of the rate-of-strain tensor of the flow. The velocity given
in the figure has been determined by first taking the average velocity along each axis for one
halo as a function of distance and then taking the median and 16th and 84th percentiles over a
sample of haloes. Halo samples are chosen as those 20 per cent with largest and smallest increase
in mass until z = 0. We find a fundamental difference between the two halo samples along the
eigenvector w3 corresponding to the direction with minimal infall. Along this direction, matter
is receding from the halo centre for the sample with least growth.

Thus, long before entering the virial radius of the massive halo and becoming a subhalo, the
smaller halo experiences an outward flow along the direction to the more massive halo, leading
to tidal suppression of the growth of the small halo. This is especially effective in filaments since
most of the matter is located along the direction from which it is least effective for the halo to
accrete. Upon approaching the massive halo even further, the small halo will eventually suffer
tidal mass-loss.
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