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Fit !M !k w
SNe 0.287+0.029+0.039

!0.027!0.036 0 (fixed) -1 (fixed)

SNe+BAO 0.285+0.020+0.011
!0.020!0.009 0 (fixed) !1.011+0.076+0.083

!0.082!0.087

SNe+CMB 0.265+0.022+0.018
!0.021!0.016 0 (fixed) !0.955+0.060+0.059

!0.066!0.060

SNe+BAO+CMB 0.274+0.016+0.013
!0.016!0.012 0 (fixed) !0.969+0.059+0.063

!0.063!0.066

SNe+BAO+CMB 0.285+0.020+0.011
!0.019!0.011 !0.009+0.009+0.002

!0.010!0.003 -1 (fixed)

SNe+BAO+CMB 0.285+0.020+0.010
!0.020!0.010 !0.010+0.010+0.006

!0.011!0.004 !1.001+0.069+0.080
!0.073!0.082

TABLE 6
Fit results on cosmological parameters !M, !k and w. The parameter values are followed by their statistical (!stat) and
systematic (!sys) uncertainties. The parameter values and their statistical errors were obtained from minimizing the "2 of
Eq. 3. The fit to the SNe data alone results in a "2 of 310.8 for 303 degrees of freedom with a ""2 of less than one for
the other fits. The systematic errors were obtained from fitting with extra nuisance parameters according Eq. 5 and

subtracting from the resulting error, !w/sys, the statistical error: !sys = (!2
w/sys

! !2
stat)

1/2.
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Fig. 14.— 68.3 %, 95.4 % and 99.7% confidence level contours on
w and !M, for a flat Universe. The top plot shows the individual
constraints from CMB, BAO and the Union SN set, as well as the
combined constraints (filled gray contours, statistical errors only).
The upper right plot shows the e#ect of including systematic errors.
The lower right plot illustrates the impact of the SCP Nearby 1999
data.

straints from combining SNe, CMB and BAO are consis-
tent with a flat !CDM Universe (as seen in Table 6). Fig.
15 shows the corresponding constraints in the "M ! "!
plane.

Finally, one can attempt to investigate constraints on
a redshift dependent equation of state (EOS) parameter
w(z). Initially we consider this in terms of

w(z) = w0 + wa
z

1 + z
, (10)

shown by Linder (2003) to provide excellent approxima-
tion to a wide variety of scalar field and other dark en-
ergy models. Later, we examine other aspects of time
variation of the dark energy EOS. Assuming a flat Uni-
verse and combining the Union set with constraints from
CMB, we obtain constraints on w0, the present value
of the EOS, and wa, giving a measure of its time vari-
ation, as shown in Fig. 16. (A cosmological constant
has w0 = !1, wa = 0.) Due to degeneracies within the
EOS and between the EOS and the matter density "M,
the SN dataset alone does not give appreciable leverage
on the dark energy properties. By adding other mea-
surements, the degeneracies can be broken and currently
modest cosmology constraints obtained.

Fig. 16 (left) shows the combination of the SN data
with either the CMB constraints or the BAO constraints.

0.0 0.5 1.0

0.0

0.5

1.0

1.5

2.0

F
latBAO

CMB

SNe

No Big Bang

Fig. 15.— 68.3 %, 95.4 % and 99.7% confidence level contours
on !! and !M obtained from CMB, BAO and the Union SN set,
as well as their combination (assuming w = !1).

The results are similar; note that including either one re-
sults in a sharp cut-o# at w0+wa = 0, from the physics as
mentioned in regards to Eq. 9. Since w(z " 1) = w0+wa

in this parameterization, any model with more positive
high-redshift w will not yield a matter-dominated early
Universe, altering the sound horizon in conflict with ob-
servations.

