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Fig. 10. Planck TT power spectrum. The points in the upper panel show the maximum-likelihood estimates of the primary CMB
spectrum computed as described in the text for the best-fit foreground and nuisance parameters of the Planck+WP+highL fit listed
in Table 5. The red line shows the best-fit base ⇤CDM spectrum. The lower panel shows the residuals with respect to the theoretical
model. The error bars are computed from the full covariance matrix, appropriately weighted across each band (see Eqs. 36a and
36b), and include beam uncertainties and uncertainties in the foreground model parameters.

Fig. 11. Planck T E (left) and EE spectra (right) computed as described in the text. The red lines show the polarization spectra from
the base ⇤CDM Planck+WP+highL model, which is fitted to the TT data only.
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Fig. 4. Marginalized constraints on parameters of the base ⇤CDM model for various data combinations.

⇤CDM parameters for various combinations of data, includ-
ing adding high-resolution CMB measurements. As will be dis-
cussed in Sect. 4, the use of high-resolution CMB provides
tighter constraints on the foreground parameters (particularly
“minor” foreground components) than from Planck data alone.
However, the small shifts in the means and widths of the distri-
butions shown in Fig. 4 indicate that, for the base ⇤CDM cos-
mology, the errors on the cosmological parameters are not lim-
ited by foreground uncertainties when considering Planck alone.
The e↵ects of foreground modelling assumptions and likelihood
choices on constraints on ns are discussed in Appendix C.

4. Planck combined with high-resolution CMB

experiments: the base ⇤CDM model

The previous section adopted a foreground model with rela-
tively loose priors on its parameters. As discussed there and
in Planck Collaboration XV (2013), for the base ⇤CDM model,
the cosmological parameters are relatively weakly correlated
with the parameters of the foreground model and so we ex-
pect that the cosmological results reported in Sect. 3 are ro-
bust. Fortunately, we can get an additional handle on unresolved
foregrounds, particularly “minor” components such as the ki-
netic SZ e↵ect, by combining the Planck data with data from
high-resolution CMB experiments. The consistency of results
obtained with Planck data alone and Planck data combined with
high-resolution CMB data gives added confidence to our cosmo-
logical results, particularly when we come to investigate exten-
sions to the base ⇤CDM cosmology (Sect. 6). In this section,
we review the high-resolution CMB data (hereafter, usually de-
noted highL) that we combine with Planck and then discuss how
the foreground model is adapted (with additional “nuisance” pa-
rameters) to handle multiple CMB data sets. We then discuss the
results of an MCMC analysis of the base ⇤CDM model combin-
ing Planck data with the high-` data.

4.1. Overview of the high-` CMB data sets

The Atacama Cosmology Telescope (ACT) mapped the sky from
2007 to 2010 in two distinct regions, the equatorial stripe (ACTe)
along the celestial equator, and the southern stripe (ACTs) along

declination �55�, observing in total about 600 deg2. The ACT
data sets at 148 and 218 GHz are presented in Das et al. (2013,
hereafter D13) and cover the angular scales 540 < ` < 9440 at
148 GHz and 1540 < ` < 9440 at 218 GHz. Beam errors are
included in the released covariance matrix. We include the ACT
148⇥148 spectra for ` � 1000, and the ACT 148⇥218 and 218⇥
218 spectra for ` � 1500. The inclusion of ACT spectra to ` =
1000 improves the accuracy of the inter-calibration parameters
between the high-` experiments and Planck.

The South Pole Telescope observed a region of sky over
the period 2007–10. Spectra are reported in Keisler et al. (2011,
hereafter K11) and Story et al. (2012, hereafter S12) for angu-
lar scales 650 < ` < 3000 at 150 GHz, and in Reichardt et al.
(2012, hereafter R12) for angular scales 2000 < ` < 10000 at
95, 150 and 220 GHz. Beam errors are included in the released
covariance matrices used to form the SPT likelihood. The param-
eters of the base ⇤CDM cosmology derived from the WMAP-
7+S12 data and (to a lesser extent) from K11 are in tension with
Planck. Since the S12 spectra have provided the strongest CMB
constraints on cosmological parameters prior to Planck, this dis-
crepancy merits a more detailed analysis, which is presented in
appendix B. The S12 and K11 data are not used in combination
with Planck in this paper. Since the primary purpose of includ-
ing high-` CMB data is to provide stronger constraints on fore-
grounds, we use the R12 SPT data at ` > 2000 only in combina-
tion with Planck. We ignore any correlations between ACT/SPT
and Planck spectra over the overlapping multipole ranges.

Table 3 summarizes some key features of the CMB data sets
used in this paper.

