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Possibility to detect higher order correlations in the CMB temperature fluctuations



OUTLINE

LRS as a contaminant of primordial local 
Non-Gaussianity

Simulated Cosmic Microwave Background maps 
with the LRS bispectrum

Optimal estimator

The Lensing-ISW/Rees Sciama (LRS)bispectrum

work in progress: cosmological parameters, DE 
constraint

[A.Mangilli, M.Liguori, B.Wandelt - in prep.]

[A. Mangilli and L. Verde PRD80 ]



  LINEAR regime                      Integrated Sachs-Wolfe (ISW)
NON-LINEAR regime                        Rees-Sciama (RS)

THE Integrated Sachs Wolfe (ISW) & THE REES-
SCIAMA (RS) EFFECT

•Dynamical effect of Λ or Dark Energy 
(DE) on the rate of growth of 
structures which leads to a late time 
decay of the gravitational potential.

•Non-linear growth of density 
fluctuations  along the photons path.

In this work we will concentrate on the cross correlation of the CMB lensing
signal with the secondary anisotropies arising from the Rees-Sciama effect. As
already pointed out in previous works [?], [1], [?] the joined study of these phe-
nomena through the CMB bispectrum is a very powerful tool to better under-
stand linear and non-linear growth of structures, to break degeneracies between
parameters arising in a power spectrum only analisys, to possibly constrain Dark
Energy equation of state or models beyond the standard ΛCDM and, mainly,
to disentangle primordial from secondary source of Non-Gaussianity, which is
an extreme important and hot topic of modern cosmology.

Regarding this last issue, it is known that lensing alone does not produce
a detectable three-point correlation function [REFERENCES], however its cor-
relation with secondary anisotropies from low redshift effects can produce an
observable non-gaussian feature/signature.

Both, lensing and the RS effect, (arise from/are due to) are in fact related to
the gravitational potential and thus are correlated, leading to a non-vanishing
bispectrum signal. [References], .

4.4.1 The Rees-Sciama effect

Once left the last scattering surface, the CMB photons experience blue and red
shifting when passing thorough the gravitational potential wells of the forming
matter structures. In a flat Ω = 1 background universe, the gravitational poten-
tial perturbations do not change with time/// keep constant during the matter
dominated linear regime, so that such a contribution is zero, as the photons will
be red and blue shifted by the same amount. Recall that the linear regime in the
evolution of cosmological perturbations is defined as the epoch when perturba-
tions satisfy both: ∆ρ

ρ � 1 and Φ� 1, being ∆ρ
ρ the density perturbation and

Φ the gravitational potential fluctuation field against a smooth background .
However non-static gravitational potentials can leave their imprint oh the CMB
photons traveling from the last scattering to us. There are two main phenomena
that can cause the gravitational potential to vary with time and thus secondary
CMB temperature anisotropies from late-time gravitational effects :

• Non-linear growth of density fluctuations ( ∆ρ
ρ ≥ 1) along the photons

path.

• Dynamical effect of Λ or Dark Energy (DE) on the rate of growth of
structures which leads to a late time decay of the gravitational potential.

At linear order such effect is called Integrated Sachs Wolfe effect (ISW) [2],
while it is called Rees-Sciama effect (RS) [3] in the non-linear regime. The RS,
being a second order effect, is smaller than the CMB signal at all scales with
∆T
T � 10−7. –¿ references

Quantitatively the net temperature fluctuations of the CMB black body
spectrum induced by the RS effect can be written as:

ΘRS(n̂) ≡ ∆T
RS

T
(n̂) = 2

�
dr

∂

∂η
ΦNL(η, n̂r), (4.25)

where n̂ is the unit vector of the direction of the incoming photons, η is
the conformal time and r refers to the conformal distance from the observer at
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Time-varying gravitational potential
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where n̂ is the unit vector of the direction of the incoming photons, η is

the conformal time and r refers to the conformal distance from the observer at

redshift z = 0. Assuming a flat ΛCDM universe the latter can be written as:

r (z) =
c

H0

� z

0

dz
�

�
Ωm0 (1 + z�)

3
+ ΩΛ0

. (4.26)

Here Ωm0 is the matter dansity parameter at present, ΩΛ0 = 1 − Ωm0 is

the cosmological constant density parameter and z is the redshift such that

0 ≤ z ≤ zls, where zls is the redshift of the last scattering surface, since we are

considering secondary anisotropies.

