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First evidence for an accelerated expansion
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Cosmological constant 

Why all these prejudices against a constant?

Eugenio Bianchi, Carlo Rovelli
Centre de Physique Théorique de Luminy!, Case 907, F-13288 Marseille, EU

(Dated: February 23, 2010)

The expansion of the observed universe appears to be accelerating. A simple explanation of this
phenomenon is provided by the non-vanishing of the cosmological constant in the Einstein equations.
Arguments are commonly presented to the e!ect that this simple explanation is not viable or not
su"cient, and therefore we are facing the “great mystery” of the “nature of a dark energy”. We
argue that these arguments are unconvincing, or ill-founded.

I. INTRODUCTION

“Arguably the greatest mystery of humanity today is
the prospect that 75% of the universe is made up of a
substance known as ‘dark energy’ about which we have
almost no knowledge at all.”

This is the opening sentence of a (good) popularization
article on dark energy [1]. It is just an example, out of
very many that can be found in the popular-science and
in the technical [2, 3] literature, of how the ‘dark-energy’
issue is perceived by many scientists, and presented to
the large public.

We argue here that there is something scientifically
very wrong in this presentation. There is no “great mys-
tery”, in an accelerated expansion of the universe. This is
a phenomenon which is clearly predicted and simply de-
scribed by well-understood current physical theory. It is
well understood in the context of general relativity, which
naturally includes a cosmological constant. We argue be-
low that the common theoretical objections against this
interpretation of the acceleration are either weak, or ill-
founded.

The Lambda-Cold Dark Matter (!CDM) model, which
is today the standard model in cosmology, assumes the
presence of the cosmological term in the Einstein’s equa-
tions. This model is “almost universally accepted by cos-
mologists as the best description of the present data” [13].
What we say here does not mean that there is no interest
in exploring theoretical explanations of the acceleration
alternative to the !CDM model. Good science demands
us to be a priori skeptical of any theory, even when it
works well, and always explore alternatives. Even less
are our observations criticisms to the observational work
aiming at testing the !CDM scenario. Exploring alterna-
tive theoretical explanations, and pushing the empirical
test of all the theories we have, is obviously good science.

But what we say does mean that it is misleading to
talk about “a mystery” (not to mention “the greatest
mystery of humanity”), for a phenomenon that has a
current simple and well-understood explanation within

!Unité mixte de recherche (UMR 6207) du CNRS et des Universités
de Provence (Aix-Marseille I), de la Méditerranée (Aix-Marseille
II) et du Sud (Toulon-Var); laboratoire a!lié à la FRUMAM (FR
2291).

current physical theories.
It is especially wrong to talk about a mysterious “sub-

stance” to denote dark energy. The expression “sub-
stance” is inappropriate and misleading. It is like saying
that the centrifugal force that pushes out from a merry-
go-round is the “e"ect of a mysterious substance”.
There are three stories (of very di"erent kind) that

are routinely told in presenting the di#culties of the cos-
mological constant scenario. These are: i. The alleged
historical rejection of the cosmological constant by Ein-
stein, and then by the general-relativity community. ii.
The coincidence problem. iii. The enormous di"erence
between the small value of the cosmological constant re-
vealed by the cosmic acceleration and the large value that
can be derived from quantum field theory. We believe
that there is confusion, either historical or conceptual, in
each one of these three stories, as commonly presented,
and we discuss them below.
There is probably nothing very original in this note.

The points we make here can be heard in discussions
among physicists. However, for some reason they do
not have much space in the dark-energy literature. We
though it appropriate to make them available in writing.

II. EINSTEIN GREATEST BLUNDER

As well known, in the context of his seminal cosmologi-
cal work [5], Einstein considered the possibility of adding
the cosmological term to his field equations

Rµ! ! 1

2
Rgµ! = 8!GTµ! "

Rµ! ! 1

2
Rgµ! + "gµ! = 8!GTµ! , (1)

but then referred to this step as his “greatest blunder”
[6]. Why should have Einstein considered the addition of
the " term such a great blunder?
The story often told is that Einstein was unhappy with

this term since it allegedly spoiled the beauty of the the-
ory. The cosmological term in the Einstein equations is
often called “infamous”, and said to ruin the simplicity
of general relativity. This is nonsense, and has nothing
to do with Einstein’s reason to talk of a “greatest blun-
der”. Between 1912 and 1915, Einstein had published
all sort of wrong equations for the gravitational field (see
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One sits through many seminars in which the speaker
motivates his search for an alternative to the cosmological
constant scenario with the coincidence argument... and
then discusses an alternative su!ering precisely for the
same alleged di"culty!

The coincidence argument is very weak: it cannot be
applied towards the future because of the infinity of fu-
ture in the current scenario; it fails towards the past un-
less one assumes equi-probability on a logarithmic scale,
which has no ground; and is based on a version of the
cosmological principle which is known to fail on many
other situations (such as the density of the universe).

IV. THE VACUUM ENERGY IN QUANTUM
FIELD THEORY

Finally, let us come to the argument that many consid-
ered the strongest against the cosmological constant sce-
nario: the quartic divergence of the vacuum energy den-
sity in quantum field theory (QFT). To begin with, here
is a naive version of the argument: a formal quantization
of a field theory leads to a divergent energy for the vac-
uum state. If we assume that divergences are controlled
by a physical cut-o!, say at the Planck scale MP , then
the theory predicts a Planck-scale vacuum energy. This
behaves like an e!ective cosmological constant. There-
fore one can say that QFT predicts the existence of a
cosmological constant. This sounds good. However, the
predicted cosmological constant has a value

!QFT ! c4M2
P /!2 ! 1087s!2, (12)

which is about 120 orders of magnitude larger that the
observed one:

! ! 10!35s!2. (13)

Thus, the cosmological constant is predicted by particle
physics, but the prediction is quantitatively wrong by 120
orders of magnitude (“The worst theoretical prediction in
the history of physics” [16]).

Here is a more refined version of the argument, which
does not require talking about infinities. A given QFT
with a finite cut-o! M can be interpreted as an e!ec-
tive theory, valid at energy scales well below M , obtained
from a more complete, high-energy theory, by integrating
away the high-energy modes. If we start from the high-
energy theory and integrate the high-energy modes, the
physical constants in the theory get renormalized by the
radiative corrections due to the high-energy modes, and
scale. In general, a dimensionful constant will be taken
to the scale M by this process, unless it is protected by
some mechanism (such as a symmetry). If such mech-
anism is at work, then the dimensionful constant will
scale at most logarithmically (hence not much) between
the scale M and low energy. In principle, it could still be
small at low energy, if it happens that its bare value at
high energy exactly –or almost exactly– compensates the

radiative corrections; but this would demand an “unnat-
ural” coincidence between bare value and radiative cor-
rections. Hence it is reasonable to postulate a “natural-
ness principle”, and expect that no low-energy constant
scales polynomially unless protected. Thus, in the low-
energy theory naturalness implies that we do not expect
to see a constant that scales quadratically (like a mass)
–or, worse, quartically– unless some specific mechanism
like a symmetry protects it [17].
The classical action that describe the world at the best

of our current knowledge is the action

S[", g] = SSM[", g] +
1

16#G

!
(R[g] + !)

"
g (14)

where we have collectively denoted " the ensemble of
the “matter” (that is: fermion, gauge and Higgs) fields
and SSM is the Standard Model lagrangian written on
a curved spacetime. To study the corresponding quan-
tum theory, we can expand the fields around a vacuum
solution

" = "0 + $", (15)

g = % + h, (16)

where % is the Minkowski metric, and compute perturba-
tively the e!ective action

#[", g] = S[", g] + !#1[", g] + ... (17)

which is the Legendre transform of E[j!, jg] formally de-
fined as

eiE[j!,jg ] =

!
D["]D[g] eiS[!,g]+i

!
!j!+i

!
gjg . (18)

Already at one loop, we obtain a term

#[", g] = S[", g] +

!
$(M)

"
g + ... (19)

which on purely dimensional grounds will contain contri-
butions of order

$(M) = O(M4) (20)

in the cut-o! M . This term renormalizes ! in (14)

!

16#G
#$ !