4.2. Model of unresolved foregrounds and “nuisance”
parameters

The model for unresolved foregrounds used in the Planck
likelihood is described in detail in Planck Collaboration XV
(2013). Briefly, the model includes power spectrum templates
for clustered extragalactic point sources (the cosmic infra-red
background, hereafter CIB), thermal (tSZ) and kinetic (kSZ)
Sunyaev-Zeldovich contributions, and the cross-correlation
(tSZ⇥CIB) between infra-red galaxies and the thermal Sunyaev-
Zeldovich e↵ect. The model also includes amplitudes for the

14

Released	  2013,	  	  
14	  months	  data	  

Release	  Fall	  2014,	  	  
30	  months	  data:	  
•  Will	  parameters	  from	  TT,	  TE,	  or	  EE	  separately	  

be	  consistent?	  
•  How	  efficient	  TE	  or	  EE	  will	  be	  at	  constraining	  

parameters?	  

Many	  authors	  forecasted	  TT	  or	  TT+TE+EE,	  
but	  liYle/no	  discussion	  about	  EE	  or	  TE	  alone	  !	  
(Rocha	  ’04	  forecasted	  EE	  alone)	  
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Methodology	  	  
•  Fisher	  Matrix,	  no	  foregrounds,	  no	  l-‐by-‐l	  correlaJons	  (due	  to	  mask,	  

lensing	  etc.)	  	  
	  

•  MulJpoles	  l=30-‐2500,	  prior	  on	  the	  opJcal	  depth	  (τ=0.09	  ±	  0.013)	  
	  
	  
	  
	  
	  
	  
	  
	  

•  6	  ΛCDM	  parameters	  to	  start	  with.	

–  Ωbh2,	  Ωch2,	  ln(1010	  As),	  ns,	  τ, θ	  	  

TT,EE,TE	  ReionizaJon	  



Cosmic	  Variance	  Limited	  
Experiment	  

No	  instrumental	  noise	  (only	  cosmic	  variance),	  fsky=1	  (all	  sky).	  
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TABLE III. Standard deviations on the ⇤CDM model for a CVL experiment from CTT
` , CEE

` , CTE
` taken separately or from

the combination of all the power spectra. These constraints are calculated assuming `
min

= 30, `
max

= 2500, and a prior on ⌧ ,
�(⌧) = 0.013. In square brackets, on the first line we translate the standard deviation in relative error. In parenthesis, on the
next lines we show the improvement factor compared to the CTT

` case.

ature are mainly determined by the oscillation extrema
of the density distribution plus the smaller contribution
(damped by the presence of baryons that slow down the
sound speed) from oscillations of the velocity field. The
peaks in temperature, determined by these two e↵ects
out of phase by ⇡/2, are thus smoother compared to the
ones in polarization, which can therefore better constrain
✓. Furthermore, by comparing Fig. 3 with the diagonal
case in Fig. 5, we notice that the constraints on ✓ are
only mildy a↵ected by degeneracies with other parame-
ters, as the errorbars obtained in the diagonal case are
only a factor ⇠ 2 smaller than the ones obtained with
the full marginalization over all parameters. Finally, by
comparing Fig. 3 with the diagonal case in Fig. 5, we no-
tice that ✓ would be better constrained by the unlensed
CMB spectra, due to the fact that lensing smooths the

peaks/throughs of the CMB power spectra, making the
position of the peaks harder to determine.

Breaking the ⌧ � ln(1010As) degeneracy with lens-

ing. The CEE
` power spectrum alone is also better at

constraining the reionization optical depth and the am-
plitude of the primordial power spectrum ln(1010As).
One of the main e↵ects of increasing the reionization op-
tical depth ⌧ on the power spectra is to suppress the
amplitude of the peaks at scales smaller than the causal
horizon at the epoch of reionization. This e↵ect is due
to the fact that only a fraction exp (�⌧) of the photons
manage to stream freely through the reionized universe,
so that the power spectra are in fact proportional to
exp (�2⌧) [2, 35]. This e↵ect is highly degenerate with
the amplitude of the primordial power spectrum As [36].
The degeneracy can be lifted in two ways. Either mea-

Reminder:	  	  
•  lmin=30	  	  
•  prior	  on	  τ, 	

•  σref=σ(TT,lmax=2500)	  

EvoluJon	  with	  lmax	  
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Reminder:	  	  
•  lmin=30,	  	  
•  prior	  on	  τ, 	

•  σref=σ(TT,lmax=2500)	  

EE	  is	  the	  BEST	  at	  constraining	  cosmological	  parameters	  	  
for	  a	  CVL	  experiment	  at	  lmax=2500.	  

	  A	  lot	  of	  informaJon	  contained	  at	  SMALL	  scales.	  

EvoluJon	  with	  lmax	  
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Reminder:	  	  
•  lmin=30,	  	  
•  prior	  on	  τ, 	

•  σref=σ(TT,lmax=2500)	  

At	  lmax=2000,	  TE	  is	  the	  best	  at	  constraining	  BARYON	  and	  DARK	  
MATTER	  density.	  	  

Most	  of	  info	  from	  TE	  already	  at	  intermediate	  scales.	  