In the light of this work, focusing on non-gaussanity and thus higher order

statistic than the CMB power spectrum, it is useful to remind that, even for

the case of primordial gaussian conditions, the non-linear gravitational evolu-

tion, through the RS effect, gives rise to a non-vanishing three-point correlation

function of the CMB.

4.4.2 Weak lensing of the CMB

————————————————-

Needed equations:

- lensing potential

-
∆T
T

Lensing

-a
m
l lensing

—————————————————

Weak lensing of the CMB re-maps the temperature primary anisotropy ac-

cording to:

Θ
L
(n̂) = Θ

P
(n̂ +∇φ)

� Θ
P

(n̂) +∇iφ(n̂)∇i
Θ

P
(n̂) + . . . (4.27)

—————————————————————————-

Justify why truncating at first order in the expansion: cfr paper Lewis(2005),

Hu ecc saying that it is not a good an precise approximation

—————————————————————————–

where the label ’L’ refers to the lensed term while ’P’ to the primary con-

tribution. The deflection angle α = ∇φ is given by the angular gradient of the

gravitational potential projection along the line of sight:

φ(n̂) = −2

� rls

0
dr

r(zls)− r(z)

r(z) r(zls)
Φ(r, n̂r). (4.28)

Here r is the comoving conformal distance defined in eq.(4.26) and thus

rls ≡ r(zls) refers to the comoving radius at last scattering from the observer

at z = 0.

The gravitational potential Φ is defined as the fluctuation in the metric ds
2

assuming that there is no anisotropic stress.

As done with the temperature perturbations, we can expand the lensing

potential into multipole moments:

φ(n̂) =

�

�m

φ�mY
m
� (n̂) . (4.29)
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Weak lensing of the CMB re-maps the temperature primary anisotropy

Gravitational potential projection along the line of sight:

Deflection angle

φ(n̂) = −2

� rls

0
dr

r(zls)− r(z)

r(z) r(zls)
Φ(r, n̂r).

to the lensed

angle α = ∇φ is

jection along the

CMB photons travelling in the inhomogeneous universe experience weak lensing



Uncorrelated CMB 
photons 

at Last Scattering 
Surface
(LSS)
{

Lensing

ISW/RS 
effect

Observed correlated 
photons:

non-vanishing 3 
points correlation 

function 
(bispectrum)

By making use of equations ... and carrying out the calculations we get an
explicit expression for the lensing am

l coefficients:

amL
� = amP

� +
�

�����m�m��

(−1)m+m�+m��
G−mm�m��

������ (4.30)

× ��(�� + 1)− �(� + 1) + ���(��� + 1)
2

am�P∗
�� φ∗−m��

���

being Gmm�m��

������ the Gaunt integral defined in equation(4.12).

4.4.3 The Primordial-Lensing-Rees Sciama Bispectrum

Let’s go now through the equations to get an explicit expression for the bispec-
trum due to the cross correlation between lensing and the RS effect.

The CMB anisotropy in a direction n̂ can then be decomposed into two
terms:

Θ(n̂) = ΘL(n̂) + ΘRS(n̂) (4.31)

Remembering the formalism described in section 4.2, we can write the bis-
pectrum as:

Bm1m2m3
�1�2�3

= �am1
�1

am2
�2

am3
�3
� = �am1P

�1
am2L

�2
am3RS

�3
�+ 5 Permutations, (4.32)

where the label ’P’, ’L’ and ’RS’ refers, respectively, to the primordial, lens-
ing and the RS contribution and the am

� are the coefficients of the spherical
harmonics expansion. By making use of equation(4.30), this becomes:

Bm1m2m3
�1�2�3

= Gm1m2m3
�1�2�3

�1(�1 + 1)− �2(�2 + 1) + �3(�3 + 1)
2

× CP
�1�φ

∗m3
�3

aRSm3
�3 �+ 5 Permutations , (4.33)

where CP
� is the primordial angular CMB power spectrum of equation (4.5).