Note that BAO do not provide a purely “low” redshift
constraint, because implicit within the BAO data anal-
ysis, and hence the constraint, is that the high redshift
Universe was matter dominated (so the sound horizon
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Weak-lensing basics

!m(z) = 5 log10(1! !(z))

shift in
distance 
modulus

effective lens 
convergence

matter density 
contrast

magnification !m < 0

!m > 0demagnification

unperturbed 
light path

neglecting 
shear

!(z) =
! rs(z)

0
dr G(r, rs(z)) "M (r, t(r))

!M > 0

!M < 0

2

not present, for example, in “swiss-cheese” models where
the bubble boundaries are designed to have compensat-
ing overdensities. Such models have indeed been shown
to have on average little lensing e!ects [7, 8]. The key
quantity in all our analysis is the lens convergence !,
which in the weak-lensing approximation is given by

!(zs) =
! rs

0
dr G(r, rs) "M (r, t(r)) . (1)

Here "M (r, t) is the matter density contrast and

G(r, rs) =
3H2

0!M

2c2

fk(r)fk(rs ! r)
fk(rs)

1
a(t(r))

, (2)

where the functions a(t), t(r) and r(z) correspond to
the FLRW model, rs = r(zs) is the comoving po-
sition of the source at redshift zs and the integral
is evaluated along the unperturbed light path. Also,
fk(r) = sin(r

"
k)/
"

k, r, sinh(r
"
!k)/

"
!k depending

on the spatial curvature k >,=, < 0, respectively.
Neglecting the second-order contribution of the shear,

the shift in the distance modulus caused by lensing is
expressed solely in terms of !:

"m(z) = 5 log10(1! !(z)) . (3)

Equations (1)-(3) show that for a lower-than-FLRW col-
umn density the light is demagnified (e.g., empty beam
" = !1), while in the opposite case it is magnified.

In Ref. [3] a fast and easy way to obtain the conver-
gence PDF for these meatball models was derived. In
short, the formula for the convergence Eq. (1) is replaced
by a discretized probabilistic expression:

!({kim}) =
NS"

i=1

NR"

m=1

!1im (kim !"Nim) . (4)

Here !1im is the convergence due to one halo, at a comov-
ing distance ri, which the photon path intercepts with an
impact parameter bm:

!1im = G(ri, rs)
! R(ti)

bm

2xdx#
x2 ! b2

m

#i(x)
#̄M

, (5)

where #i(x) is the local halo density and #̄M is the FLRW
matter density. In practice one divides the comoving dis-
tance rs to the source and the radius R of the halo into
bins of widths R # "ri # rs and "bm # R and lets
the centers of these bins define the allowed values for r
and b. The quantity kim in Eq. (4) is a Poisson random
variable of parameter "Nim = nc"Vim, which gives the
expected number of halos within the phase space volume
"Vim = 2$bm"bm"ri. That is, Eq. (4) defines a conver-
gence as a function of a configuration {kim} of halos along
an arbitrary line of sight from the observer to the source.
The lensing PDF in the distance modulus Pwl("m, zs)
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Figure 1: Shown are the relevant PDFs (see text) for a SN
with ! = 0.25 mag at redshift zs = 1.5 in the !CDM model
endowed with the halos described in the text (zvir = 0.8).

is then constructed from a large sample of random con-
figurations {kim} using Eqs. (3) and (4). Note that the
expected convergence computed from Eq. (4) is zero, con-
sistent with photon conservation in weak lensing, because
for a Poisson distributed variable the expected value co-
incides with its parameter.

Likelihood function. After the raw lensing PDF
Pwl("m) has been computed for a given set of FLRW-
parameters and redshifts, it still has to be convolved with
the intrinsic source brightness distribution Pin:

P ("m, zs) =
!

dy Pwl(y, zs)Pin("m! y) . (6)

We take Pin to be a gaussian in the distance moduli.
The actual intrinsic distribution should be a universal
function if the SN are similar at all distances. How-
ever, following Ref. [2], we will combine all observa-
tional (gaussian by assumption) uncertainties in quadra-
ture with the intrinsic distribution, whereby Pin be-
comes an e!ective distribution specific for each SN event
Pin(x)$ PSN (x, %i). The likelihood function for a single
SN-observation is then

Li(µ) =
!

dy Pwl(y, zi)PSN ("mi ! µ! y, %i) , (7)

where "mi = mo,i!mt,i, mo,i is the observed magnitude
and the corresponding FLRW prediction is related to the
luminosity distance dL by mt,i = 5 log10 dL(zi)/10 pc.
The parameter µ is an unknown o!set sum of the SNe
absolute magnitudes, of k-corrections and other possi-
ble systematics. Note also that Li inherits the vanishing
mean of Pwl and that its variance is simply given by the
sum of the variances of the convolving PDFs.