EvoluJon	  with	  lmax	  
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Sharper	  peaks	  in	  polariza,on:	  
PolarizaJon	  only	  from	  gradient	  of	  	  pert.	  in	  velocity	  field,	  	  temperature	  from	  pert.	  in	  density	  field	  
(SW+intrinsic	  adiabaJc	  temperature)	  and	  velocity	  field	  (Doppler	  effect)	  
(Zaldarriaga	  04).	  
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, normalized to the standard deviation �ref obtained
from CTT

` with `
max

= 2500. We consider a CVL experiment with `
min

= 30 and a prior on ⌧ . We consider here lensed CMB
power spectra.

Data ⌦bh
2 ⌦ch

2 ✓ ⌧ n
s

ln(1010A
s

)

CTT
` 7.2⇥ 10�5 [0.3%] 1.2⇥ 10�3 [1.0%] 2.2⇥ 10�4 [0.02%] 8.1⇥ 10�3 [9%] 2.7⇥ 10�3 [0.3%] 1.5⇥ 10�2 [0.5%]

CEE
` 5.7⇥ 10�5 (1.3) 6.5⇥ 10�4 (1.9) 7.9⇥ 10�5 (2.8) 5.2⇥ 10�3 (1.6) 1.9⇥ 10�3 (1.4) 9.0⇥ 10�3 (1.7)

CTE
` 7.3⇥ 10�5 (1.0) 6.6⇥ 10�4 (1.8) 9.3⇥ 10�5 (2.4) 7.7⇥ 10�3 (1.1) 2.3⇥ 10�3 (1.2) 1.5⇥ 10�2 (1.0)

JOINT 2.7⇥ 10�5 (2.7) 5.4⇥ 10�4 (2.2) 6.4⇥ 10�5 (3.4) 4.4⇥ 10�3 (1.8) 1.6⇥ 10�3 (1.7) 7.4⇥ 10�3 (2.0)

TABLE III. Standard deviations on the ⇤CDM model for a CVL experiment from CTT
` , CEE

` , CTE
` taken separately or from

the combination of all the power spectra. These constraints are calculated assuming `
min

= 30, `
max

= 2500, and a prior on ⌧ ,
�(⌧) = 0.013. In square brackets, on the first line we translate the standard deviation in relative error. In parenthesis, on the
next lines we show the improvement factor compared to the CTT

` case.

ature are mainly determined by the oscillation extrema
of the density distribution plus the smaller contribution
(damped by the presence of baryons that slow down the
sound speed) from oscillations of the velocity field. The
peaks in temperature, determined by these two e↵ects
out of phase by ⇡/2, are thus smoother compared to the
ones in polarization, which can therefore better constrain
✓. Furthermore, by comparing Fig. 3 with the diagonal
case in Fig. 5, we notice that the constraints on ✓ are
only mildy a↵ected by degeneracies with other parame-
ters, as the errorbars obtained in the diagonal case are
only a factor ⇠ 2 smaller than the ones obtained with
the full marginalization over all parameters. Finally, by
comparing Fig. 3 with the diagonal case in Fig. 5, we no-
tice that ✓ would be better constrained by the unlensed
CMB spectra, due to the fact that lensing smooths the

peaks/throughs of the CMB power spectra, making the
position of the peaks harder to determine.

Breaking the ⌧ � ln(1010As) degeneracy with lens-

ing. The CEE
` power spectrum alone is also better at

constraining the reionization optical depth and the am-
plitude of the primordial power spectrum ln(1010As).
One of the main e↵ects of increasing the reionization op-
tical depth ⌧ on the power spectra is to suppress the
amplitude of the peaks at scales smaller than the causal
horizon at the epoch of reionization. This e↵ect is due
to the fact that only a fraction exp (�⌧) of the photons
manage to stream freely through the reionized universe,
so that the power spectra are in fact proportional to
exp (�2⌧) [2, 35]. This e↵ect is highly degenerate with
the amplitude of the primordial power spectrum As [36].
The degeneracy can be lifted in two ways. Either mea-
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ature are mainly determined by the oscillation extrema
of the density distribution plus the smaller contribution
(damped by the presence of baryons that slow down the
sound speed) from oscillations of the velocity field. The
peaks in temperature, determined by these two e↵ects
out of phase by ⇡/2, are thus smoother compared to the
ones in polarization, which can therefore better constrain
✓. Furthermore, by comparing Fig. 3 with the diagonal
case in Fig. 5, we notice that the constraints on ✓ are
only mildy a↵ected by degeneracies with other parame-
ters, as the errorbars obtained in the diagonal case are
only a factor ⇠ 2 smaller than the ones obtained with
the full marginalization over all parameters. Finally, by
comparing Fig. 3 with the diagonal case in Fig. 5, we no-
tice that ✓ would be better constrained by the unlensed
CMB spectra, due to the fact that lensing smooths the

peaks/throughs of the CMB power spectra, making the
position of the peaks harder to determine.