16#G
+ $(M) % !QFT

16#G
(21)

(notice that there is no Planck constant in "
16#G , which is

a classical constant; the Planck constant enters in $(M).)
If we take a cut-o! of the order of the Planck mass MP ,
we have

$(M) ! M4
P (22)

which gives (12); but we do not need to assume that
the theory is valid up to the Planck mass to find the
problem. It is su"cient to cut-o! the theory, for instance,
at around M = M100GeV ! 100GeV , where we know
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The expansion of the observed universe appears to be accelerating. A simple explanation of this
phenomenon is provided by the non-vanishing of the cosmological constant in the Einstein equations.
Arguments are commonly presented to the e!ect that this simple explanation is not viable or not
su"cient, and therefore we are facing the “great mystery” of the “nature of a dark energy”. We
argue that these arguments are unconvincing, or ill-founded.

I. INTRODUCTION

“Arguably the greatest mystery of humanity today is
the prospect that 75% of the universe is made up of a
substance known as ‘dark energy’ about which we have
almost no knowledge at all.”

This is the opening sentence of a (good) popularization
article on dark energy [1]. It is just an example, out of
very many that can be found in the popular-science and
in the technical [2, 3] literature, of how the ‘dark-energy’
issue is perceived by many scientists, and presented to
the large public.

We argue here that there is something scientifically
very wrong in this presentation. There is no “great mys-
tery”, in an accelerated expansion of the universe. This is
a phenomenon which is clearly predicted and simply de-
scribed by well-understood current physical theory. It is
well understood in the context of general relativity, which
naturally includes a cosmological constant. We argue be-
low that the common theoretical objections against this
interpretation of the acceleration are either weak, or ill-
founded.

The Lambda-Cold Dark Matter (!CDM) model, which
is today the standard model in cosmology, assumes the
presence of the cosmological term in the Einstein’s equa-
tions. This model is “almost universally accepted by cos-
mologists as the best description of the present data” [13].
What we say here does not mean that there is no interest
in exploring theoretical explanations of the acceleration
alternative to the !CDM model. Good science demands
us to be a priori skeptical of any theory, even when it
works well, and always explore alternatives. Even less
are our observations criticisms to the observational work
aiming at testing the !CDM scenario. Exploring alterna-
tive theoretical explanations, and pushing the empirical
test of all the theories we have, is obviously good science.

But what we say does mean that it is misleading to
talk about “a mystery” (not to mention “the greatest
mystery of humanity”), for a phenomenon that has a
current simple and well-understood explanation within

!Unité mixte de recherche (UMR 6207) du CNRS et des Universités
de Provence (Aix-Marseille I), de la Méditerranée (Aix-Marseille
II) et du Sud (Toulon-Var); laboratoire a!lié à la FRUMAM (FR
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mological constant scenario. These are: i. The alleged
historical rejection of the cosmological constant by Ein-
stein, and then by the general-relativity community. ii.
The coincidence problem. iii. The enormous di"erence
between the small value of the cosmological constant re-
vealed by the cosmic acceleration and the large value that
can be derived from quantum field theory. We believe
that there is confusion, either historical or conceptual, in
each one of these three stories, as commonly presented,
and we discuss them below.
There is probably nothing very original in this note.

The points we make here can be heard in discussions
among physicists. However, for some reason they do
not have much space in the dark-energy literature. We
though it appropriate to make them available in writing.

II. EINSTEIN GREATEST BLUNDER

As well known, in the context of his seminal cosmologi-
cal work [5], Einstein considered the possibility of adding
the cosmological term to his field equations

Rµ! ! 1

2
Rgµ! = 8!GTµ! "

Rµ! ! 1

2
Rgµ! + "gµ! = 8!GTµ! , (1)

but then referred to this step as his “greatest blunder”
[6]. Why should have Einstein considered the addition of
the " term such a great blunder?
The story often told is that Einstein was unhappy with

this term since it allegedly spoiled the beauty of the the-
ory. The cosmological term in the Einstein equations is
often called “infamous”, and said to ruin the simplicity
of general relativity. This is nonsense, and has nothing
to do with Einstein’s reason to talk of a “greatest blun-
der”. Between 1912 and 1915, Einstein had published
all sort of wrong equations for the gravitational field (see
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One sits through many seminars in which the speaker
motivates his search for an alternative to the cosmological
constant scenario with the coincidence argument... and
then discusses an alternative su!ering precisely for the
same alleged di"culty!

The coincidence argument is very weak: it cannot be
applied towards the future because of the infinity of fu-
ture in the current scenario; it fails towards the past un-
less one assumes equi-probability on a logarithmic scale,
which has no ground; and is based on a version of the
cosmological principle which is known to fail on many
other situations (such as the density of the universe).

IV. THE VACUUM ENERGY IN QUANTUM
FIELD THEORY

Finally, let us come to the argument that many consid-
ered the strongest against the cosmological constant sce-
nario: the quartic divergence of the vacuum energy den-
sity in quantum field theory (QFT). To begin with, here
is a naive version of the argument: a formal quantization
of a field theory leads to a divergent energy for the vac-
uum state. If we assume that divergences are controlled
by a physical cut-o!, say at the Planck scale MP , then
the theory predicts a Planck-scale vacuum energy. This
behaves like an e!ective cosmological constant. There-
fore one can say that QFT predicts the existence of a
cosmological constant. This sounds good. However, the
predicted cosmological constant has a value

!QFT ! c4M2
P /!2 ! 1087s!2, (12)

which is about 120 orders of magnitude larger that the
observed one:

! ! 10!35s!2. (13)

Thus, the cosmological constant is predicted by particle
physics, but the prediction is quantitatively wrong by 120
orders of magnitude (“The worst theoretical prediction in
the history of physics” [16]).

Here is a more refined version of the argument, which
does not require talking about infinities. A given QFT
with a finite cut-o! M can be interpreted as an e!ec-
tive theory, valid at energy scales well below M , obtained
from a more complete, high-energy theory, by integrating
away the high-energy modes. If we start from the high-
energy theory and integrate the high-energy modes, the
physical constants in the theory get renormalized by the
radiative corrections due to the high-energy modes, and
scale. In general, a dimensionful constant will be taken
to the scale M by this process, unless it is protected by
some mechanism (such as a symmetry). If such mech-
anism is at work, then the dimensionful constant will
scale at most logarithmically (hence not much) between
the scale M and low energy. In principle, it could still be
small at low energy, if it happens that its bare value at
high energy exactly –or almost exactly– compensates the

radiative corrections; but this would demand an “unnat-
ural” coincidence between bare value and radiative cor-
rections. Hence it is reasonable to postulate a “natural-
ness principle”, and expect that no low-energy constant
scales polynomially unless protected. Thus, in the low-
energy theory naturalness implies that we do not expect
to see a constant that scales quadratically (like a mass)
–or, worse, quartically– unless some specific mechanism
like a symmetry protects it [17].
The classical action that describe the world at the best

of our current knowledge is the action

S[", g] = SSM[", g] +
1

16#G

!
(R[g] + !)

"
g (14)

where we have collectively denoted " the ensemble of
the “matter” (that is: fermion, gauge and Higgs) fields
and SSM is the Standard Model lagrangian written on
a curved spacetime. To study the corresponding quan-
tum theory, we can expand the fields around a vacuum
solution

" = "0 + $", (15)

g = % + h, (16)

where % is the Minkowski metric, and compute perturba-
tively the e!ective action

#[", g] = S[", g] + !#1[", g] + ... (17)

which is the Legendre transform of E[j!, jg] formally de-
fined as

eiE[j!,jg ] =

!
D["]D[g] eiS[!,g]+i

!
!j!+i

!
gjg . (18)

Already at one loop, we obtain a term

#[", g] = S[", g] +

!
$(M)

"
g + ... (19)

which on purely dimensional grounds will contain contri-
butions of order

$(M) = O(M4) (20)

in the cut-o! M . This term renormalizes ! in (14)

!

16#G
#$ !

16#G
+ $(M) % !QFT

16#G
(21)

(notice that there is no Planck constant in "
16#G , which is

a classical constant; the Planck constant enters in $(M).)
If we take a cut-o! of the order of the Planck mass MP ,
we have

$(M) ! M4
P (22)

which gives (12); but we do not need to assume that
the theory is valid up to the Planck mass to find the
problem. It is su"cient to cut-o! the theory, for instance,
at around M = M100GeV ! 100GeV , where we know
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 Why all these prejudices against a constant?