We define the total likelihood function as the product
of all independent likelihood functions in the data sam-
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not present, for example, in “swiss-cheese” models where
the bubble boundaries are designed to have compensat-
ing overdensities. Such models have indeed been shown
to have on average little lensing e!ects [7, 8]. The key
quantity in all our analysis is the lens convergence !,
which in the weak-lensing approximation is given by

!(zs) =
! rs

0
dr G(r, rs) "M (r, t(r)) . (1)

Here "M (r, t) is the matter density contrast and

G(r, rs) =
3H2

0!M

2c2

fk(r)fk(rs ! r)
fk(rs)

1
a(t(r))

, (2)

where the functions a(t), t(r) and r(z) correspond to
the FLRW model, rs = r(zs) is the comoving po-
sition of the source at redshift zs and the integral
is evaluated along the unperturbed light path. Also,
fk(r) = sin(r

"
k)/
"

k, r, sinh(r
"
!k)/

"
!k depending

on the spatial curvature k >,=, < 0, respectively.
Neglecting the second-order contribution of the shear,

the shift in the distance modulus caused by lensing is
expressed solely in terms of !:

"m(z) = 5 log10(1! !(z)) . (3)

Equations (1)-(3) show that for a lower-than-FLRW col-
umn density the light is demagnified (e.g., empty beam
" = !1), while in the opposite case it is magnified.

In Ref. [3] a fast and easy way to obtain the conver-
gence PDF for these meatball models was derived. In
short, the formula for the convergence Eq. (1) is replaced
by a discretized probabilistic expression:

!({kim}) =
NS"

i=1

NR"

m=1

!1im (kim !"Nim) . (4)

Here !1im is the convergence due to one halo, at a comov-
ing distance ri, which the photon path intercepts with an
impact parameter bm:

!1im = G(ri, rs)
! R(ti)

bm

2xdx#
x2 ! b2

m

#i(x)
#̄M

, (5)

where #i(x) is the local halo density and #̄M is the FLRW
matter density. In practice one divides the comoving dis-
tance rs to the source and the radius R of the halo into
bins of widths R # "ri # rs and "bm # R and lets
the centers of these bins define the allowed values for r
and b. The quantity kim in Eq. (4) is a Poisson random
variable of parameter "Nim = nc"Vim, which gives the
expected number of halos within the phase space volume
"Vim = 2$bm"bm"ri. That is, Eq. (4) defines a conver-
gence as a function of a configuration {kim} of halos along
an arbitrary line of sight from the observer to the source.
The lensing PDF in the distance modulus Pwl("m, zs)
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Figure 1: Shown are the relevant PDFs (see text) for a SN
with ! = 0.25 mag at redshift zs = 1.5 in the !CDM model
endowed with the halos described in the text (zvir = 0.8).

is then constructed from a large sample of random con-
figurations {kim} using Eqs. (3) and (4). Note that the
expected convergence computed from Eq. (4) is zero, con-
sistent with photon conservation in weak lensing, because
for a Poisson distributed variable the expected value co-
incides with its parameter.

Likelihood function. After the raw lensing PDF
Pwl("m) has been computed for a given set of FLRW-
parameters and redshifts, it still has to be convolved with
the intrinsic source brightness distribution Pin:

P ("m, zs) =
!

dy Pwl(y, zs)Pin("m! y) . (6)

We take Pin to be a gaussian in the distance moduli.
The actual intrinsic distribution should be a universal
function if the SN are similar at all distances. How-
ever, following Ref. [2], we will combine all observa-
tional (gaussian by assumption) uncertainties in quadra-
ture with the intrinsic distribution, whereby Pin be-
comes an e!ective distribution specific for each SN event
Pin(x)$ PSN (x, %i). The likelihood function for a single
SN-observation is then

Li(µ) =
!

dy Pwl(y, zi)PSN ("mi ! µ! y, %i) , (7)

where "mi = mo,i!mt,i, mo,i is the observed magnitude
and the corresponding FLRW prediction is related to the
luminosity distance dL by mt,i = 5 log10 dL(zi)/10 pc.
The parameter µ is an unknown o!set sum of the SNe
absolute magnitudes, of k-corrections and other possi-
ble systematics. Note also that Li inherits the vanishing
mean of Pwl and that its variance is simply given by the
sum of the variances of the convolving PDFs.