Breaking the ⌧ � ln(1010As) degeneracy with lens-

ing. The CEE
` power spectrum alone is also better at

constraining the reionization optical depth and the am-
plitude of the primordial power spectrum ln(1010As).
One of the main e↵ects of increasing the reionization op-
tical depth ⌧ on the power spectra is to suppress the
amplitude of the peaks at scales smaller than the causal
horizon at the epoch of reionization. This e↵ect is due
to the fact that only a fraction exp (�⌧) of the photons
manage to stream freely through the reionized universe,
so that the power spectra are in fact proportional to
exp (�2⌧) [2, 35]. This e↵ect is highly degenerate with
the amplitude of the primordial power spectrum As [36].
The degeneracy can be lifted in two ways. Either mea-

:	  lensing	  effect	  on	  EE	  is	  twice	  as	  big	  as	  TT	  (smoothing	  of	  sharper	  peaks).	  Helps	  in	  
constraining	  As,	  breaking	  the	  degeneracy	  with	  tau	  (Zaldarriaga	  and	  Seljak	  98).	  

Sharper	  	  
peaks	  in	  
pol	  
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FIG. 6. Standard deviations on ⇤CDM parameters as func-
tion of `

min

, normalized to the standard deviation �ref ob-
tained from CTT

` with `
min

= 30. We consider a CVL exper-
iment with `

max

= 2500 and a prior on ⌧ . We consider here
lensed CMB power spectra.

the change of the spectra under a variation of the pa-
rameters compared to the noise (i.e. the Fisher Matrix),
and how di↵erent the e↵ect of each parameter is on the
spectra, so that degeneracies can be broken. In the case
of CTE

` , the noise is indeed relatively high, but this spec-
trum is very e�cient at breaking degeneracies. This can
be inferred by comparing the constraints from CTE

` in
the diagonal case in Fig. 5 with the ones in the reference
case in Fig. 3. In the diagonal case, where the degen-
eracy breaking power of each spectrum is removed, CTE

`
becomes much worse at constraining ns, ln(1010As) and
⌧ than CTT

` or CEE
` alone, and it becomes comparable

to CTT
` on ⌦ch

2. However, it remains very good at con-
straining ✓ and ⌦bh

2 because intrinsically changing these
parameters has a large impact on the cross-correlation
spectrum.

B. Evolution of the constraints with `
min

Fig. 6 shows the evolution of the constraints with `min,
varied between 30 < `min < 300 at a fixed `max = 2500.
In the CVL case considered here, we naively expect that
cutting the noisier low-` part of the spectrum should only
marginally a↵ect the results. Indeed, we find that the
CTT

` constraints are marginally a↵ected even when the
most dramatic cut (`min = 300) is applied. Only the
constraint on ⌦bh

2 is worsened by ⇠ 50% for `min & 200,
due to the fact that with such a cut, the first peak is
not observed anymore, reducing the information on the
baryon load coming from the di↵erence in height between
the first and the second peak [38].

On the other hand, the constraints from the CEE
` po-

larization are more drastically a↵ected by cutting the

FIG. 7. Evolution of the correlations between selected param-
eters as a functions of `

min

. We consider a CVL experiment
with `

max

= 2500 and a prior on ⌧ . We consider here lensed
CMB power spectra.

low-` part. In particular, there is a strong worsening of
the constraints of all parameters when `min & 130. This
is due to the fact that the inclusion of the multipoles
` . 200 alleviates degeneracies, in particular between
the scalar spectral index ns and other parameters. This
is clear from Fig. 7, where we plot the correlation coef-
ficients between couples of parameters (mainly ns versus
the others) as a function of `min. For `min larger than
`min & 130, ns becomes almost ⇠ ±100% correlated with
the other parameters for CEE

` . Furthermore, we verified
that if we fix ns (thus marginalizing over only 5 parame-
ters), this sharp worsening of the constraints disappears,
while if we fix any of the other parameters, the step is still
present, although when fixing ⌦ch

2 it appears only in the
constraints for ⌦bh

2 and ns. This suggests that cutting
at `min & 130 largely impacts the constraints from CEE

`
due to the increasing degeneracies between ns and other
parameters, in particular with ⌦ch

2 and ⌦bh
2.

The reason why this `�range helps breaking such de-
generacies can be inferred from Fig. 1, that shows the
derivatives of the CEE

` power spectrum relative to the
di↵erent ⇤CDM parameters. The derivatives with re-
spect to ⌦bh

2 and ⌦ch
2 change behaviour at ` ⇠ 200,

thus helping to break degeneracies. The physical reason
of this is the following.

Breaking the ⌦ch
2 � ns degeneracy. Scales below

` . 200 entered the causal horizon well after matter-
radiation equality (zeq ⇠ 3400). These scales are thus not
a↵ected by the decay of the metric perturbations during
radiation domination, that act as a driving force on the
acoustic oscillations, boosting their amplitude [38]. In-
creasing ⌦mh2 by increasing ⌦ch

2 anticipates the redshift
of equality, and thus decreases the boosting e↵ect due to
the driving, shifting it to smaller scales. The overall re-
sult is thus a decrease in the amplitude of the oscillations

Reminder:	  
•  lmax=2500	  	  
•  prior	  on	  τ	

•  σref= σ(TT,	  lmin=30)	  

The	  constraints	  from	  EE	  STRONGLY	  depend	  on	  the	  observa,on	  of	  
100<	  l	  <200	  
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at least equivalent and often better than the temperature
based one, for a CVL experiment.

