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Université Louis Pasteur, Strasbourg

We compare astrophysical observations with the results of quantum field theory. Of particular
interest are explanations of a cosmological constant. We compute the effective action in gravity
as a function of the curvature. Two phases are found, one where the curvature is large and
gravitons should be confined and another one which appears to be weakly coupled and tends to
be flat. The Casimir effect manifests as a running Newton constant or an induced cosmological
constant. The cosmological constant is positive or negative in the strongly or weakly curved
phase, respectively. Our results are important in light of the LHC program starting soon at
CERN.

1 Introduction

1.1 Astrophysical observations and quantum physics

The current remarkable progress in astrophysical observations and quantum physics makes this
study particularly timely. We make models for the explanation of a cosmological constant
implied by observations of the Hubble diagram of high-redshift type Ia supernovae and the
microwave background. One possibility is quantum fluctuations in gravity. We see that radiative
corrections indeed induce a cosmological constant.

We consider quantum gravity and accelerator physics as well. Quantum black holes provide
limits on gravity as well, the transitions in their energy spectra (quasi-normal modes) depend
on the parameters of space-times around the black holes, e.g. in string theories.

1.2 Quantum gravity and accelerator physics

Quantum gravity is becoming a testable theory with the Large Hadron Collider program start-
ing soon at CERN. We can obtain bounds from collider experiments. One considers graviton
interference effects at the LHC. In extra-dimensional models the Planck scale can be as low
as the TeV scale which is going to be accessible for the LHC. Quantum gravity can affect the
decay modes of particles with mass in the TeV range. In hadron/lepton scatterings and de-
cays the cross sections and branching ratios receive a contribution from quantum gravity in
extra-dimensional models. We can consider limits from cosmology and astrophysics as well, e.g.
cosmic rays and supernovae. Of particular interest is particle astrophysics, the mass of the dark
matter particles, e.g. axions, and evidence from astronomical observations for extra dimensions.
We see in our model that an alternative to the astrophysical missing mass problem is a scale
dependent gravitational constant.



1.3 Cosmic rays and supernovae – cosmic rays are Nature’s free collider

Supernova cores emit large fluxes of Kaluza – Klein gravitons producing a cosmic background
which by radiative decays provides a diffuse gamma-ray background.

The cooling limit from the SN 1987A neutrino burst puts a bound on the radius of extra
dimensions.

Cosmic neutrinos produce black holes, and the energy loss from graviton mediated interactions
cannot explain cosmic ray events above a limit.

Black holes are produced in observable collisions of elementary particles if extra dimensions
exist.

There are cosmic ray signals from mini black holes in extra dimensions, the evaporation of mini
black holes; they change into each other and EGRET has measured this.

1.4 Galaxy simulations and axion mass

Considering collisional cold dark matter interaction cross sections, halo structure and cusps in
galaxy simulations, we can limit the axion mass, the number and size of extra dimensions. The
current limit is three extra dimensions.

2 Effective potential for the curvature

Though gravity is a rather special gauge theory, we expect some reminiscence from non-Abelian
gauge theories like quantum chromodynamics.

In QCD the vacuum in a constant external chromomagnetic field is unstable and the coupling
constant depends on the external magnetic field. This is the Savvidy vacuum. Similarly in grav-
ity we expect that the gravitational Newton constant depends on the external mean gravitational
field.

We consider a simple model of effective field theory for gravity 1, the action is

S[g] = −κ2
B

∫

dx
√

g(R − 2λB), (1)

which for the potential in the one-loop approximation is

Γ[g] = S[g] +
1

2
Tr ln

δ2S[g]

δgδg
. (2)

2.1 Gauge fixing and regularisation, Spin projection

After gauge fixing we regularise the theory by a generalised momentum cut-off, −D2 < Λ2, i.e.
the eigenvalues of the gauge invariant Laplace operator present in the action (and proportional
to the curvature) are limited by a UV cut-off.

We decompose the fluctuating part of the metric tensor into transverse, longitudinal, traceless
and trace parts

hµν = h̃TT
µν + h̃LT

µν + h̃LL
µν + h̃Tr

µν (3)

and for the mean gravitational field we consider maximally symmetric de Sitter spaces of constant
curvature R.