We define the total likelihood function as the product
of all independent likelihood functions in the data sam-

! =
! rs

0
dr G(r, rs) "M (r, t(r))
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not present, for example, in “swiss-cheese” models where
the bubble boundaries are designed to have compensat-
ing overdensities. Such models have indeed been shown
to have on average little lensing e!ects [7, 8]. The key
quantity in all our analysis is the lens convergence !,
which in the weak-lensing approximation is given by

!(zs) =
! rs

0
dr G(r, rs) "M (r, t(r)) . (1)

Here "M (r, t) is the matter density contrast and

G(r, rs) =
3H2

0!M

2c2

fk(r)fk(rs ! r)
fk(rs)

1
a(t(r))

, (2)

where the functions a(t), t(r) and r(z) correspond to
the FLRW model, rs = r(zs) is the comoving po-
sition of the source at redshift zs and the integral
is evaluated along the unperturbed light path. Also,
fk(r) = sin(r

"
k)/
"

k, r, sinh(r
"
!k)/

"
!k depending

on the spatial curvature k >,=, < 0, respectively.
Neglecting the second-order contribution of the shear,

the shift in the distance modulus caused by lensing is
expressed solely in terms of !:

"m(z) = 5 log10(1! !(z)) . (3)

Equations (1)-(3) show that for a lower-than-FLRW col-
umn density the light is demagnified (e.g., empty beam
" = !1), while in the opposite case it is magnified.

In Ref. [3] a fast and easy way to obtain the conver-
gence PDF for these meatball models was derived. In
short, the formula for the convergence Eq. (1) is replaced
by a discretized probabilistic expression:

!({kim}) =
NS"

i=1

NR"

m=1

!1im (kim !"Nim) . (4)

Here !1im is the convergence due to one halo, at a comov-
ing distance ri, which the photon path intercepts with an
impact parameter bm:

!1im = G(ri, rs)
! R(ti)

bm

2xdx#
x2 ! b2

m

#i(x)
#̄M

, (5)

where #i(x) is the local halo density and #̄M is the FLRW
matter density. In practice one divides the comoving dis-
tance rs to the source and the radius R of the halo into
bins of widths R # "ri # rs and "bm # R and lets
the centers of these bins define the allowed values for r
and b. The quantity kim in Eq. (4) is a Poisson random
variable of parameter "Nim = nc"Vim, which gives the
expected number of halos within the phase space volume
"Vim = 2$bm"bm"ri. That is, Eq. (4) defines a conver-
gence as a function of a configuration {kim} of halos along
an arbitrary line of sight from the observer to the source.
The lensing PDF in the distance modulus Pwl("m, zs)
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Figure 1: Shown are the relevant PDFs (see text) for a SN
with ! = 0.25 mag at redshift zs = 1.5 in the !CDM model
endowed with the halos described in the text (zvir = 0.8).

is then constructed from a large sample of random con-
figurations {kim} using Eqs. (3) and (4). Note that the
expected convergence computed from Eq. (4) is zero, con-
sistent with photon conservation in weak lensing, because
for a Poisson distributed variable the expected value co-
incides with its parameter.

Likelihood function. After the raw lensing PDF
Pwl("m) has been computed for a given set of FLRW-
parameters and redshifts, it still has to be convolved with
the intrinsic source brightness distribution Pin:

P ("m, zs) =
!

dy Pwl(y, zs)Pin("m! y) . (6)

We take Pin to be a gaussian in the distance moduli.
The actual intrinsic distribution should be a universal
function if the SN are similar at all distances. How-
ever, following Ref. [2], we will combine all observa-
tional (gaussian by assumption) uncertainties in quadra-
ture with the intrinsic distribution, whereby Pin be-
comes an e!ective distribution specific for each SN event
Pin(x)$ PSN (x, %i). The likelihood function for a single
SN-observation is then

Li(µ) =
!

dy Pwl(y, zi)PSN ("mi ! µ! y, %i) , (7)

where "mi = mo,i!mt,i, mo,i is the observed magnitude
and the corresponding FLRW prediction is related to the
luminosity distance dL by mt,i = 5 log10 dL(zi)/10 pc.
The parameter µ is an unknown o!set sum of the SNe
absolute magnitudes, of k-corrections and other possi-
ble systematics. Note also that Li inherits the vanishing
mean of Pwl and that its variance is simply given by the
sum of the variances of the convolving PDFs.