Our results open the possibility of improving the ro-
bustness of the CMB based cosmological constraints. In
fact, an important limitation of the CTT

` based cosmolog-
ical constraints both from Planck [22] and from ground
based experiments [23, 24] is the presence of astrophysical
foregrounds, particularly at small scales where the CMB
temperature anisotropies are dominated by the contri-
bution from unresolved radio and infrared galaxies. Po-
larization, however, is expected to su↵er less from this
contamination [25, 26]. Using the exceptional constrain-
ing power of the polarized CMB observations, one should
thus be able to build cross-checks of the temperature re-
sults and improve the temperature foreground models at
small scales.

In Section II, we first describe the Fisher Matrix for-
malism that will be used to calculate forecasts on cos-
mological parameters. Then, in Section III we present
the main results on ⇤CDM parameters for a CVL ex-
periment. In particular, we show how the constraints de-
pend on the maximum or minimum multipole included in
the analysis, and describe the physics at play in this set-
ting. Section IV reproduces the analysis for a Planck-like
experiment. The sensitivity of the constraints to prior
knowledge of the reionization optical depth ⌧ is discussed
in Section V, and we show how the large scales (` < 30)
contribute to the determination of ⌧ . Finally, Section VI
allows us to generalize our conclusions to classical ⇤CDM
model extensions.

II. METHODOLOGY

The information on a vector of cosmological param-
eter ✓i that can be extracted from a subset M of
the CMB temperature and polarization power spectra
(CTT

` , CTE
` , CEE

` ) can be estimated using the Fisher In-
formation Matrix (FIM) (see e.g. [27, 28]):

FCMB
ij =

X

X,Y in M

X

`

@CX
`

@✓i
[C`]

�1
XY

@CY
`

@✓j
. (1)

One can forecast the cosmological constraints obtained
using either CTT

` , CTE
` , CEE

` or all of them by changing
the content of M in the above equation. To compute the
elements of the FIM, we need to evaluate the power spec-
tra covariance matrix and the derivatives of the power
spectra with respect to the parameters of interest.

The computation of the covariance matrix can be sim-
plified using the following assumptions. We ignore all
sources of non-Gaussianity in the CMB data. We model
the lensing of the CMB by the large scale structure as
a smoothing of the observed CMB power spectra, and
ignore the lensing induced 4-point correction which is
being known to introduce a small correlation in the CEE

`
covariance matrix and a negligible one on CTT

` [29]. We
further assume that foreground contamination, beam un-
certainties and other systematics have been corrected to

FIG. 1. Derivatives of the CTT
` (top panel), CEE

` (middle
panel) and CTE

` (bottom panel) power spectrum with respect
to the ⇤CDM parameters. The plot is in logarithmic scale, so
we plot the absolute value of the derivatives, showing negative
values as dashed lines.

a level much smaller than the statistical error and we
do not take into account any marginalization over their
parameters. Finally, we account for partial sky cover-
age (fsky) by a rescaling of the full sky covariance and
ignore the mode correlations it introduces. Under those
assumptions, the covariance matrix C` is only a function
of the theoretical CMB power spectra, and of the e↵ec-
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DerivaJves	  of	  EE	  (dashed=negaJve)	  	  

EE	  proporJonal	  to	  sound	  speed.	  
Larger	  baryons,	  smaller	  cs	  ,	  
smaller	  amplitude	  of	  
oscillaJons.	  

Baryons	  increase	  effecJve	  mass,boosJng	  
oscillaJon	  amplitude. EffecJve	  for	  scales	  
whose	  potenJals	  had	  not	  decayed	  during	  
radiaJon	  era.	  
	  	  

More	  
baryons=>	  
more	  free	  
electrons,	  
smaller	  mean	  
free	  path,	  less	  
damping.	  



Planck-‐like	  experiment	  

•  Planck-‐like	  experiment:	  
•  143GHz	  and	  217GHz	  	  
•  bluebook	  pre-‐flight	  specificaJons	  
•  fsky=0.5	  (half	  of	  the	  sky).	  
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FIG. 8. Standard deviations on ⇤CDM parameters as function of `
max

, normalized to the standard deviation �ref obtained
from CTT

` with `
max

= 2500. We consider a Planck-like full mission experiment with two channels at 143 GHz and 217 GHz
with `

min

= 30 and a prior on ⌧ . We consider here lensed CMB power spectra.