Here the most important quantity that contains all the relevant physical infor-
mation is [4], [1], [5]:

Q(�) ≡ �φ∗m
� aRSm

� � � 2
� zls

0

r(zls)− r(z)
r(zls)r(z)3

�
∂

∂z
PNL

Φ (k, z)
�

k= �
r(z)

dz (4.34)

that expresses the statistical expectation of the correlation between the lens-
ing and the RS effect. In figure(PLOT Ql) we show the behavior of the absolute
value of these coefficients |Q(�)| for � up to 1000 (see section ’numerical results’
for details). The cuspid indicates the changing of sign when the Q(�)’s start to
be negative. Looking at equation(4.34), this happens when the time-derivative
of the non-linear gravitational power spectrum PNL

Φ (k, z) changes sign. Note
that within linear theory such a derivative never changes sign so that in this
case Q(�) ≥ � always. Therefore it is important to stress that this feature is a
fingerprint of the non-linear regime behavior; moreover, being the Q(�) sensible
to crucial cosmological parameters like Ωm, w or σ8, the L-RS Bispectrum turns
out to be particularly interesting and worth to be studied.

Let’s come back again to equation (4.34). The derivative of the gravitational
potential power spectrum is probed at all scale k(z) = �

r(z) . At high redshift
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THE LENSING-ISW/REES-SCIAMA BISPECTRUM



Linear ISW

Linear + Non-Linear:
RS contribution

(Halofit)

Adding the Rees Sciama effect (non-linear 
regime) improves the signal to noise by 17% with 

respect to the linear only case calculation

Expected detection significance

ISW+RS 
Planck 



OUTLINE

The Cosmic Microwave Background Bispectrum and 

Lensing-RS bispectrum as a contaminant 
of primordial local Non-Gaussianity

Simulated Cosmic Microwave Background maps 
with the LRS bispectrum

Optimal estimator

the Lensing-ISW/Rees Sciama (LRS) signal

work in progress: cosmological parameters, DE 
constraint

[A.Mangilli, M.Liguori, B.Wandelt - in prep.]

[A. Mangilli and L. Verde PRD80 ]



PRIMORDIAL LOCAL NON GAUSSIANITY:
NON-LINEAR RELATION BETWEEN

LIGHT SCALAR FIELD DRIVING 
INFLATION (& PERTURBATIONS)

OBSERVED PRIMORDIAL CURVATURE 
PERTURBATION

PRIMORDIAL BISPECTRUM

+ 2 Perm.

Radiation Transfer function

Both L-RS and 
primordial 
signals are 
maximal for 

squeezed 
triangle 

configurations
Primordial 

reduced bisp.

 

THE LENSING-ISW/REES-SCIAMA BISPECTRUM BIAS



Contamination due 
to the L-RS 

signal

effect on the fNL error due to the contamination in the 
range between 4 to 7 % for lmax from 1000 to 2000 

bias to fNL local due to the LRS signal can be greater than 10 

correlation coefficient



OPTIMAL ESTIMATOR FOR fNL LRS 

Slrs is given by the data

Weakly Non-Gaussian Probability Density Function (PDF): 
maximize with respect to 



OPTIMAL ESTIMATOR FOR fNL LRS 



SIMULATED MAPS with the LRS BISPECTRUM

Separable modes expansion method:

Smith & Zaldarriaga (2006) and Fergusson,Liguori&Shellard (2010)



SIMULATED MAPS with the LRS BISPECTRUM

Separable modes expansion method:



