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We examine the impact of a sky cut on the ability of all-sky CMB polarization experiments
to constrain the amplitude of gravitational waves in the early universe (parameterized by the
tensor-to-scalar ratio, r), confirming the previously-reported steep scaling of the minimum-
detectable amplitude with cut size. We show that this scaling is a result of the constraint
being dominated by the large-scale, reionization-induced B modes, and ambiguity in the E-B
decomposition on the cut sky. We use the pure-ambiguous mode formalism to explain this
scaling in more detail. We also examine the effects of non-Gaussianity in the likelihood.

1 Fisher analysis

We might näıvely argue the number of harmonic-mode amplitudes measured scales with the
fraction of the sky covered, fsky, and so the error or constraint on r should scale as f

−1/2
sky .

However, Amarie et al.1 used a Fisher analysis to demonstrate that the impact of a sky cut is
significantly greater than this. We have repeated this analysis at full resolution for experimental
parameters consistent with recent proposals and an azimuthally symmetric sky cut masking
the Galactic plane. We performed the Fisher calculation for r = 0, and so the result gives an
estimate of the minimum value that would be detectable. We use a noise level of 5µK-arcmin
(close to the expected contribution from gravitational lensing). The results are shown in the left
hand panel (lhp) of Fig. 1. The trend is much steeper than the näıve argument suggests, with
a very sharp drop in sensitivity as fsky falls to 80%. It is useful to examine the contribution to
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Figure 1: Left hand panel: minimum detectable r, ∆r (95 % confidence limit in the null hypothesis) as a

function of fsky (solid line). The grey line shows the näıve f
−1/2
sky scaling. Results for three different universes are

overplotted: with no reionization (dotted) and with amplified (dashed) or zero (dash–dotted) E-mode power on
the sky. Middle panel: the Fisher information contribution as a function of harmonic scale. The plots are scaled
by f−1

sky, so differences between them show the departure from the mode-counting trend. Right hand panel: ∆r
against fsky using the ambiguous-mode amplitudes only, with dashed and dash–dotted lines as in the lhp.
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Figure 2: Left hand panel: the ‘likelihood’ derived from the mean log-likelihood, with 68% and 95% confidence
intervals marked. The equivalent Gaussian plot for the Fisher analysis is also shown (dotted). Right hand panel:

∆r against fsky derived from the mean log-likelihood calculations (solid) and the Fisher analysis (dotted).

the Fisher information from each harmonic scale, l, as shown in Fig. 1 (middle panel). On the
full sky, the bulk of the information comes from the large-scale reionization modes. As fsky is
reduced, it is in these modes that information is most quickly lost, as the ambiguity in the E-B
decomposition affects the highly unlocalized large-scale modes most. It is also useful to consider
different (unrealistic) universes. For a universe with no reionization, the equivalent results are
shown by the dotted line in Fig. 1 (lhp) which demonstrates the importance of the reionization
modes. The dashed and dash–dotted lines show the results for a universe with amplified and
zero E-mode power on the sky respectively. This clearly shows that the sharp drop in sensitivity
is caused by ambiguity in the E-B decomposition.

2 Pure and ambiguous modes

We use the pure and ambiguous mode formalism introduced in Bunn et al. 2 to provide further
insight into the above results. On the cut sky the non-local equations linking E and B with
the observable Stokes parameters cannot be solved uniquely, and so ambiguous modes are intro-
duced, which are simultaneously both E and B modes. By calculating a basis for the ambiguous
modes, we can find their information content as fsky is varied (see Fig. 1, rhp). For a thin cut,
significant information lies in these modes (provided the shapes of the spectra are well known).
This reflects the fact that, if the cut width is less than the coherence scale of the reionization
signal, some progress can be made in reconstructing the appropriate Stokes parameter derivative
fields close to the boundary using data from across the cut. This work suggests that, if we use a
cut with fsky > 75%, (or a cut with narrow features) a full likelihood analysis will be necessary.

3 Likelihood non-Gaussianity

For small cuts, we have seen that the Fisher information is dominated by only a few modes so
the likelihood function may be significantly non-Gaussian. We need a more detailed measure
of the likelihood, for which we use the mean log-likelihood. From this we form the ‘likelihood’,
e〈lnL〉, and calculate the minimum-detectable r (95% confidence limit in the null hypothesis).
Fig. 2 (lhp) compares the full-sky results to the Fisher analysis. This ‘likelihood’ is significantly
non-Gaussian, with ∆r increased by a factor of 1.7 (with a more severe increase for higher
confidence). Figure 2 (rhl) compares the two methods as fsky is varied.

References

1. M. Amarie, C. Hirata and U. Seljak Phys. Rev. D 72, 123006 (2005)
2. E.F. Bunn et al. Phys. Rev. D 67, 023501 (2003)