Data ⌦bh
2 ⌦ch

2 ✓ ⌧ n
s

ln(1010A
s

)

TT 1.7⇥ 10�4 [0.8%] 2.0⇥ 10�3 [1.7%] 4.5⇥ 10�4 [0.04%] 1.2⇥ 10�2 [13%] 4.9⇥ 10�3 [0.5%] 2.3⇥ 10�2 [0.7%]
EE 8.0⇥ 10�4 (0.2) 3.6⇥ 10�3 (0.56) 6.1⇥ 10�4 (0.72) 1.3⇥ 10�2 (0.91) 8.3⇥ 10�3 (0.59) 2.7⇥ 10�2 (0.84)
TE 2.1⇥ 10�4 (0.78) 1.7⇥ 10�3 (1.2) 4.4⇥ 10�4 (1.0) 1.3⇥ 10�2 (0.92) 8.2⇥ 10�3 (0.59) 2.8⇥ 10�2 (0.82)

JOINT 1.3⇥ 10�4 (1.3) 1.3⇥ 10�3 (1.6) 2.9⇥ 10�4 (1.6) 1.1⇥ 10�2 (1.1) 3.5⇥ 10�3 (1.4) 2.1⇥ 10�2 (1.1)

TABLE V. Standard deviations on the ⇤CDM model for a Planck-like full mission experiment from CTT
` CEE

` CTE
` taken

separately or from the combination of all the power spectra. These constraints are calculated assuming `
min

= 30, `
max

= 2500,
and a prior on ⌧ , �(⌧) = 0.013. In square brackets, on the first line we translate the standard deviation in relative error. In
parenthesis, on the next lines we show the improvement factor compared to the CTT

` case.

straints with `min. As previously noted for the CVL case
in Section III B, the constraints from CEE

` rapidly worsen
when `min & 130, due to the fact that multipoles between
130 . ` . 200 help breaking degeneracies between ns and
other parameters. We notice in particular that ns wors-
ens by a factor ⇠ 3 if we cut `min = 200. This indicates
that for CEE

` , the proper handling of the galactic dust
contamination at large scales is crucial to have accurate
results, as the observation in this `�range has such large
impact on the constraints.

V. THE EFFECT OF A PRIOR ON ⌧

In the previous sections we forecasted constraints al-
ways assuming a prior on ⌧ . In this Section we want

to analyze whether relaxing this assumption impacts our
conclusions.

Fig. 11 (left plot) shows the evolution of the con-
straints as a function of `max without including any prior
on ⌧ and fixing `min = 30. Comparing to Figure 3, we
notice that, as expected, the uncertainties on parameters
increase by a factor of 1.2�3, due to the now much wider
degeneracy between ⌧ and other parameters (in partic-
ular ln(1010As)). However, our previous conclusions do
not qualitatively change, i.e. that the CEE

` power spec-
trum is the best at constraining parameters when the full
`�range is considered.

Furthermore, we notice that thanks to the degeneracy-
breaking e↵ect of lensing, including `max = 2500 the con-
straint on ⌧ from CTT

` alone is �TT (⌧) = 0.010 [11%],
from CTE

` is �TE(⌧) = 0.010 [11%] and from CEE
` is
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TABLE V. Standard deviations on the ⇤CDM model for a Planck-like full mission experiment from CTT
` CEE

` CTE
` taken

separately or from the combination of all the power spectra. These constraints are calculated assuming `
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= 30, `
max

= 2500,
and a prior on ⌧ , �(⌧) = 0.013. In square brackets, on the first line we translate the standard deviation in relative error. In
parenthesis, on the next lines we show the improvement factor compared to the CTT

` case.

straints with `min. As previously noted for the CVL case
in Section III B, the constraints from CEE

` rapidly worsen
when `min & 130, due to the fact that multipoles between
130 . ` . 200 help breaking degeneracies between ns and
other parameters. We notice in particular that ns wors-
ens by a factor ⇠ 3 if we cut `min = 200. This indicates
that for CEE

` , the proper handling of the galactic dust
contamination at large scales is crucial to have accurate
results, as the observation in this `�range has such large
impact on the constraints.

V. THE EFFECT OF A PRIOR ON ⌧

In the previous sections we forecasted constraints al-
ways assuming a prior on ⌧ . In this Section we want

to analyze whether relaxing this assumption impacts our
conclusions.

Fig. 11 (left plot) shows the evolution of the con-
straints as a function of `max without including any prior
on ⌧ and fixing `min = 30. Comparing to Figure 3, we
notice that, as expected, the uncertainties on parameters
increase by a factor of 1.2�3, due to the now much wider
degeneracy between ⌧ and other parameters (in partic-
ular ln(1010As)). However, our previous conclusions do
not qualitatively change, i.e. that the CEE

` power spec-
trum is the best at constraining parameters when the full
`�range is considered.

Furthermore, we notice that thanks to the degeneracy-
breaking e↵ect of lensing, including `max = 2500 the con-
straint on ⌧ from CTT

` alone is �TT (⌧) = 0.010 [11%],
from CTE

` is �TE(⌧) = 0.010 [11%] and from CEE
` is

TE	  can	  constrain	  Ωbh2	  and	  θ as	  good	  as	  TT,	  and	  Ωch2	  
be#er	  than	  TT!	  