, 1-sigma error: 0.36

Separable modes expansion method

Averaged :

LRS ESTIMATOR TESTED ON SIMULATED MAPS



Expected:    fNL-LRS=1  with  1-sigma error

Adding the Rees Sciama effect improves the expected error by 
17% with respect to the linear only case calculation

Planck 



...ongoing work:

Planck Data  

Cosmological parameters/Dark Energy constraints
with the LRS bispectrum



...cosmological parameters constraint

powerful probe of the late time universe

The Lensing-ISW/Rees Sciama bispectrum is sensitive to cosmological parameters 
that determine the growth of structure e.g. m, 8, w

m=0.3 , w=-1

m=0.5 , w=-1

m=0.5 , w=-0.5

& varying Dark Energy w(z)

Giovi&al.2005

w0=-1
wa=0

w(z)

Bisp.coefficients

Lensing-ISW/Rees Sciama bispectrum
for cosmological params constraint from

Planck and future CMB data 



CONCLUSIONS

Rencontres de Moriond 2012 - La Thuile 10th-17th March

Anna Mangilli

 LRS as a contaminant for the local type primary NG and must 
be accounted for when analysing forthcoming CMB data

 CMB experiments like Planck will have the statistical 
power to detect this signal 

 powerful probe of the late time universe 

 Adding the non-linear regime (Rees Sciama) enhances the 
signal-to-noise and improves the variance with respect to the 

linear ISW only case 

CMB bispectrum from cross correlation of lensing-ISW/Rees Sciama:



PRIMORDIAL LOCAL 
L-RS vs PRIMORDIAL BISPECTRUM

Mangilli & Verde, PRD 80 (2009)

EQUILATERAL FLATTENED

 The primordial & L-RS bispectra can be in principle disentangled since they 
have different features arising from the extremely different physics behind 

them 

REDUCED BISPECTRA



The l-rs bispectrum: modeling non-
linearities

TWO MAIN SEMI-ANALYTICAL 
APPROACHES

THE HALO-MODEL
Smith et al. (2003)

THE PEACOCK&DODDS-HKLM
P&D (1996)

Non-linear evolution induces a change of scale

Non-linear power spectrum at scale k:
function of the linear one evaluated at kʼ 

Density field: distribution of clumps of matter with some 
density profile

Large scale: correlations among different halos

Small scale: convolution of halo density profile with itself 



The l-rs bispectrum: modeling non-
linearities

TWO MAIN SEMI-ANALYTICAL 
APPROACHES

THE HALO-MODEL
Smith et al. (2003)

THE PEACOCK&DODDS-HKLM
P&D (1996)

Non-linear evolution induces a change of scale

Non-linear power spectrum at scale k:
function of the linear one evaluated at kʼ 

Density field: distribution of clumps of matter with some 
density profile

Large scale: correlations among different halos

Small scale: convolution of halo density profile with itself 

z=0.1

z=1

Mangilli & Verde, PRD 80 (2009)

->the 2 models are 
in good agreement

->@ higher z PD 
seems to produce 
more NL P(k) 



NON-GAUSSIANITY (NG)

NG Non-linear behavior

late time (i.e. 
secondary 

anisotropies)

primordial initial 
conditions (i.e. models 

early universe)

Says what a 
distribution is not 

not what it is!



?

?

forthcoming cmb experiments:
possibility to detect higher order 

correlations in the CMB temperature 
fluctuations

VERY USEFUL TO 
TRACE THE IMPRINT 
OF THE NL GROWTH 
OF STRUCTURES ON 
LATE TIME 
ANISOTROPIES

GAIN UNIQUE 
INSIGHT INTO THE 
PHYSICS OF THE 
EARLY UNIVERSE



PRIMORDIAL NON-GAUSSIANITY 

LINEAR-GAUSSIAN MULTIPLICATIVE CONSTANT

DIFFERENT SCENARIO
FOR GENERATION

PRIMORDIAL 
PERTURBATIONS!