We define the total likelihood function as the product
of all independent likelihood functions in the data sam-

distributed as a 
Poisson variable 
of parameter!Nim

randomly-placed halos
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Generalizing...
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i=1
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m=1

!1im

"
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#

where         is distributed as a Poisson variable of parameterNOP sur
im !Nimkim

survival 
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# observations in 
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at redshift z

This extremely simple formula describes both probabilistic and selection biases

...and can be easily generalized 

K. Kainulainen and V. Marra
Phys. Rev. D 80, 123020 (2009)
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not present, for example, in “swiss-cheese” models where
the bubble boundaries are designed to have compensat-
ing overdensities. Such models have indeed been shown
to have on average little lensing e!ects [7, 8]. The key
quantity in all our analysis is the lens convergence !,
which in the weak-lensing approximation is given by

!(zs) =
! rs

0
dr G(r, rs) "M (r, t(r)) . (1)

Here "M (r, t) is the matter density contrast and

G(r, rs) =
3H2

0!M

2c2

fk(r)fk(rs ! r)
fk(rs)

1
a(t(r))

, (2)

where the functions a(t), t(r) and r(z) correspond to
the FLRW model, rs = r(zs) is the comoving po-
sition of the source at redshift zs and the integral
is evaluated along the unperturbed light path. Also,
fk(r) = sin(r

"
k)/
"

k, r, sinh(r
"
!k)/

"
!k depending

on the spatial curvature k >,=, < 0, respectively.
Neglecting the second-order contribution of the shear,

the shift in the distance modulus caused by lensing is
expressed solely in terms of !:

"m(z) = 5 log10(1! !(z)) . (3)

Equations (1)-(3) show that for a lower-than-FLRW col-
umn density the light is demagnified (e.g., empty beam
" = !1), while in the opposite case it is magnified.

In Ref. [3] a fast and easy way to obtain the conver-
gence PDF for these meatball models was derived. In
short, the formula for the convergence Eq. (1) is replaced
by a discretized probabilistic expression:

!({kim}) =
NS"

i=1

NR"

m=1

!1im (kim !"Nim) . (4)

Here !1im is the convergence due to one halo, at a comov-
ing distance ri, which the photon path intercepts with an
impact parameter bm:

!1im = G(ri, rs)
! R(ti)

bm

2xdx#
x2 ! b2

m

#i(x)
#̄M

, (5)

where #i(x) is the local halo density and #̄M is the FLRW
matter density. In practice one divides the comoving dis-
tance rs to the source and the radius R of the halo into
bins of widths R # "ri # rs and "bm # R and lets
the centers of these bins define the allowed values for r
and b. The quantity kim in Eq. (4) is a Poisson random
variable of parameter "Nim = nc"Vim, which gives the
expected number of halos within the phase space volume
"Vim = 2$bm"bm"ri. That is, Eq. (4) defines a conver-
gence as a function of a configuration {kim} of halos along
an arbitrary line of sight from the observer to the source.
The lensing PDF in the distance modulus Pwl("m, zs)
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Figure 1: Shown are the relevant PDFs (see text) for a SN
with ! = 0.25 mag at redshift zs = 1.5 in the !CDM model
endowed with the halos described in the text (zvir = 0.8).

is then constructed from a large sample of random con-
figurations {kim} using Eqs. (3) and (4). Note that the
expected convergence computed from Eq. (4) is zero, con-
sistent with photon conservation in weak lensing, because
for a Poisson distributed variable the expected value co-
incides with its parameter.

Likelihood function. After the raw lensing PDF
Pwl("m) has been computed for a given set of FLRW-
parameters and redshifts, it still has to be convolved with
the intrinsic source brightness distribution Pin:

P ("m, zs) =
!

dy Pwl(y, zs)Pin("m! y) . (6)

We take Pin to be a gaussian in the distance moduli.
The actual intrinsic distribution should be a universal
function if the SN are similar at all distances. How-
ever, following Ref. [2], we will combine all observa-
tional (gaussian by assumption) uncertainties in quadra-
ture with the intrinsic distribution, whereby Pin be-
comes an e!ective distribution specific for each SN event
Pin(x)$ PSN (x, %i). The likelihood function for a single
SN-observation is then

Li(µ) =
!

dy Pwl(y, zi)PSN ("mi ! µ! y, %i) , (7)

where "mi = mo,i!mt,i, mo,i is the observed magnitude
and the corresponding FLRW prediction is related to the
luminosity distance dL by mt,i = 5 log10 dL(zi)/10 pc.
The parameter µ is an unknown o!set sum of the SNe
absolute magnitudes, of k-corrections and other possi-
ble systematics. Note also that Li inherits the vanishing
mean of Pwl and that its variance is simply given by the
sum of the variances of the convolving PDFs.