Conclusions	  
•  For	  a	  Cosmic	  Variance	  Limited	  experiment:	  
– EE	  polarizaJon	  can	  constrain	  cosmology	  beYer	  
than	  TT,	  even	  excising	  the	  large	  scale	  reionizaJon	  
bump.	  Very	  sensiJve	  to	  measurements	  between	  
100<l<200,	  and	  improves	  including	  small	  scales.	  

– TE	  cross	  correlaJon	  is	  almost	  as	  good	  as	  EE	  at	  
constraining	  cosmology.	  

•  	  For	  a	  Planck-‐like	  experiment:	  
– TE	  can	  constrain	  the	  dark	  maYer	  abundance	  
be#er	  than	  TT,	  and	  other	  parameters	  with	  
comparable	  accuracy.	  
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FIG. 2. Signal-to-noise for a Planck-like full mission experi-
ment (solid lines) with f

sky

= 0.5, as detailed in Table II, for
the CTT

` (blue), CEE
` (red) and CTE

` (green) power spectra.
Dashed lines show the signal to noise for a CVL experiment
with f
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= 1.
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The numerical evaluation of the power spectra and
their derivatives will be performed using the PICO1 code
[30]. An example of some of the power spectra derivatives
is presented in Fig. 1.

In the next sections, we forecast the constraints on the
parameters of a ⇤CDM cosmology. We focus on the fol-
lowing 6 parameters: the physical baryon and CDM den-
sities, !b = ⌦bh

2 and !c = ⌦ch
2, the angular dimension

of the sound horizon at recombination ✓, the normaliza-
tion of the primordial power spectrum, ln(1010As), with
pivot scale k0 = 0.05Mpc�1, the scalar spectral index,
ns, and the optical depth to reionization, ⌧ . We also ex-
plore a few classical extentions of the model in Section
VI. The fiducial values of the parameters used thorough
the article are presented in Table I.

We consider two experimental settings: a full sky cos-
mic variance limited experiment (CVL) and a Planck-
like mission. For the CVL experiment, we have NTT

` =

1

https://sites.google.com/a/ucdavis.edu/pico/home

NEE
` = 0 and fsky = 1. Changing the smallest available

scale (`max) as we do in section III allows the reader to
evaluate quickly what will be the behaviour of a more
realistic experiment.
The Planck-like mission corresponds to 30 months

worth of combined observations by the two best Planck
CMB channels at 143GHz and 217GHz. We assume that
due to galactic dust contamination only half of the sky is
available for cosmological use, fsky = 0.5. The e↵ective
noise of the combined data is given by [31]
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where NX,chan
` is the noise in each of the channels consid-

ered in temperature (X = T ) or polarization (X = P ),
while NX

` is the total noise, w�1
X = {(�X/T )⇥ TCMB ⇥

✓pix}2[µK2] is the raw sensitivity, (�X/TCMB) is the
sensitivity per pixel, TCMB = 2.725K is the CMB tem-
perature, and ✓FWHM is the full width at half maximum
beam size. We compute the characteristics of this experi-
ment according to the Planck Blue Book [32], and report
the numerical values in Table II. This setting gives a rea-
sonable estimate of the expected sensitivity of the second
Planck data release. We show the signal-to-noise ratio
(including cosmic variance) for di↵erent power spectra
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Dashed=	  CVL	  exp.	  
Solid	  	  	  	  =	  Planck-‐like	  exp.	  

Unexpected,	  
naively	  TE	  has	  
not	  a	  very	  
good	  signal	  to	  
noise	  due	  to	  
this	  term	  here:	  
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v! |"R = −!0(1+3R)cs sin(kcs"R). (1.3)

Equation 1.3 is the solution for a single Fourier mode. All quantities have an additional
spatial dependence (eik·x), which we have not included to make the notation more compact.
With that additional term the solution of Equation 1.1 becomes

!T (n̂) = eikDLSS cos#S

S = !0
(1+3R)
3

[cos(kcs"R)−
3R

(1+3R)

−i
!

3
1+R

cos# sin(kcs"R)], (1.4)

wherewe have neglected the$ on the left-hand side because it is a constant independent of n̂.
We have also ignored the ISW contribution. We have introduced cos#, the cosine of the angle
between the direction of observation and the wavevector k; for example, k ·x = kDLSS cos# .
The term proportional to cos# is the Doppler contribution.
Once the temperature perturbation produced by one Fourier mode has been calculated,

we need to expand it into spherical harmonics to calculate the alm =
"

d" Y !
lm(n̂) !T (n̂).