standard single field slow roll inflation: VERY SMALL LEVEL OF 
NG

if non-vanishing 
primordial 
bispectrum

weak non-linear coupling case
(LOCAL NG)



The primary-lensing-rees sciama 
bispectrum

        next leading contribution after:
galactic foregrounds

                         point sources
                         sunyaev-zeldovich effect

      blackbody signal cannot be separated 
out by frequency 

dependence

 possible contaminant of the 
primordial signal

      late time effect: can give informations 
about growth of structures

 signal dominated by squeezed triangle 
configurations because of the 

COUPLING of LARGE 
scale mode with TWO 
SMALL scale modes



SIMULATED MAPS with the LRS 
BISPECTRUM

By making use of equations ... and carrying out the calculations we get an
explicit expression for the lensing am

l coefficients:

amL
� = amP

� +
�

�����m�m��

(−1)m+m�+m��
G−mm�m��

������ (4.30)

× ��(�� + 1)− �(� + 1) + ���(��� + 1)
2

am�P∗
�� φ∗−m��

���

being Gmm�m��

������ the Gaunt integral defined in equation(4.12).

4.4.3 The Primordial-Lensing-Rees Sciama Bispectrum

Let’s go now through the equations to get an explicit expression for the bispec-
trum due to the cross correlation between lensing and the RS effect.

The CMB anisotropy in a direction n̂ can then be decomposed into two
terms:

Θ(n̂) = ΘL(n̂) + ΘRS(n̂) (4.31)

Remembering the formalism described in section 4.2, we can write the bis-
pectrum as:

Bm1m2m3
�1�2�3

= �am1
�1

am2
�2

am3
�3
� = �am1P

�1
am2L

�2
am3RS

�3
�+ 5 Permutations, (4.32)

where the label ’P’, ’L’ and ’RS’ refers, respectively, to the primordial, lens-
ing and the RS contribution and the am

� are the coefficients of the spherical
harmonics expansion. By making use of equation(4.30), this becomes:

Bm1m2m3
�1�2�3

= Gm1m2m3
�1�2�3

�1(�1 + 1)− �2(�2 + 1) + �3(�3 + 1)
2

× CP
�1�φ

∗m3
�3

aRSm3
�3 �+ 5 Permutations , (4.33)

where CP
� is the primordial angular CMB power spectrum of equation (4.5).

Here the most important quantity that contains all the relevant physical infor-
mation is [4], [1], [5]:

Q(�) ≡ �φ∗m
� aRSm

� � � 2
� zls

0

r(zls)− r(z)
r(zls)r(z)3

�
∂

∂z
PNL

Φ (k, z)
�

k= �
r(z)

dz (4.34)

that expresses the statistical expectation of the correlation between the lens-
ing and the RS effect. In figure(PLOT Ql) we show the behavior of the absolute
value of these coefficients |Q(�)| for � up to 1000 (see section ’numerical results’
for details). The cuspid indicates the changing of sign when the Q(�)’s start to
be negative. Looking at equation(4.34), this happens when the time-derivative
of the non-linear gravitational power spectrum PNL

Φ (k, z) changes sign. Note
that within linear theory such a derivative never changes sign so that in this
case Q(�) ≥ � always. Therefore it is important to stress that this feature is a
fingerprint of the non-linear regime behavior; moreover, being the Q(�) sensible
to crucial cosmological parameters like Ωm, w or σ8, the L-RS Bispectrum turns
out to be particularly interesting and worth to be studied.

Let’s come back again to equation (4.34). The derivative of the gravitational
potential power spectrum is probed at all scale k(z) = �

r(z) . At high redshift

13

Ingredients:

- COVARIANCE MATRIX:
& Correlation coeff.:

For a given realisation of and 

- Unit variance random gaussian fields and . 



SIMULATED MAPS with the LRS 
BISPECTRUM II

Build the new correlated variables:

Lensed

The map containing the wanted LRS bispectrum is 
generated by:  


