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We investigated the impact of a stochastic background of primordial magnetic fields on the
scalar contribution to CMB anisotropies.We give both the initial conditions for the magnetized
adiabatic mode and the exact expression for the magnetic fields energy momentum tensor,
given a power law for their spectrum.

Large scale magnetic fields are observed almost everywhere in the universe, from the ones
in galaxies up to those in galaxy clusters and in the intercluster medium. The origin of these
magnetic fields is still an open issue in cosmology. A stochastic background (SB) of primordial
magnetic fields (PMF) can provide the initial seeds required for the generation of these large-
scale magnetic fields. If a SB of PMF exists it leaves imprints on the CMB anisotropies, in
temperature and polarization2.

We report on the investigation of the impact of a stochastic background of primordial
magnetic fields on scalar cosmological perturbations and in particular on CMB temperature
anisotropies, with a detailed analysis which takes into account the Lorentz force on baryons, and
a careful treatment of initial conditions and of the Fourier spectra of PMF energy-momentum
tensor.For more details see 1 .

A SB of PMF is modelled as a fully inhomogeneous component which affects scalar cosmo-
logical perturbations in three different ways. First carrying energy density and pressure PMF
gravitate at the level of perturbations. Second PMF have anisotropic stress which adds to the
photon and neutrino ones. Third PMF induce a Lorentz force on baryons which indirectly
affects also photons during the tight coupling regime. In the infinite conductivity limit (i.e.
E = 0) the PMF time evolution simply reduces to : B(x, τ) = B(x)/a(τ)2 (where we use the



convention a0 = 1). Therefore, all the quantities quadratic in the magnetic fields, like magnetic
energy density, evolve like radiation: ρB(x, τ) = ρB(x, τ0)/a(τ)4. The Einstein equations with
the contribution of PMF in the synchronous gauge are:
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ḧ + 2Hḣ − 2k2η = −8πGa2(Σn c2
s nρnδn +

δρB

3
) ,

ḧ + 6η̈ + 2H(ḣ + 6η̇) − 2k2η = −24πGa2[Σn(ρn + Pn)σn + σB], (1)

where n is the index of plasma components, i.e. baryons, cold dark matter (CDM), photons
and neutrinos. The conservation of the PMF EMT simply reduces to σB = ρB

3 + L (where σB

represents the PMF anisotropic stress and L the Lorentz force).
PMF induce a Lorentz force on baryons.These force modifyies the baryon Euler equation:

θ̇b = −Hθb + k2c2
sbδb − k2 L

ρb

. (2)

During the tight coupling regime Lorentz force has an indirect effect also on photon Euler
equation which becomes:
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Note that the Lorentz force term disappears when the tight coupling ends.

The study of the effect of PMF on scalar cosmological perturbations requires the initial
conditions on large scales in the radiation era. The complete magnetized adiabatic mode initial
conditions in the synchronous gauge are presented in 1,5, here we present only the photon ones:
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where Rν = ρν/(ρν +ργ) and C1 is the constant which characterize the regular growing adiabatic
mode as given in 4.See also 7.

Note how the presence of a SB of PMF induces a new independent mode in matter and
metric perturbations: the fully magnetic mode. This new independent mode is the particular
solution of the inhomogeneous system of the Einstein-Botzmann differential equations where
PMF EMT represents a force term.

We consider PMF with a power law power spectrum PB(k) = A
(

k
k∗

)nB

, with an ultraviolet

cut-off at the (damping) scale kD in order to consider the small scale suppression of PMF
by radiation viscosity. The two-point correlation function for a statistically homogeneous and
isotropic field is

〈 ~B∗
i (~k) ~Bj(~k′)〉 = δ3(~k − ~k′)(δij − k̂ik̂j)

PB(k)

2
for k < kD

The mean square of the magnetic field is 〈B2(x)〉 = 4πA
nB+3

k
nB+3

D

k
nB
∗

; note that nB > −3 is needed

for the infrared convergence of the mean square.