Eugenio Bianchi, Carlo Rovelli
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(Dated: February 23, 2010)

The expansion of the observed universe appears to be accelerating. A simple explanation of this
phenomenon is provided by the non-vanishing of the cosmological constant in the Einstein equations.
Arguments are commonly presented to the e!ect that this simple explanation is not viable or not
su"cient, and therefore we are facing the “great mystery” of the “nature of a dark energy”. We
argue that these arguments are unconvincing, or ill-founded.

I. INTRODUCTION

“Arguably the greatest mystery of humanity today is
the prospect that 75% of the universe is made up of a
substance known as ‘dark energy’ about which we have
almost no knowledge at all.”

This is the opening sentence of a (good) popularization
article on dark energy [1]. It is just an example, out of
very many that can be found in the popular-science and
in the technical [2, 3] literature, of how the ‘dark-energy’
issue is perceived by many scientists, and presented to
the large public.

We argue here that there is something scientifically
very wrong in this presentation. There is no “great mys-
tery”, in an accelerated expansion of the universe. This is
a phenomenon which is clearly predicted and simply de-
scribed by well-understood current physical theory. It is
well understood in the context of general relativity, which
naturally includes a cosmological constant. We argue be-
low that the common theoretical objections against this
interpretation of the acceleration are either weak, or ill-
founded.

The Lambda-Cold Dark Matter (!CDM) model, which
is today the standard model in cosmology, assumes the
presence of the cosmological term in the Einstein’s equa-
tions. This model is “almost universally accepted by cos-
mologists as the best description of the present data” [13].
What we say here does not mean that there is no interest
in exploring theoretical explanations of the acceleration
alternative to the !CDM model. Good science demands
us to be a priori skeptical of any theory, even when it
works well, and always explore alternatives. Even less
are our observations criticisms to the observational work
aiming at testing the !CDM scenario. Exploring alterna-
tive theoretical explanations, and pushing the empirical
test of all the theories we have, is obviously good science.

But what we say does mean that it is misleading to
talk about “a mystery” (not to mention “the greatest
mystery of humanity”), for a phenomenon that has a
current simple and well-understood explanation within

!Unité mixte de recherche (UMR 6207) du CNRS et des Universités
de Provence (Aix-Marseille I), de la Méditerranée (Aix-Marseille
II) et du Sud (Toulon-Var); laboratoire a!lié à la FRUMAM (FR
2291).

current physical theories.
It is especially wrong to talk about a mysterious “sub-

stance” to denote dark energy. The expression “sub-
stance” is inappropriate and misleading. It is like saying
that the centrifugal force that pushes out from a merry-
go-round is the “e"ect of a mysterious substance”.
There are three stories (of very di"erent kind) that

are routinely told in presenting the di#culties of the cos-
mological constant scenario. These are: i. The alleged
historical rejection of the cosmological constant by Ein-
stein, and then by the general-relativity community. ii.
The coincidence problem. iii. The enormous di"erence
between the small value of the cosmological constant re-
vealed by the cosmic acceleration and the large value that
can be derived from quantum field theory. We believe
that there is confusion, either historical or conceptual, in
each one of these three stories, as commonly presented,
and we discuss them below.
There is probably nothing very original in this note.

The points we make here can be heard in discussions
among physicists. However, for some reason they do
not have much space in the dark-energy literature. We
though it appropriate to make them available in writing.

II. EINSTEIN GREATEST BLUNDER

As well known, in the context of his seminal cosmologi-
cal work [5], Einstein considered the possibility of adding
the cosmological term to his field equations

Rµ! ! 1

2
Rgµ! = 8!GTµ! "

Rµ! ! 1

2
Rgµ! + "gµ! = 8!GTµ! , (1)

but then referred to this step as his “greatest blunder”
[6]. Why should have Einstein considered the addition of
the " term such a great blunder?
The story often told is that Einstein was unhappy with

this term since it allegedly spoiled the beauty of the the-
ory. The cosmological term in the Einstein equations is
often called “infamous”, and said to ruin the simplicity
of general relativity. This is nonsense, and has nothing
to do with Einstein’s reason to talk of a “greatest blun-
der”. Between 1912 and 1915, Einstein had published
all sort of wrong equations for the gravitational field (see
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naturally includes a cosmological constant. We argue be-
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The Lambda-Cold Dark Matter (!CDM) model, which
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presence of the cosmological term in the Einstein’s equa-
tions. This model is “almost universally accepted by cos-
mologists as the best description of the present data” [13].
What we say here does not mean that there is no interest
in exploring theoretical explanations of the acceleration
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IS W COMPATIBLE WITH W=-1?

binning the dark energy in 5 parameters

are correlated: how do we decorrelate ?

covariance matrix

 diagonalizing the Fisher matrix

uncorrelated estimates of  dark energy parameters
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Results from geometric probes

WMAP+UNION/CONSTITUTION
+BAO
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FIG. 1: Uncorrelated constraints on the dark
equation of state parameters using a “geomet-
ric” dataset given by WMAP+UNION+BAO (up-
per panel), and a “combined” dataset given by
WMAP+UNION+BAO+WL+ISW+LSS (middle
panel); error bars are at 2!. The blue line is
the reconstructed w(z) using a cubic spline in-
terpolation between the nodes. Also shown is a
comparison between WMAP+UNION+BAO and
WMAP+Constitution+BAO (lower panel); the points
for the Constitution dataset have been slightly shifted to
facilitate comparison between the two cases: we find no
significant di!erence between UNION and Constitution.

II. ANALYSIS

The method we use to constrain the dark energy
evolution is based on a modified version of the publicly
available Markov Chain Monte Carlo package Cos-
moMC [34], with a convergence diagnostics based on
the Gelman-Rubin criterion [35]. We consider a flat
cosmological model described by the following set of
parameters:

{wi, !b, !c, !s, ", ns, log[1010As]} , (1)

where !b (! "bh2) and !c (! "ch2) are the physical
baryon and cold dark matter densities relative to the
critical density, !s is the ratio of the sound horizon to
the angular diameter distance at decoupling, " is the
optical depth to re-ionization, and As and ns are the
amplitude of the primordial spectrum and the spectral
index, respectively.

As discussed above, we bin the dark energy
equation of state in five redshift bins, wi(z) (i =
1, 2, ..5), representing the value at five redshifts, zi "
[0.0, 0.25, 0.50, 0.75, 1.0]. We have explicitly verified
that the use of more than five bins does not signifi-
cantly improve the dark energy constraints. We need
w(z) to be a smooth, continuous function, since we
evaluate w!(z) in calculating the DE perturbations
(and their evolution with redshift). We thus utilize a
cubic spline interpolation to determine values of w(z)
at redshifts in between the values zi.

For z > 1 we fix the equation of state parameter
at its z = 1 value, since we find that current data
place only weak constraints on w(z) for z > 1. To
summarize, our parameterization is given by:

w(z) =

!

"

#

w(z = 1), z > 1;
wi, z # zmax, z " {zi};
spline, z # zmax, z /" {zi}.

(2)

When fitting to the temporal evolution of the dark
energy equation of state using cosmological measure-
ments that are sensitive to density perturbations, such
as LSS or weak lensing, one must take into account the
presence of dark energy perturbations. To this end,
we make use of a modified version of the publicly avail-
able code CAMB [15], with perturbations calculated
following the prescription introduced by [18]. This
method implements a Parameterized Post-Friedmann
(PPF) prescription for the dark energy perturbations
following [16, 17].

Moreover, the dark energy equation of state pa-
rameters w = wi are correlated; we follow [13, 14]
to determine uncorrelated estimates of the dark en-
ergy parameters. We calculate the covariance matrix
C = (wi $ %wi&)(wj $ %wj&)T ! %wwT & $ %w&%wT &,
using CosmoMC; we then diagonalize the resulting
Fisher matrix F ! C"1, which can be written as
F = OT !O, where ! is the diagonalized inverse
covariance of the transformed bins. The vector of un-
correlated dark energy parameters, q, is then obtained
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FIG. 2: Weight functions for each of the uncorrelated bins,
for the case WMAP+UNION+BAO+WL+ISW+LSS.

