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We analyze the distribution function (DF) of dark matter in massive haloes formed in cosmo-
logical simulations of a concordance ΛCDM model. We show that the DF inferred from the
simulation data can be expressed in separable form in terms of energy and angular momen-
tum. Taking advantage of such a property we provide a new phenomenological model of a
fully anisotropic DF consistent with the universal NFW density profile. The model depends
explicitly on three free parameters which specify the innermost and outermost anisotropy of a
system and the scale of transition between them. It accurately recovers the profiles of velocity
moments (dispersion and kurtosis) and phase space density ρ(r)/σ3(r), as measured in the
simulations.

1 The DF from cosmological simulations

Assuming steady state of virialized parts of dark matter haloes, the distribution function (DF)
depends on the binding energy E and the absolute value of the angular momentum L, which
are the integrals corresponding to spherical symmetry (Jeans theorem). The DF can then be
expressed as

f(x,v) = f(E,L) =
d2M

dEdL

1

g(E,L)
, (1)

where d2M/dEdL is the mass density in the integral space and g(E,L) is the phase-space
volume of the hypersurface of constant energy and angular momentum (see Wojtak et al. 2008
for details). The first term can be directly measured from the simulation data, whereas the
second one is a well-defined function of the gravitational potential. The second panel of Fig. 1
shows an example of the resulting profiles of f(E,L) obtained for a cluster-size halo formed in
a cosmological simulation of the ΛCDM model run in a box of size 160 h−1Mpc.

2 The model of the DF

The phenomenological approach to the construction of a model of the DF requires assumptions
concerning at least the density profile and the anisotropy of velocity dispersion tensor, which is
traditionally quantified by β(r) = 1−σ2

θ (r)/σ2
r (r), where σθ and σr are dispersions of tangential

and radial velocity respectively. Cosmological simulations clearly reveal that the density profiles
of dark matter in haloes show striking similarities and can be well approximated by the NFW
formula (Navarro, Frenk & White 1997). On the other hand the anisotropy exhibits a large
variety of profiles: most are rising but some are decreasing. This diversity in the anisotropy
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Figure 1: From left to right: the anisotropy, the profiles of the DF for three values of angular momentum indicated
in the corner, dispersion and kurtosis of radial velocity. Solid line shows the results from the simulation, whereas
dashed line stands for the predictions of the DF model except for β(r) profile, where this is a fit of the model
to the simulation data. The width of the gray areas indicates the interquartile range of the measurements. The
phase-space coordinates are expressed in scale radius rs of the NFW profile and Vs ∝ (M(rs)/rs)

1/2. Other units
used in these plots are Ls = rsVs and fs = M(rs)/(rsVs)

3.

profiles appears to be an intrinsic property of dark matter haloes that makes the construction of
a universal DF impossible. However, by a proper parametrization of the anisotropy profile one
can build a model of the DF for a single halo. This approach has been recently used by Baes
& van Hese (2007) who proposed a scheme to express the DF as f(E,L) for a certain family
of non-trivial anisotropy profiles. Their method can, however, be only applied to some specific
density-potential pairs different from the NFW-like models. We go further by assuming simply
the NFW profile. In Wojtak et al. (2008) we showed that the following form of the DF

f(E,L) = fE(E)

(

1 +
L2

2L2
0

)

−β∞+β0

L−2β0 (2)

can effectively reproduce the anisotropy profiles from the simulations in terms of their asymptotic
values (β0 in the centre and β∞ at infinity) and the scale of transition between them (L0). The
energy part of this expression is calculated numerically so that the full DF is consistent with
a desired density profile (NFW in our case). The left panel of Fig. 1 shows a fit of our model
to the anisotropy profile of a typical halo. Other panels compare model predictions and the
simulations in terms of the DF and the profiles of dispersion σr and kurtosis κr = 〈v4

r 〉/σ
4
r of

radial velocity.

3 Final remarks

Our model of the DF reproduces accurately the phase-space properties of dark matter haloes
from cosmological simulations. The model can potentially be used in dynamical analysis of
galaxy clusters to constrain dark matter profile as well as the anisotropy of galactic orbits. One
can also take advantage of this DF in construction of a more realistic models of dark matter
haloes with a wide range of anisotropy profiles.
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