We define the total likelihood function as the product
of all independent likelihood functions in the data sam-

3
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Figure 2: 1, 2 and 3! confidence level contours on w and
!M , for a flat wCDM universe and zvir = 0.8. The results
using the full likelihood of Eq. (8) are shown as filled contours
and the best-fit model by a disk. The results relative to the
gaussian Gi are shown by dotted lines with a triangle, the
ones relative to the unlensed PSN are shown by dashed lines
with a square and correspond to the ones of Ref. [2] (without
systematics).

ple, further marginalized over µ:

L(!M ,!!, w) =
!

dµ"iLi(µ) . (8)

Since µ is degenerate with log10 H0 we are e!ectively
marginalizing also over the expansion rate of the uni-
verse. A replacement of Pwl(y, z) by a cosmology-
independent gaussian with a variance [9] ! ! 0.093z,
would reduce Eq. (8) to the form used in the analysis of
Ref. [2]. Typical forms of Pwl, PSN and Li(µ = 0) have
been illustrated in Fig. 1. Also shown for later use is a
function Gi, which is defined as a gaussian distribution
with the same variance of Li(0).

Results. We run a global likelihood analysis using the
formula (8) for two di!erent setups: first in the (!M , w)-
space for flat (!k = 0) wCDM models and second in the
(!M ,!!)-space for a non-flat #CDM model (w = "1)
using the Union SNe Compilation of Ref. [2]. We show
our results in Figs. 2 and 3 as confidence level con-
tours for "2 = "2 log L. For comparison we have per-
formed the analysis also using the standard PSN dis-
tribution (as done in Ref. [2]) and the distribution Gi.
The idea for using Gi is that it takes into account the
cosmology-dependent extra dispersion coming from lens-
ing, but neglects the skewness of the true distribution.
So, the contours relative to Gi give an idea of how much
of the di!erence from the standard analysis comes from
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Figure 3: 1, 2 and 3! confidence level contours on !M and !!

(i.e., allowing for non-zero curvature) for "CDM (w = !1)
and zvir = 0.8. Labeling as in Fig. 2. Note that, as also in the
previous plot, the new best-fit points lie on the 1! confidence
level contour relative to PSN .

the widening of the intrinsic distribution, and how much
from the skewness of the actual PDF. As it is evident
from Figs. 2–3, the 1! contours are basically determined
by the cosmology-dependent widening, whereas the skew-
ness starts to be relevant between the 2 and 3! levels.

Our most important result, clearly evident from
Figs. 2–3, is that the inclusion of lensing e!ects in
the likelihood analysis significantly moves the best-fit
model, from (!V

M , wV ) = (0.38,"1.4) and (!V
M ,!V

! ) =
(0.41, 0.94), towards the cosmic concordance of the flat
#CDM model, therefore improving the agreement with
the constraints coming from cosmic microwave back-
ground (CMB) and baryon acoustic oscillations (BAO).

To further explore this behavior we studied how the
new best-fit model positions (!!M , w!) and (!!M ,!!!) de-
pend on the parameter zvir which sets the redshift at
which the halo density contrast is 200. Higher values
of zvir give denser halos with smaller radius Rp and
higher lensing corrections to the likelihood. As seen from
Figs. 2–3, for zvir = 0.8 both peaks are displaced by
around 1!. For zvir = 1.6, the displacements are # 1.3!,
whereas for zvir = 0 they move by # 0.7!. As explained
before, the numerical value of Rp depends on the back-
ground model and we use the #CDM as a reference model
to convert zvir into Rp. A fit then gives:

(!!M , w!) = (!V
M [1" 1.5e"2.3Rp ], wV [1" 0.94e"1.7Rp ])

(!!M ,!!!) = (!V
M [1" 0.8e"1.2Rp ],!V

! [1" 0.54e"1.1Rp ])

where Rp $ 0.5 is in units of h"1 Mpc.