III. RESULTS

In Table 1 we show the mean values and
marginalized 68% confidence level limits for
the cosmological parameters considered in this
analysis for the WMAP+SNe(UNION)+BAO
and WMAP+SNe(Constitution)+BAO datasets.
We also consider a “global” dataset:
WMAP+SNe+BAO+CFHTLS+CMB+WL+ISW+
LSS. The wi(z) (i = 1, 2, ..5) entries refer to the
uncorrelated values of the dark energy equation of
state parameters. All values are compatible with a
cosmological constant (w = !1) at the 2! level. As
we can see from Table 1 and from Figure 1, there is
no discrepancy between the Union and Constitution
datasets; moreover, the addition of cosmological
probes of cosmic clustering noticeably reduces the
uncertainty in the determination of the dark energy
parameters, especially at high redshifts.
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FIG. 3: Uncorrelated constraints on the dark energy equa-
tion of state parameters, for mock datasets from Planck
and JDEM; error bars are at 2!.

To reinforce our conclusions, we also created several
mock datasets for upcoming and future SN, BAO, and
CMB experiments. The quality of future datasets al-
lows us to constrain the dark energy evolution beyond
redshift z = 1. We thus consider an additional bin at
z = 1.7, with a similar constraint: w(z > 1.7) =
w(z = 1.7). We consider a mock catalog of 2,298 SNe,
with 300 SNe uniformly distributed out to z = 0.1,
as expected from ground-based low redshift samples,
and an additional 1998 SNe binned in 32 redshift bins
in the range 0.1 < z < 1.7, as expected from JDEM or
similar future surveys [44]. The error in the distance
modulus for each SN is given by the intrinsic error,
!int = 0.1 mag. In generating the SN catalog, we do
not include the e!ect of gravitational lensing, as these
are expected to be small [45]. In addition, we use a
mock catalog of 13 BAO estimates, including 2 BAO
estimates at z = 0.2 and z = 0.35, with 6% and 4.7%
uncertainties (in DV ), respectively, 4 BAO constraints
at z = [0.6, 0.8, 1.0, 1.2] with corresponding fidu-
cial survey precisions (in DV ) of [1.9, 1.5, 1.0, 0.9]%
(V5N5 from [46]), and 7 BAO estimates with precision
[0.36, 0.33, 0.34, 0.33, 0.31, 0.33, 0.32]% from z = 1.05
to z = 1.65 in steps of 0.1 [47].

We simulate Planck data using a fiducial "CDM
model, with the best fit parameters from WMAP5,
and noise properties consistent with a combination of
the Planck 100–143–217 GHz channels of the HFI [48],
and fitting for temperature and polarization using the
full-sky likelihood function given in [49]. In addition,
we use the same priors on the Hubble parameter and
on the baryon density as considered above. As can
be seen from Table 1 and Figure 3, future data will
reduce the uncertainties in wi by a factor of at least
2, with the relative uncertainty below 10% in all but
the last bin (at z = 1.7).

IV. CONCLUSIONS

One of the main tasks for present and future dark
energy surveys is to determine whether or not the
dark energy density is evolving with time. We have
performed a global analysis of the latest cosmologi-
cal datasets, and have constrained the dark energy
equation of state using a very flexible and almost
model independent parameterization. We determine
the equation of state w(z) in five independent redshift
bins, incorporating the e!ects of dark energy pertur-
bations. We find no evidence for a temporal evolu-
tion of dark energy—the data is completely consistent
with a cosmological constant. This agrees with most
previous results, but significantly improves the overall
constraints [13, 14, 19, 20].

Bayesian evidence models strongly suggests that the
dark energy is a cosmological constant, given that the
cosmological constant remains a very good fit to the
data as the number of dark energy parameters in-
creases (see e.g. [50] and references therein). We show

MOCK FOR PLANCK+JDEM
+BAO

present data are compatible with w=-1 at 95% c.l.

Future data will be able to constrain 4 out of 5 w(z) parameters at the level of 
10% 
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WMAP  (Dunkley et al. 2008)

 BAO (Eisenstein et al.2005, 
Percival et al. 2007)

Union dataset (Kowalski et al. 

2008)

SDSS (Tegmark et al. 2006)

 CFHTLS (Fu et al. 2007)

 CMB-LSS cross correlations  (Ho 
et al. 2008)
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! = 0 (see Figure 2 of Ref. [49], Figure 8 of Ref. [47], and
Figure 3 of Ref. [50]). Work has already begun adapt-
ing them to alternative gravity theories. In Ref. [51],
Koyama, Taruya, and Hiramatsu extend the method of
Ref. [48] to include f(R) and DGP gravity theories by
assuming that they can be approximated with a Brans-
Dicke scalar-tensor theory on sub-horizon scales. Hira-
matsu and Taruya [50] also try to encompass modified
gravity theories by parametrizing them in terms of their
implied e!ective Newton’s constant Ge! = "G (see equa-
tion 14 of the present work). Following their lead, it
should be possible to adapt the non-linear power spec-
trum calculations of Ref. [48] – or even [46] and [47] – to
account for model-independent gravitational slip. Such
a calculation is beyond the scope of this work. Given
the relatively well-behaved regions of parameter space
allowed by experiments (see Section IV below), we do
not expect this limitation to significantly influence our
findings.

To incorporate the galaxy-CMB cross-correlation, we
use the module written by Ho et al. [37]. Modifications
for !0 != 0 enter as modifications to the " + # power
spectrum (see section II of [37]),

P!+" =
9

4
#2

m,0

!

H0

ck

"4 !

D#

a

"2 #

(1 +
1

2
!)"

$2

" P$.

(14)
Note that equation (27) of DCCM neglected the factor ",
defined in Eq. (9), to correct the Poisson equation. The
corrected weak lensing statistics show the same qualita-
tive behavior as in Figure 10 of DCCM. However, large
values |!0| # 1 have a weaker e!ect on the amplitude of
the convergence spectrum.

IV. RESULTS

The results of our multiparameter investigation are
shown in Figs. 6, 7. Fig. 6 shows the 68% and 95%
contours in (#m, !0) space marginalized over all other
parameters. Fig. 7 shows the same contours in ($8, !0)
space. Red (smaller) likelihood contours were generated
using all available data sets (WMAP 5 year [38], Super-
nova Union [39], CFHTLS [26], and the galaxy surveys
selected by [37]). Blue (larger) contours were generated
using only the WMAP 5 year data. For each set of con-
straints, we generated four independent Markov Chains.
We achieved convergence by running the calculations un-
til the statistic |1$R| was much less than unity, where R
is Gelman and Rubin’s potential scale reduction factor,
defined as the ratio of the variance across all of the chains
to the mean of the variance of each individual chain eval-
uated for the least converged parameter. [31, 52, 53].
Our conclusions are three-fold:

• Present cosmological data constrains gravity to
agree with GR, assuming a background evolution
consistent with $CDM.

!
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FIG. 6: The 68% and 95% likelihood contours in the !0!!m

parameter space are shown. The blue contours are based on
CMB data alone. The red contours add weak lensing, type
1a supernovae, and galaxy-CMB cross-correlation data.
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FIG. 7: The 68% and 95% likelihood contours in the !0 ! "8

parameter space are shown. Shading is the same as in Fig. 6.
Note that the addition of large-scale structure data breaks the
degeneracy in !0 ! "8.

• Very negative values of !0 are ruled out. This
should not be surprising, since a sign di!erence
between the longitudinal and Newtonian gravita-
tional potentials would mean that test particles are
repelled by overdense regions.

• Large-scale structure data (in our case, weak lens-
ing and the galaxy-CMB correlation) are critical to
constraining !0.