2.2 Spherical harmonics

As the action contains the Laplace operator, we use spherical harmonics (its eigen functions) to
solve the spectrum for the potential, as we need to sum up its eigenvalues for the trace in the
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Figure 1: The effective potential |γ(R)| as a function of R/κ2

B , for various values of Λ/κB.

effective potential.

γ(1)(R) =
∑

ℓ,s

D
(s)
ℓ

2
ln

[

κ2
BR

Λ4

(

aλ
(s)
ℓ + d −

cλB

R

)

]

, (4)

where Dl is the degeneracy of states and we sum over the multipoles l and spins s, a, d and c
are coefficients.

3 Casimir effect in a box

In quantum electrodynamics there is an attractive force between two (e.g. parallel) plates even
if they are (electrically) neutral and the energy depends on the geometry, e.g. if the plates are
not parallel. As the metric tensor controls all aspects of geometry we expect an analogy with
gravity. The zero point energy in a box of size L is

Γ[0] =
L4Λ4

32π2

(

ln
µ2

Λ2
−

1

2

)

(5)

where Λ is the (energy dimension) momentum cut-off (for a massless free scalar field of coupling
µ) and 1 << ΛL.

4 Numerical results

4.1 Effective potential

We fit the numerical results for gravity with the formulae for the Casimir effect and find an
excellent agreement.

γ(R) = −
vκ2

B

R
+ c1Λ

4
(

1

R2
−

1

R2(Λ)

)

ln
c2κ

2
B

Λ2
, (6)

where R(Λ) = c3Λ
2, c1 ≈ 7.201, c2 ≈ 2.989, c3 ≈ 0.665 and v = 3200π2/3. We have taken

the cut-off into consideration by subtracting the term to cancel the curvature, as for strong
curvature only a few multipoles are allowed by a given cut-off.



4.2 Energetically preferred curvature

We minimize the effective potential to find the preferred curvature. We find a quantum phase
transition at the critical coupling κ2

B = κ2
cr = Λ2/c2 where the curvature changes in a discontin-

uous manner.
In the low cut-off phase, κ2

cr << κ2
B, the energetically preferred curvature is

Rmin =
2c1Λ

4

vκ2
B

ln
c2κ

2
B

Λ2
. (7)

The high cut-off phase is flat, for κ2
B < κ2

cr Rmin = 0.
Matter free Einstein gravity has two phases, a flat and a strongly curved space-time. The
vacuum contains a condensate of the metric tensor.

4.3 Running Newton constant

The coupling and the gravitational constant are

κ2(R) = κ2
B −

R

v
γ(1)(R), (8)

G(R) =
1

16πκ2(R)
. (9)

There is an infrared Landau pole in the low cut-off phase at RL = Rmin/2 , where the coupling
constant goes to infinity. This means confinement of gravitons and our result seems important in
light of the numerous unsuccessful attempts to experimentally observe gravitons. The runnning
Newton constant is an increasing function of R in the high cut-off phase.

4.4 Induced cosmological constant

The alternative to a running Newton constant is to parameterise the action by

Γ[g] = κ2
eff

∫

dx
√

g(x)F (R(x)), (10)

and we find that in our model F turns out to be a polynomial of the curvature F (R) = R −

2λ − gR2 and the effective coupling is simply the bare Newton coupling κ2
eff = κ2

B, where in
addition to the Einstein – Hilbert action a cosmological constant is generated

λ =
c1Λ

4

2vκ2
B

ln
c2κ

2
B

Λ2
(11)

which is positive in the curved space and negative in the flat one. We generated a higher order
(quadratic) term too, which renders the action bounded from below and stabilises gravity.
We have examined the stability and inclusion of matter fields. Adding a bare (classical) cosmo-
logical constant to the action simply shifts the critical point (curvature) but otherwise results
in a topologically identical phase structure. We stabilised the vacuum by including scalar or
strongly interacting fields and examined the influence of the confinement in the gauge and gravi-
tational sectors on each other. Finally we consider the semiclassical confinement of gravitational
waves.
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