2

not present, for example, in “swiss-cheese” models where
the bubble boundaries are designed to have compensat-
ing overdensities. Such models have indeed been shown
to have on average little lensing e!ects [7, 8]. The key
quantity in all our analysis is the lens convergence !,
which in the weak-lensing approximation is given by

!(zs) =
! rs

0
dr G(r, rs) "M (r, t(r)) . (1)

Here "M (r, t) is the matter density contrast and

G(r, rs) =
3H2

0!M

2c2

fk(r)fk(rs ! r)
fk(rs)

1
a(t(r))

, (2)

where the functions a(t), t(r) and r(z) correspond to
the FLRW model, rs = r(zs) is the comoving po-
sition of the source at redshift zs and the integral
is evaluated along the unperturbed light path. Also,
fk(r) = sin(r

"
k)/
"

k, r, sinh(r
"
!k)/

"
!k depending

on the spatial curvature k >,=, < 0, respectively.
Neglecting the second-order contribution of the shear,

the shift in the distance modulus caused by lensing is
expressed solely in terms of !:

"m(z) = 5 log10(1! !(z)) . (3)

Equations (1)-(3) show that for a lower-than-FLRW col-
umn density the light is demagnified (e.g., empty beam
" = !1), while in the opposite case it is magnified.

In Ref. [3] a fast and easy way to obtain the conver-
gence PDF for these meatball models was derived. In
short, the formula for the convergence Eq. (1) is replaced
by a discretized probabilistic expression:

!({kim}) =
NS"

i=1

NR"

m=1

!1im (kim !"Nim) . (4)

Here !1im is the convergence due to one halo, at a comov-
ing distance ri, which the photon path intercepts with an
impact parameter bm:

!1im = G(ri, rs)
! R(ti)

bm

2xdx#
x2 ! b2

m

#i(x)
#̄M

, (5)

where #i(x) is the local halo density and #̄M is the FLRW
matter density. In practice one divides the comoving dis-
tance rs to the source and the radius R of the halo into
bins of widths R # "ri # rs and "bm # R and lets
the centers of these bins define the allowed values for r
and b. The quantity kim in Eq. (4) is a Poisson random
variable of parameter "Nim = nc"Vim, which gives the
expected number of halos within the phase space volume
"Vim = 2$bm"bm"ri. That is, Eq. (4) defines a conver-
gence as a function of a configuration {kim} of halos along
an arbitrary line of sight from the observer to the source.
The lensing PDF in the distance modulus Pwl("m, zs)
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Figure 1: Shown are the relevant PDFs (see text) for a SN
with ! = 0.25 mag at redshift zs = 1.5 in the !CDM model
endowed with the halos described in the text (zvir = 0.8).

is then constructed from a large sample of random con-
figurations {kim} using Eqs. (3) and (4). Note that the
expected convergence computed from Eq. (4) is zero, con-
sistent with photon conservation in weak lensing, because
for a Poisson distributed variable the expected value co-
incides with its parameter.

Likelihood function. After the raw lensing PDF
Pwl("m) has been computed for a given set of FLRW-
parameters and redshifts, it still has to be convolved with
the intrinsic source brightness distribution Pin:

P ("m, zs) =
!

dy Pwl(y, zs)Pin("m! y) . (6)

We take Pin to be a gaussian in the distance moduli.
The actual intrinsic distribution should be a universal
function if the SN are similar at all distances. How-
ever, following Ref. [2], we will combine all observa-
tional (gaussian by assumption) uncertainties in quadra-
ture with the intrinsic distribution, whereby Pin be-
comes an e!ective distribution specific for each SN event
Pin(x)$ PSN (x, %i). The likelihood function for a single
SN-observation is then

Li(µ) =
!

dy Pwl(y, zi)PSN ("mi ! µ! y, %i) , (7)

where "mi = mo,i!mt,i, mo,i is the observed magnitude
and the corresponding FLRW prediction is related to the
luminosity distance dL by mt,i = 5 log10 dL(zi)/10 pc.
The parameter µ is an unknown o!set sum of the SNe
absolute magnitudes, of k-corrections and other possi-
ble systematics. Note also that Li inherits the vanishing
mean of Pwl and that its variance is simply given by the
sum of the variances of the convolving PDFs.

We define the total likelihood function as the product
of all independent likelihood functions in the data sam-
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We used a single-mass halo model.
Can we do better?



Work in progress... f(M, z)
MS- parameters



Work in progress... need to account for voids
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•Better turboGL: f(M,z), survival and selection probabilities, ...

•Better model: effective f(M,z), filaments, voids, ...

•More “channels”: local void, redshift effects, ...

Work in progress...
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