The EMT for PMF is quadratic in the field amplitude, the PMF energy density Fourier
spectrum is 3:

|ρB(k)|2 =
1

128π2a8

∫

d3pPB(~p)PB(|~k − ~p|)(1 + µ2) , (5)

where µ = ~p(~k−~p)

p|~k−~p|
.

To complete the treatment it is necessary to calculate also the Lorentz force spectrum a:

|L(k)|2 =
1

128π2a8

∫

d3pPB(p)PB(|k − p|)[1 + µ2 + 4γβ(γβ − µ)] , (6)

where γ = k̂ · p̂,β = ~k · (~k − ~p)/(k|~k − ~p|). The exact result for the Fourier convolution leading
to magnetic EMT Fourier spectrum is one of the main results of this work. In the following we
show the results for the case nB = −1(complete results in 1):
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The integral in the angle, often omitted in the literature, is the reason for having the result for
|ρB(k)|2 non vanishing only for k < 2kD. In the top left panel of Fig.1 we show the variation
with PMF spectral index of the magnetic energy density power spectrum.

In order to study the effects of a SB of PMF on CMB anisotropies and matter power spec-
trum we modified the CAMB Einstein-Boltzmann code8 (June 2006 version) by introducing the
PMF contribution. In Fig.1 we show the main results of our implementation. In the top right
panel we show the late time effect of the Lorentz force on baryon velocity due to the use of the
one fluid treatment till present time. We note how our code reproduces the velocity asymptotic

behaviour in the matter dominated era:θlate
b ≃ −k2

(

La
ρb

)

τ
a
. In the bottom right panel we show

the importance of the Lorentz force term for the temperature anisotropies APS by comparing
the effects with vanishing and non vanishing Lorentz force. In the bottom left panel we show
the results for the temperature anisotropies APS for all the possible modes(that can be selected
through the initial conditions), i.e. fully adiabatic,fully correlated, fully anticorrelated and pure
magnetic mode.

We have investigated the impact of a SB of PMF on scalar cosmological perturbations and
its impact on CMB anisotropies and matter power spectrum. We have studied the SB of PMF
as a source for cosmological perturbations.
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aThe anisotropic stress can be obtained using the relation coming from the PMF EMT conservation
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Figure 1: Top left: magnetic energy density power spectrum k3|ρB(k)|2 in units of 〈B2〉2/(1024π3) versus k/kD

for different nB for fixed 〈B2〉. The different lines are for nB = −3/2,−1, 0, 1, 2, 3, 4 ranging from the solid to
the longest dashed.Top right:Evolution of baryons velocity for k = 1Mpc−1 with (dashed) and without (solid)
PMF. k2L/ρb (dot-dashed line) and the solution θlate

b (dotted line) are also plotted: note how the numerics agree

with θlate
b at late times, here

√

〈B2〉 = 3 × 10−8 Gauss, kD = 2π and nB = 2 are considered. Bottom left:CMB

temperature angular power spectra obtained with
√

〈B2〉 = 3 × 10−7 Gauss, nB = −1, kD = π in comparison
with the adiabatic spectrum with vanishing PMF (solid line),the purely magnetic, correlation, fully correlated,
fully anti-correlated and uncorrelated spectra are represented as triple dotted - dashed, dashed, dotted, dot -
dashed and long dashed lines, respectively. Bottom right:CMB temperature power spectrum obtained with fully
correlated PMF with (dashed line) and without (dotted line) Lorentz term in comparison with the vanishing PMF

(solid line) with
√

〈B2〉 = 3×10−7 Gauss, kD = 2π and nB = 2 . The cosmological parameters of the flat ΛCDM
model are Ωbh

2 = 0.022, Ωch
2 = 0.123, τ = 0.04, ns = 1,H0 = 72 kms−1 Mpc−1.