The e!ects described in section II mean that any CMB
anisotropy spectrum can be reasonably well approxi-
mated (modulo a normalization) by two possible values
of !0. DCCM Figure 1 showed that !0 != 0 has no
e!ect on the shape of higher l multipoles within linear
theory. This explains the double-peaked likelihood curve
in DCCM Fig. 3 and the broad blue contours in Figs. 6

BLUE=CMB
RED=CMB+WL
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FIG. 2: The matter density contrast is shown versus the scale
factor, for di!erent values of !0. The time evolution is ob-
tained by integrating Eqs. (7) and (8), with initial conditions
" = !10!5, "̇ = 0.0 for k = 0.01Mpc!1. Positive (negative)
values of !0 enhance (slow) the growth of density perturba-
tions.
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FIG. 3: The degree of deviation from the Poisson equation
versus scale factor is shown for di!erent values of !0. Because
! is scale-independent, so too is the ratio !k2"/(4#Ga2$%).
For positive (negative) !0, a given " corresponds to a larger
(smaller) density contrast than in GR.

contrast ! continues to grow via gravitational instability,
although the rate of growth is slowed. The evolution of
" can be understood in terms of a competition between
the expansion diluting the matter density and stretching
" shallower, and the accretion of matter sourcing and
deepening ". In GR, the accelerated expansion upsets the
balance in favor of dilution, so that " becomes shallower
and ! grows more slowly. When #0 != 0, the compe-
tition between e!ects changes. Numerically integrating
Eqs. (7) and (8), we find that #0 > 0 causes " to become
even shallower, yet the density contrast grows faster, as
illustrated in Figs. 1 and 2. This seems counter-intuitive,
since the shallower potential should provide weaker at-
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FIG. 4: The CMB quadrupole moment is shown versus !0.
As explained in the text, the quadratic dependence can be
understood in terms of the influence of !0 on the ISW ef-
fect.(Reproduced from DCCM with our new normalization
Eq. (3).)

traction for the accretion of surrounding matter. In the
case #0 < 0, the potential " becomes more negative
or deeper, and the density contrast grows more slowly.
Likewise, the deeper potential should provide greater at-
traction. But here the di!erence between " and $ is
important. As seen in Fig. 1, the potential " grows shal-
lower (deeper) for #0 > 0 (< 0). However, the potential
responsible for acceleration $ = (1 + #)" behaves oppo-
sitely, becoming deeper (shallower). Hence, the competi-
tion swings in favor of increased clustering over dilution
by the expansion.

The new behavior of " and ! implies a correction to the
Poisson equation. As seen in Fig. 3, for #0 > 0 (< 0),
the density contrast grows more (less) rapidly and the
potential " becomes shallower (deeper), so that the ratio

" " #k2"/(4%Ga2!&) (9)

grows smaller (larger). This suggests that we can restore
the Poisson equation by introducing a time-dependent
gravitational constant Geff = G", whence #k2" =
4%Geffa2!&. Note that Geff is not a free function, but is
determined by Eqs. (4-6). Because we have chosen # to
be scale-independent, Geff is too. A di!erent strategy,
whereby the time- and space-dependence of Geff is im-
posed separately [20], will not necessarily satisfy Eqs. (4-
6).

We can use this new understanding to explain the cu-
rious behavior of the large-angular scale CMB anisotropy
spectrum. The e!ect of #0 != 0 on the low l moments
of the CMB anisotropy is not monotonic, as seen in
Fig. 4. The cause is the suppression of the integrated
Sachs-Wolfe e!ect (ISW) at #0 $ 1. If the gravitational
potentials in the Universe are evolving with time, CMB
photons will lose less (more) energy climbing out of po-
tential wells than they gained falling in, resulting in a net
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2

stant values of µ and !, and add complexity only if the
fitted parameter values of this simple model show hints
of departure from !CDM. However, this logic may not
work in modified gravity studies and might lead to miss-
ing important information contained in the data. As the
PCA analysis in [30] shows, the shapes of the well con-
strained eigenmodes suggest a higher sensitivity to scale-
dependent features in µ and !, compared to their average
values or the time dependence.

In this work, we first use a Fisher forecast-based PCA
to determine the minimum number of pixels necessary
to describe the shape of the best constrained eigenmodes
of µ and !. We then use a Monte Carlo Markov Chain
(MCMC) algorithm to fit these parameters to a combina-
tion of the available data, including CMB, ISW, SNe and
WL, and find constraints on their de-correlated combina-
tions. Throughout the paper we assume that the back-
ground expansion is given by the flat !CDMmodel which
is strongly favored by the current constraints on the ex-
pansion history, and look for deviations from its predic-
tions for the density perturbations. From a theoretical
perspective, flatness is motivated by the inflationary ori-
gin of the Universe, and the viable models of modified
gravity studied in the literature tend to be indistinguish-
able from !CDM at the background level.

Other tests of GR have been performed, in which dif-
ferent choices were made for the functions µ and ! (or
a related set of parameters). In [31, 32] they were taken
to have a specific form of time dependence, while in [33]
they have a specific form of time and scale dependence;
finally, [34] used a parametrization describing a single
transition from GR at early times to di"erent values to-
day and [32] allowed them to vary in three redshift bins.
The results of these studies show a good consistency with
!CDM, although [34] reported a weak detection of de-
viation which most likely is due to systematic errors. To
compare with the results of some of these studies, we
consider a single-transition-in-redshift model in addition
to our scale-dependent PCA method, generally finding
a good agreement with GR. In addition to allowing for
scale-dependence, other important di"erences between
our study and the treatment in [32] include using the
ISW cross-correlation data, using the CFHTLS WL data
coming only from linear and mildly non-linear scales, and
simultaneously varying two functions µ and !, while [32]
varied them one at a time when working with a 3-bin
model. The key conceptual di"erence from [33] is that
we do not use WL data from a deeply non-linear regime,
and we do not assume a specific scale and time depen-
dence of the functions µ and !, but rather perform a PCA
of their values on a gird in (k, z).

We find that the agreement with !CDM is statisti-
cally more significant when no scale-dependence is al-
lowed. After performing a PCA, we find that seven of
the eight eigenmodes are consistent with GR within the
errors. One eigenmode shows a 2" deviation from the GR
prediction, but can be directly traced to a feature in the
WL aperture mass dispersion spectrum at 120 arc min,

which is most likely caused by a systematic [35]. However,
the detection of this e"ect shows the benefits of adopting
a more flexible scale-dependent pixellation of µ and !,
and demonstrates that using scale-independent methods
could potentially hinder the detection of new physics, or,
as in this case, simply the better understanding of the
data.
The paper is organized as follows. Section II reviews

the data sets used in this work. After describing our
parametrization in Section III, we present the constraints
on departures from GR in Section IV, and finally draw
conclusions in Section V.

II. OBSERVABLES AND DATA

In this section, we summarize the observables that will
be used to constrain deviations from GR, and explain the
data sets for these observables.

A. Integrated Sachs-Wolfe e!ect

The ISW e"ect [5] is a secondary anisotropy of the
CMB which is created whenever the gravitational po-
tentials are evolving in time. This is due to the net en-
ergy gain that the CMB photons acquire when traveling
through varying potential wells, and it is therefore a di-
rect probe of the derivatives of the potentials #,$. In
more detail, this e"ect generates additional CMB tem-
perature anisotropies in any direction n̂ given by

%ISW(n̂) !
&TISW

TISW
(n̂) = "

!

"

#̇+ $̇
#

[#, n̂(#0 " #)] d#,

(1)
where # is the conformal time, the dot represents a con-
formal time derivative and the integral is calculated along
the line of sight of the photon.
A direct measurement of this e"ect is di'cult, due to

the overlap with the primary CMB anisotropies, whose
amplitude is at least 10 times bigger. An additional prob-
lem is that the ISW signal is biggest on the largest an-
gular scales, which are most a"ected by cosmic variance.
It is nevertheless possible to detect this signal by cross-
correlating the full CMB with some tracers of the large-
scale structure (LSS) of the Universe [6]: the primary
CMB signal, generated at early times, is expected to have
null correlation with the LSS, while the ISW anisotropies,
produced at low redshift, correlate with the LSS distribu-
tions since they trace the fluctuations in the potentials.
We can then use a galaxy survey with visibility func-

tion dN/dz(z) as a tracer of the LSS, and we can write
the galaxy density fluctuation in a direction n̂1 as

$g(n̂1) =

!

bg(z)
dN

dz
(z) $m(n̂1, z) dz, (2)

where bg is the galaxy bias and $m the matter density
perturbation. On the other hand, the ISW temperature
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FIG. 8: The projected 68% and 95% likelihood contours in
the !0!!m parameter space are shown. The yellow contours
are based on mock Planck data. The green contours add mock
weak lensing data. The underlying model is assumed to be
!0 = 0 with !m = 0.26. The current constraints are shown
for reference.

and 7 in this work. Fortunately, the e!ect of !0 != 0
on cosmic structure is monotonic in the range of interest
(as discussed in DCCM), so that only one value of !0 is
maximally likely for any given realization of weak lens-
ing and galaxy-CMB cross-correlation data, hence the
smaller red contours in Fig. 6 and 7. Marginalizing over
all other parameters, the WMAP 5 year data alone gives
!0 = 1.7+4.0

!2.0 (2"). Including supernovae, weak lensing,
and the galaxy-CMB cross-correlation data improves the
constraint to !0 = 0.09+0.74

!0.59 (2"). Table I presents the
marginalized 1" limits on the other cosmological param-
eters of note.

