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Strong lensing by an isolated spherically symmetric mass distribution is considered in presence
of a positive cosmological constant. Deflection angles and time delay are computed and
compared to the multiple image of the quasar SDSS J1004+4112.

1 Introduction

Last september Rindler & Ishak 1 corrected the wide held belief that a cosmological constant
does not change the deflection angle of light propagating near an isolated spherically symmetric
mass distribution. This means that we must reconsider the theory of biangles. Biangles are one
of the charming features of Riemannian geometry as they do not exist in Euclidean geometry.
Like the theory of triangles, the theory of biangle relates angles and lengths, see figure 1. But
relativity teaches us that distances have no physical meaning and are to be replaced by (proper)
time of flight measurements of photons.
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Figure 1: A biangle
Indeed, almost 25 years ago, on october 21st 1983 took place in Sèvres, on the western outskirts
of Paris, the official funeral of the meter. The office was celebrated in a strict intimacy, but
it is difficult to overestimate the loss caused to physics by the disappearance of the meter.
Announced in 1915 by Albert Einstein, experimentalists took several decades to authorise the
funeral: “The 17th Conférence Générale des Poids et Mesures decides: the metre is the length
of the path travelled by light in vacuum during a time interval of 1/299 792 458 of a second.”
(http://www.bipm.org/en/CGPM/db/17/1/) Hence we measure lengths in nano-seconds, one
nano-second being about one foot.

The first biangle was observed in 1968 by I. I. Shapiro. Its vertices are Earth and Mercury
with a travel time τ of some 10 minutes and a time delay of 120 µs as one edge grazes the



Figure 2: The multiple imaged quasar SDSS J1004+4112 (courtesy of Ota et al.)

sun. Here we will be interested in biangles of cosmological scale, τ ∼ 1010 years, figure 2. This
picture, taken from Ota et al. 2, shows four images (A, B, C, D) of the same quasar lensed by
a cluster of galaxies visible only via X-rays and whose center is indicated on the picture by a
cross. For simplicity let us ignore the images A and B and let us pretend that the images C
and D are aligned with the center of the cluster, which we then may treat as spherical. The
biangle we are interested in, figure 3, lies in the plane orthogonal to the picure and defined by
the images C and D. The position of terra nostra is indicated by T , of the cluster = lens by L
and of the quasar = source by S. α and α′ are the physical angles between the images and the
lens. They are measured in nano-seconds over nano-seconds and appear directly on the picture.
The coordinate distances rT and rS are radial coordinates of polar coordinates centered at the
lens. The coordinate distances will be computed from the measured red-shifts of cluster and
quasar, zL and zS . Let M be the mass of the cluster.
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Figure 3: A double image
Ota et al. 2 observed the following values for angles, red-shifts and mass and last october
Fohlmeister et al. 3 added a lower limit on the time delay, the jet lag of the photons:

α = 10′′ ± 10%, zL = 0.68 , M = 5 · 1013M� ± 20%
α′ = 5′′ ± 10%, zS = 1.734, τ ′ − τ > 5.7 y (oct. ′07).

The proper time is meant with respect to an observer on Earth. The jet lag being continuously
monitored, this lower limit grows continuously and today it already exceeds six years.



Naturally we would like to confront observation and theory by taking into account Rindler
& Ishak’s correction 1. To this end we make the following simplifying assumptions:

• Spatially flat ΛCDM can be trusted to convert red-shifts into angular distances with
respect to the Earth, which we denote by dL and dS respectively. We use Λ < 1.77 ·
10−52 m−2 in order to avoid negative dust densities.

• We take the cluster to be static and spherically symmetric, see figure 4.

• We ignore all other masses in the universe.

• We ignore the velocities of the Earth and the quasar with respect to the cluster.

Figure 4: A spherical cow

In other words we allow ourselves to do the first part of the calculation with Friedmann’s solution,
the second part with Kottler’s (or Schwarzschild - de Sitter’s) solution, both however with the
same cosmological constant Λ. Then we have 4
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The approximation indicated by ∼ is to leading order in three parameters: the Schwarzschild
radius of the cluster divided by the peri-cluster, the angle α, and

√
Λ/3 times the peri-cluster.

In our example, SDSS J1004+4112, all three parameters are of the order of 10−5 and the
approximation is well justified. Notice that before Rindler & Ishak’s correction 1, the above
formula relating angles and lengths in the biangle was independent of the cosmological constant.

Fitting the only parameter we have, i.e. the cosmological constant, to the observed values
of the angles, red-shifts and cluster mass together with their error bars yields:

Λ = 1.47+0.3
−0.9 · 10−52 m−2, τ ′ − τ = 19.6+7.6

−7.3 y.

For details see table 1. The upper limits correspond to vanishing dust density in Friedmann’s
solution. Note that the fit is compatible with the present experimental value, Λ = (1.36± 0.3) ·
10−52 m−2 and with the present lower limit on the time delay.



M ± 20% ±0 + − − − − + + +8.5% + +
α± 10% ±0 + + − − + + − − −0.6% −
α′ ± 10% ±0 + + + − − − + − − −0.6%
rT [1025 m] 7.9 7.9 6.5 7.2 7.9 7.2 8.5 8.5 8.9 8.9 8.9
rS [1025 m] 6.6 6.6 4.9 5.7 6.6 5.7 7.7 7.7 8.4 8.4 8.4

Λ[10−52 m−2] 1.5 1.5 0.6 1.1 1.5 1.1 1.7 1.7 1.77 1.77 1.77
τ ′ − τ [years] 19.6 23.6 18.9 12.3 15.8 22.6 27.2 14.8 17.6 22.3 16.6

Table 1: The fit, extrema are bold face.

Our result for the time delay should be compared to Kawano & Oguri’s result 6, τ ′− τ < 10
years. They start from a non-spherical lens, thus including also the images A and B, but assume
a vanishing cosmological constant.

In any case, a time delay of 20 years is bad news for the old physicists among us: I seriously
doubt that in 15 years I will still care about the jet lag of pre-historic photons.

Before we can trust strong lensing as a new probe of the cosmological constant we must:
(i) remove the simplifying assumptions introduced above and (ii) analyze more lensing systems.
The use of the Einstein-Straus solution 7,8 has been advocated by Ishak et al. 9, version 2. This
solution matches up Schwarzschild and Friedmann’s solutions and thereby avoids the use of
two different solutions in the same calculation. It takes proper account of the other masses in
the universe and of the velocities of Earth and source. The Einstein-Straus solution therefore
circumvents our simplifying assumptions, apart from that of the spherical cow. In a preliminary
analysis Ishak et al. 9 find that the Einstein-Straus solution reduces the sensitivity of the deflec-
tion angles as a function of the cosmological constant by two orders of magnitude. Qualitatively
this reduction is easy to understand: A positive cosmological constant adds a repulsive force,
which grows with distance, and one cannot invoke asymptotic flatness anymore to justify the
neglecting of the other masses in the universe. If we take them into account and if we distribute
them uniformly in space, they will screen the long-range repulsion of our central cluster.

Those of you believing in dark energy might want to know how it modifies the Schwarzschild
solution and deflection angles of photons. Be aware that there is no answer. Finelli et al. 10

present a partial parameterization of our ignorance. Even, more explicite models of dark energy,
like quintessence, do not allow us to predict the deflection angle 11.
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