V. FORECASTS

It is useful to ask how much better our constraints will
be under future experiments. We generate two mock data
sets – one simulating the results of the upcoming Planck
CMB experiment, the other simulating the results of a
future weak lensing survey, modeled after the proposed
ESA experiment Euclid – and feed them into our modi-
fied CosmoMC.

To simulate Planck data we use a fiducial model given
by the best fit parameters of WMAP [38] with noise prop-
erties consistent with a combination of Planck 100-143-
217 GHz channels of HFI [54]; in this case we fit also for
B-modes produced by lensing of the CMB (see Ref. [55])
and we use the full-sky likelihood function given in [56].

To simulate weak lensing data, we generate a mock
convergence power spectrum P!(l) (equation (2) of
Ref. [26]) corrected for alternative gravity as in Eq.(14).
We generate data in bins of size "l = 1 for 2 " l < 100
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" /ngal),

taking "" = 0.25, ngal = 35(arc minute)!2 and fsky =
0.48, consistent with values projected for ESA’s Eu-
clid experiment (Table 1 of Ref. [58]). These assump-
tions will give us a tighter constraint than if we had
used SNAP/JDEM parameters, since SNAP/JDEM has
a smaller fsky by a factor of 10 [59]. We fit the redshift
distribution of sources n(z) from a mock data set based
on Eq. 14 of Ref. [26] with parameter values taken from
their Table 1. The 1" errors in our mock n(z) are reduced
from actual values [43] by a factor of 1/

#
2. The likeli-

hood relative to the mock weak lensing data is calculated
as a simple #2 (i.e., we assume that the covariance matrix
is diagonal). This is a safe assumption according to [60].
Figs. 8 and 9 show the resulting likelihood contours.

Looking at the Planck-only (yellow) contours, we see
the weakness of using CMB measurements alone to con-
strain !0, as a bimodal distribution is obtained once
again. We also see more clearly in Fig. 9 the degen-
eracy between !0 and "8 as normalization parameters
(one can interpret the e!ect of !0 on $ in Fig. 2 as a
renormalization of the matter power spectrum). Since
weak lensing statistics depend sensitively on the power
spectrum normalization, they once again break the de-
generacy. Marginalizing over all other parameters, the
mock datasets give the constraint !0 = $0.07+0.13

!0.16 (2"),
a factor of % 4 improvement over the current constraint.

VI. CONCLUSIONS

If we are justified in describing the background evolu-
tion by a #CDM universe, then the results illustrated in
Figs. 6 and 7 do not appear to indicate a significant de-
parture from GR. In fact,these results conflict with our
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CMB alone constraints on modified gravity
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Analisys and Results

MCMC runs to constrain both !0 and S for " = (1 + !o(1 + z)!S )#

WMAP+ACBAR taking into account for Point Sources:
C tot

l = CCMB
l + CPS

l + CSZ
l ! !0 = 1.67+3.07

!1.87(2$)

CMBpol with a mock dataset of the lensing potential up to l = 700
! !0 < 0.30(2$)

CMBpol fixing S=3 ! !0 < 0.11(2$)
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Conclusions

• We use a quite model independent method to put constraints 
on w

• We find no evidence for w=/-1 at 95% c.l. (also with the latest 
WMAP7 and LSS data!)

• Future data will allow to discriminate between several dark 
energy models in literature

• No evidence for modified gravity

• Lensing of the CMB ALONE will allow to put very competitive 
constraints on w
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intro Constraints on post-General Relativity parameters Constraints from lensing of the CMB Conclusions

Summary and Conclusions

Modified gravity models usually predict a “slip” between ! and "

Our model predicts a correction to the Poisson equation k2! = !4# Ga2$%

Constraints on the &0 parameter do not indicate deviations from GR: present
data give &0 = 0.09+0.74

!0.59(2') and from future dataset & = !0.07+0.13
!0.16(2')

Lensing of the CMB is a powerful probe of modified gravity because it is
directly sensitive to the sum ! + ";

Working in the context of & = &o(1 + z)!S , future dataset like CMBpol
give &0 < 0.3(2')

CMBpol with S=3 fixed gives &0 < 0.11(2'), competitive with combination
of future Planck+WL data

Paolo Serra (UCI, Irvine) GGI Institute March 2 2009 11 / 11
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Figure 6: Alternative neutrino mass patterns that are consistent with neutrino oscillation expla-
nations of the atmospheric and solar data. The pattern on the left (right) is called the normal
(inverted) pattern. The coloured bands represent the probability of finding a particular weak eigen-
state !e, !µ, and !! in a particular mass eigenstate. The absolute scale of neutrino masses is not
fixed by oscillation data and the lightest neutrino mass may vary from 0.0 ! 0.3 eV.

parameter best fit 2" 3" 4"

!m2
21 [10!5 eV2] 7.9 7.3–8.5 7.1–8.9 6.8–9.3

!m2
31 [10!3 eV2] 2.6 2.2–3.0 2.0–3.2 1.8–3.5

sin2 #12 0.30 0.26–0.36 0.24–0.40 0.22–0.44

sin2 #23 0.50 0.38–0.63 0.34–0.68 0.31–0.71

sin2 #13 0.000 " 0.025 " 0.040 " 0.058

Table 1: Best-fit values, 2", 3", and 4" intervals (1 dof) for the three–flavour neutrino oscillation
parameters from global data including solar, atmospheric, reactor (KamLAND and CHOOZ) and
accelerator (K2K and MINOS) experiments, taken from [19].

2.3 Tri-bimaximal mixing

The current experimental situation for neutrino mixing can be summarized by: sin2 #23 =

0.5± 0.1, sin2 #12 = 0.30± 0.03, sin2 #13 < 0.04. Maximal mixing corresponds to sin2 #23 =

1/2, and to first order in the small reactor angle the lepton mixing matrix can then be

written as:
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c12 s12 #13
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Tri-bimaximal lepton mixing [21]: corresponds to the choice: sin2 #23 = 1/2, sin2 #12 = 1/3,

– 11 –

oscillations

! !

! !""#$%&'(')%*+%+#,)$'+*%(-..#.%/$*(%)$')',(%"01#2-34

5&#2)$*+%#+#$63%78#9:

!
"
"#$

#

%$ "#%
#
!
#

#&
$'#

( #%# &'

;-$6#%('<'+6%(#-+.
%%$"#%

#
)% #(%$*$&

;'6=)%+#,)$'+*.%2-++*)%>#%)=#%*+&3%1-$8%(-))#$%2*("*+#+)%

)*+$!+), &'*)*+,+)$#-

Mass Hierarchy

!mij
!
" mi

!
#m j

!!!
"#
" "#$%&'(! )&!)* " +)!' ,-!

!!
$"
" "#$!&./! )&+/* " +)!/ ,-!

Tritium beta-decay

me     <2.2 eV

Wednesday, March 17, 2010



Neutrino masses from cosmology:
Methods

2

Probe Current/Reach
P

m! (eV)
Key Systematics Current Surveys Future Surveys

CMB Primordial 1.3/0.6 Recombination WMAP, Planck CMBPol

CMB Primordial w/
Distance

0.58/0.35 Distance measure-
ments

WMAP, Planck CMBPol

Lensing of CMB !/0.2-0.05 NG of Secondary
anisotropies

Planck, ACT, SPT, Po-
larBear, EBEX, QUIET
II

CMBPol

Galaxy Distribution 0.6/0.1 Nonlinearities, Bias SDSS, DES, BOSS LSST, WFMOS,
HETDEX

Lensing of Galaxies 0.6/0.05 Baryons, NL, Photo-
z

CFHT-LS,DES, Hyper-
Suprime

LSST, Euclid,
JDEM

Lyman ! 0.2-?/0.1 Bias, Metals, QSO
continuum

SDSS, BOSS, Keck BigBOSS

21 cm !/0.1-0.006 Foregrounds Lofar, MWA, Paper,
GMRT

SKA, FFTT

Galaxy Clusters 0.3-?/0.1 Mass Function, Mass
Calibration

SDSS, Chandra LSST

Core-Collapse Super-
novae

NH (If "13 > 10!3)
IH (Any "13)

Emergent # spectra SuperK, ICECube Noble Liquids,
Gadzooks

Table I: Cosmological probes of neutrino mass.

lensing leads to smoothing of the acoustic peaks and enhancement of power on the damping tail of the power spectrum
(see [2]). Using CMB spectra, the current WMAP seven years dataset constrain the sum of neutrino masses to 1.3 eV
at 95% c.l. [3]. Planck data, using the CMB spectra, alone will constrain !m! to 0.6 eV at 95% c.l. (see e.g. [4]). This
constraint should be considered as the most conservative and reliable cosmological constraint on neutrino masses. A
better constraint on the neutrino masses can be obtained by combining CMB observations with measurements of the
Hubble constant H0 and Baryon Acoustic Oscillations. The WMAP7+BAO+H0 analysis of [3] reports a constraint
of 0.58 eV at 95% c.l., while a constraint about a factor 3 smaller could be achieved when the Planck data will be
combined with similar datasets. Experimental systematics present on BAO and H0 measurements could however
a"ect this result. Constraints from CMB data alone could be further improved by using quadratic estimators of the
weak lensing deflection field. Future experiments as Planck would greatly benefit from lensing extraction techniques,
improving their one-sigma sensitivity by a factor 3. However, non gaussianity of secondary anisotropies induced by
galaxy clusters and unresolved point sources could again introduce systematics e"ects that must be considered.

2. Lensing of the CMB

Basics - The sum of the neutrino masses acts to suppress the power spectrum of the matter inhomogeneities that
cause gravitational lensing of the CMB.

Advantages of Method - * The source redshift (zlss) is accurately known, in contrast to in galaxy lensing. * The
source redshift is high, so CMB lensing probes the matter power spectrum at high redshifts, z 1-4, in contrast to
galaxy lensing.

Disdvantages of Method - * No tomography, only a single weighted measurement of the matter power spectrum
and distance factors.

Making the Measurement - * Need high resolution, i.e. small beam, to see the lensing B mode peak and high l
damping (important to break degeneracies). * Optimal extraction uses mostly B modes, although there is information
in TT, TE, EE, TB, EB also (weighting depends on experiment noise, beam).

Interpreting the Measurement - * Suppression e"ect of neutrinos has covariances with dynamical dark energy,
modfications of gravity, matter nonlinear prescriptions, and initial matter power spectrum. A wide range of scales
(ell=500-1500) helps in breaking degeneracies. * Foregrounds cause small angle (high ell) noise, mostly in TT from kSZ
e"ect. Treated by excision, parameter estimation saturates for lmax > 2000. * Non-Gaussian e"ects increase the power
spectrum errors (up to factor 5) but have little e"ect on final parameter estimation ( 1-%) due to marginalization.

Final Results - * Potential for !m! = 0.15 eV (0.05 eV) for Planck (CMBpol) 68including covariance with dynamical
dark energy (although this requires good expansion probe also).

Table Entries: Ultimate Reach - 0.1 eV 95% cl Key Systematics - foregrounds Current State of A"airs - ACBAR
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Observable quantities
Friedman-Robertson-Walker metric

Distance-redshift relation

4 Robert R. Caldwell and Marc Kamionkowski

2 Background and Evidence

2.1 The Friedmann-Robertson-Walker cosmology

We begin by reviewing the essentials of the standard cosmological model. We refer the reader to

Ch. 13 in Ref. [11] for more details.

2.1.1 Kinematics An isotropic and homogeneous expanding Universe with spatial coordi-

nates xi is described by the Robertson-Walker metric,1 ds2 = !dt2+a2(t)[dr2+r2(d!2+sin2 !d"2)].

The scale factor a(t) is a function of time t, where a(t0) = a0 at the present time t0. Cosmologists

use the redshift z " (a0/a) ! 1 as a proxy for the age or scale factor. The redshift can be mea-

sured for distant sources; it is the fractional amount by which the wavelength of a photon has been

stretched by the expansion between the time the photon is emitted and the time it is received.

The expansion rate H " ȧ/a is a function of time, with the value H0 # 70 km sec!1 Mpc!1 (the

Hubble constant) today, and where the dot denotes a derivative with respect to t. The deceleration

parameter is then q " !(ä/a)/H2 = (1 + z)H "/H ! 1, where the prime denotes a derivative with

respect to z. The luminosity distance of an object of luminosity L at a redshift z is defined to be

dL " (L/4#F )1/2, where F is the energy flux received from that object. The luminosity distance

is given (in a flat Universe) by

dL(z) = (1 + z)c

! z

0

dz"

H(z")
. (1)

Thus, measurement of the apparent brightness of sources of known luminosity (“standard candles”)

at a variety of redshifts z can be used to determine or constrain the expansion history.

The quantity [H(z)(1+ z)]!1dz determines the time that evolves between redshifts z and z + dz;

it thus also determines the physical distance in this redshift interval and thus the physical volume

in a given redshift interval and angular aperture. Likewise, a(t) [which can be derived from H(z)]

determines the angular sizes of “standard rods,” objects of fixed physical sizes. The angular-

diameter distance is defined to be dA(z) " lprop/!, where lprop is the proper size of an object and !

the angle it subtends on the sky. It is related to dL through dA(z) = (1 + z)!2dL(z). As discussed

below, measurements of the volume and luminosity and angular-diameter distances can also be

used to determine the expansion history.

The integral expression for dL(z) can be Taylor expanded about z = 0 to quadratic order as

H0dL(z) = cz[1+(1/2)(1! q0)z + · · · ]. The term linear in z is the well-known Hubble law. (Spatial

curvature a!ects dL(z) only at cubic or higher order [12].) In 1998, two groups independently used

supernovae as standard candles to find better than 3$ evidence for a negative value for q0 [1, 2],

the implications of which will now be explained.

2.1.2 Dynamics The Friedmann equation,

H2 =

"

ȧ

a

#2

=
8#G

3

$

i

%i, (2)

is the general-relativistic equation of motion for a(t) for a flat Universe filled with fluids i (e.g.,

nonrelativistic matter, radiation, dark energy) of energy densities %i. If the fluids have pressures pi,

1Given the observational evidence for negligible spatial curvature, we assume throughout a flat Universe. This

simplifies considerably many of the equations. The e!ects of non-zero curvature are discussed in Ref. [12].

What are the observable quantities?What are the observable quantities?
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then the change d(!a3) in the total energy (! =
!

i !i) per comoving volume is equal to the work

!pd(a3) (where p =
!

i pi) done by the fluid. This relation allows us to re-write the Friedmann

equation as
ä

a
= !

4"G

3

"

i

(!i + 3pi). (3)

A nonrelativistic source has pressure p = 0 implying ä < 0; i.e., the relative velocities between any

two galaxies should be decreasing, in agreement with our Newtonian intuition.

If we define equation-of-state parameters wi " pi/!i (e.g., wm = 0 for matter, wr = 1/3 for
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< 0.28 54 BERNARDIS 08 COSM
< 0.17–2.3 55 FOGLI 07 COSM
< 0.42 95 56 KRISTIANSEN 07 COSM
< 0.66 57 SPERGEL 07 COSM
< 0.63–2.2 58 ZUNCKEL 07 COSM
< 0.24 95 59 CIRELLI 06 COSM
< 0.62 95 60 HANNESTAD 06 COSM
< 1.2 61 SANCHEZ 06 COSM
< 0.17 95 59 SELJAK 06 COSM
< 2.0 95 62 ICHIKAWA 05 COSM
< 0.75 63 BARGER 04 COSM
< 1.0 64 CROTTY 04 COSM
< 0.7 65 SPERGEL 03 COSM WMAP
< 0.9 66 LEWIS 02 COSM
< 4.2 67 WANG 02 COSM CMB
< 2.7 68 FUKUGITA 00 COSM
< 5.5 69 CROFT 99 ASTR Ly ! power spec
<180 SZALAY 74 COSM
<132 COWSIK 72 COSM
<280 MARX 72 COSM
<400 GERSHTEIN 66 COSM

54Constraints the total mass of neutrinos from recent CMB and SOSS LRG power spectrum
data along with bias mass relstions from SDSS, DEEP2, and Lyman-Break Glaxies. It
assumes "CDM model. Limit degrades to 0.59 eV in a more general wCDM model.

55Constrains the total mass of neutrinos from neutrino oscillation experiments and cosmo-
logical data. The most conservative limit uses only WMAP three-year data, while the
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data.

56Constrains the total mass of neutrinos from recent CMB, large scale structure, SN1a, and
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with no prior. Paper shows results with several combinations of data sets. Supersedes
KRISTIANSEN 06.

57Constrains the total mass of neutrinos from three-year WMAP data combined with other
CMB, large-scale structure and supernova data.

58Constrains the total mass of neutrinos from the CMB and the large scale structure data.
The most conservative limit is obtained when generic initial conditions are allowed.

59Constrains the total mass of neutrinos from recent CMB, large scale structure, Lyman-
alpha forest, and SN1a data.

60Constrains the total mass of neutrinos from recent CMB and large scale structure data.
See also GOOBAR 06.

61Constrains the total mass of neutrinos from the CMB and the final 2dF Galaxy Redshift
Survey.
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in general an e!ective equation of state (averaged over
redshift) weff < !1. Our result may therefore be the
consequence of a deeper connection between DE and
neutrino physics.

The method we adopt is based on the publicly avail-
able Markov Chain Monte Carlo package cosmomc

[8] with a convergence diagnostics done through the
Gelman and Rubin statistic. We sample the follow-
ing eight-dimensional set of cosmological parameters,
adopting flat priors on them: the physical baryon,
Cold Dark Matter and massive neutrinos densities,
!b = "bh2, !c = "ch2 and "!h2, the ratio of the
sound horizon to the angular diameter distance at de-
coupling, "s, the scalar spectral index ns, the overall
normalization of the spectrum A at k = 0.05 Mpc!1,
the optical depth to reionization, # , and, finally, the
DE equation of state parameter w. Furthermore, we
consider purely adiabatic initial conditions and we im-
pose flatness.

We include the three-year WMAP data [1] (tem-
perature and polarization) with the routine for com-
puting the likelihood supplied by the WMAP team.
Together with the WMAP data we also consider the
small-scale CMB measurements of CBI [11], VSA [12],
ACBAR [13] and BOOMERANG-2k2 [14]. In addi-
tion to the CMB data, we include the constraints on
the real-space power spectrum of galaxies from the
SLOAN galaxy redshift survey (SDSS) [15] and 2dF
[16], and the Supernovae Legacy Survey data from
[17]. Finally, we include the Heidelberg-Moscow as in
the recent analysis of [18].

Let us just remind that the 0$2% decay half-life T 0!
1/2

is linked to the e!ective Majorana mass m"" by the
relation m2

"" = m2
e/CmmT 0!

1/2, in the assumption that
the 0$2% process proceeds only through light Majo-
rana neutrinos and where the nuclear matrix element
Cmm needs to be theoretically evaluated. Using the
theoretical input for Cmm(76Ge) from Ref. [19], the
0$2% claim of [3] is transformed in the 2& range

log10(m""/eV) = !0.23± 0.14 , (1)

i.e., 0.43 < m"" < 0.81 (at 2&, in eV).
Considering all current oscillation data (see [18])

and under the assumption of a 3 flavor neutrino mix-
ing the above constraint yields:

0.0137 < "!h2 < 0.026 (2)

at 95% c.l. where we used the well known relation:
"!h2 = #m!/93.2eV.

Our main results are plotted in Fig.1 where we show
the constraints on the w ! #m! plane in two cases,
with and without the HM prior on neutrino masses.
As we can see, without the HM prior we are able to re-
produce the results already presented in the literature
(see e.g. [1]), namely current cosmological data con-
strain neutrino masses to be #m! < 0.75 eV . However
an interesting anti-correlation is present between the
DE parameter w and the neutrino masses and larger
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FIG. 1: Constraints on the w ! ! plane in two cases
with and without the Heidelberg-Moscow prior on neu-
trino masses.

neutrino masses are in better agreement with the data
for more negative values of w. It is therefore clear that
when we add the HM prior (#m! " 1.8 ± 0.6 eV at
95% c.l., again see Fig.1) the contours are shifted to-
wards higher values of neutrino masses and towards
lower values of w. A combined analysis of cosmologi-
cal data with the HM priors gives !1.67 < w < !1.05
and 0.66 < #m! < 1.11 (in eV) at 95% c.l. excluding
the case of the cosmological constant at more than 2&
with #m! = 0.85 eV , w = !1.31 and "m = 0.35 as
best fit values. Without the HM prior the data gives
!1.28 < w < !0.92 and #m! < 0.73 eV again at 95%
c.l. with w = !1.02, #m! = 0.05 eV and "m = 0.29
as best fit values.

The inclusion of the HM prior a!ects also other
parameters. We found, at 95% c.l.: 0.916 < ns <
0.979 (0.926 < ns < 0.989 withouth HM), 0.0209 <
"bh2 < 0.0235 (0.0211 < "bh2 < 0.0238 without
HM), 0.302 < "m < 0.444 (0.262 < "m < 0.360
without HM). It is interesting to notice that the in-
clusion of massive neutrinos seems to further rule out
the scale-invariant ns = 1 model.

As we have seen the combination of a neutrino mass
#m! # 0.85 eV and the cosmological observations in-
dicate that the equation of state of DE w is less than
than !1, excluding a cosmological constant. Scalar
fields with positive kinetic energy have w > !1 while
phantom fields [9] can have w < !1 but they have
a negative kinetic energy and many fundamental the-
oretical problems. Here, we prefer to follow the ap-
proach of interacting DE [7]. Interacting DE are mod-
els where the dark energy interacts with other parti-
cles, as for example dark matter or neutrinos. The
net e!ect of this interaction is to change the apparent
equation of state of DE [7]. An observer that sup-
poses that the DE has no interaction sees a di!erent
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with #m! = 0.85 eV , w = !1.31 and "m = 0.35 as
best fit values. Without the HM prior the data gives
!1.28 < w < !0.92 and #m! < 0.73 eV again at 95%
c.l. with w = !1.02, #m! = 0.05 eV and "m = 0.29
as best fit values.

The inclusion of the HM prior a!ects also other
parameters. We found, at 95% c.l.: 0.916 < ns <
0.979 (0.926 < ns < 0.989 withouth HM), 0.0209 <
"bh2 < 0.0235 (0.0211 < "bh2 < 0.0238 without
HM), 0.302 < "m < 0.444 (0.262 < "m < 0.360
without HM). It is interesting to notice that the in-
clusion of massive neutrinos seems to further rule out
the scale-invariant ns = 1 model.

As we have seen the combination of a neutrino mass
#m! # 0.85 eV and the cosmological observations in-
dicate that the equation of state of DE w is less than
than !1, excluding a cosmological constant. Scalar
fields with positive kinetic energy have w > !1 while
phantom fields [9] can have w < !1 but they have
a negative kinetic energy and many fundamental the-
oretical problems. Here, we prefer to follow the ap-
proach of interacting DE [7]. Interacting DE are mod-
els where the dark energy interacts with other parti-
cles, as for example dark matter or neutrinos. The
net e!ect of this interaction is to change the apparent
equation of state of DE [7]. An observer that sup-
poses that the DE has no interaction sees a di!erent
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