The power spectrum of temperature anisotropies is expressed in terms of the alm coefficients
as CTl =

#

m |alm|2. The contribution to CTl from each Fourier mode is weighted by the
amplitude of primordial fluctuations in this mode, characterized by the power spectrum of
!0, P$0 =Akn−4. We will take the power-law index to be n = 1 in our approximate formulas. In
practice, fluctuations on angular scale l receive most of their contributions fromwavevectors
around k! = l/DLSS, so roughly the amplitude of the power spectrum at multipole l is given
by the value of the sources in Equation 1.3 at k!.
After summing the contributions from all modes, the power spectrum is roughly given by

l(l +1)CTl ! A{[ (1+3R)
3

cos(k!cs"R)−R]2 +

(1+3R)2

3
c2s sin

2(k!cs"R)}. (1.5)

Equation 1.5 can be used to understand the basic features in the CMB power spec-
tra shown in Figure 1.3. The baryon drag on the photon-baryon fluid reduces its sound
speed below 1/3 and makes the monopole contribution dominant [the one proportional
to cos(k!cs"R]. Thus, the CTl spectrum peaks where the monopole term peaks, k!cs"R =
%,2%,3%, · · ·, which correspond to lpeak = n%DLSS/cS"R. More detailed discussions of the
physics of the acoustic peaks can be found in reviews such as that by Hu & Dodelson (2002)
or Hu (2003).
It is very important to understand the origin of the acoustic peaks. In this model the

Universe is filled with standing waves; all modes of wavenumber k are in phase, which leads
to the oscillatory terms. The sine and cosine in Equation 1.5 originate in the time dependence
of the modes. Each mode l receives contributions preferentially from Fourier modes of a
particular wavelength k! (but pointing in all directions), so to obtain peaks inCl , it is crucial
that all modes of a given k are in phase. If this is not the case, the features in theCTl spectra
will be blurred and can even disappear. This is what happens when one considers the spectra
produced by topological defects (e.g., Pen, Seljak, & Turok 1997). The phase coherence of
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consider a scattering occurring at position x0: the scattered photons came from a distance of
order the mean free path (!T ) away from this point. If we are considering photons traveling
in direction n̂, they roughly come from x = x0 +!T n̂. The photon-baryon fluid at that point
was moving at velocity v(x)! v(x0)+!T n̂i"iv(x0). Due to the Doppler effect the tempera-
ture seen by the scatterer at x0 is #T (x0, n̂) = n̂ · [v(x)− v(x0)]! !T n̂in̂ j"iv j(x0), which is
quadratic in n̂ (i.e., it has a quadrupole). Velocity gradients in the photon-baryon fluid lead
to a quadrupole component of the intensity distribution, which, through Thomson scattering,
is converted into polarization.
The polarization of the scattered radiation field, expressed in terms of the Stokes pa-

rameters Q and U , is given by (Q+ iU) " $T
!

d!!(m · n̂!)2T (n̂!) " !pmim j"iv j|!R , where
$T is the Thomson scattering cross-section and we have written the scattering matrix as
P(m, n̂!) = −3/4$T (m · n̂!)2, with m = ê1 + iê2 . In the last step, we integrated over all di-
rections of the incident photons n̂!. As photons decouple from the baryons, their mean free
path grows very rapidly, so a more careful analysis is needed to obtain the final polariza-
tion"(Zaldarriaga & Harari 1995):

(Q+ iU)(n̂)! %#&Rmim j"iv j|!R , (1.8)

where #&R is the width of the last-scattering surface and is giving a measure of the distance
photons travel between their last two scatterings, and % is a numerical constant that depends
on the shape of the visibility function. The appearance ofmim j in Equation 1.8 assures that
(Q+ iU) transforms correctly under rotations of (ê1, ê2).
If we evaluate Equation 1.8 for each Fourier mode and combine them to obtain the total

power, we get the equivalent of Equation 1.5,

l(l +1)CEl ! A%2(1+3R)2(k"#&R)2 sin2(k"cs&R), (1.9)

where we are assuming n = 1 and that l is large enough that factors like (l + 2)!/(l − 2)! !
l4. The extra k" in Equation 1.9 originates in the gradient in Equation 1.8. As will be
discussed later, density perturbations produce no B, so only three power spectra are needed
to characterize the maps.
The curves in Figure 1.3 illustrate the differences between temperature and polarization

power spectra. The large-angular scale polarization is greatly suppressed by the k#&R factor.
Correlations over large angles can only be created by the long-wavelength perturbations,
but these cannot produce a large polarization signal because of the tight coupling between
photons and electrons prior to recombination. Multiple scatterings make the plasma very
homogeneous; only wavelengths that are small enough to produce anisotropies over the
mean free path of the photons will give rise to a significant quadrupole in the temperature
distribution, and thus to polarization. Wavelengths much smaller than the mean free path
decay due to photon diffusion (Silk damping) and so are unable to create a large quadrupole
and polarization. As a result polarization peaks at the scale of the mean free path.
On sub-degree angular scales, temperature, polarization, and the cross-correlation power

spectra show acoustic oscillations (Fig. 1.3). In the polarization and cross-correlation spec-
tra the peaks are much sharper. The polarization is produced by velocity gradients of the
photon-baryon fluid at the last-scattering surface (Equ. 1.8). The temperature receives con-
tributions from density and velocity perturbations (Equ. 1.5), and the oscillations in each
! The velocity in this equation is in the conformal gauge.
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For	  pert.	  that	  enter	  the	  horizon	  
in	  maYer	  era,	  (Hu	  94)	  

– 5 –

In inflationary models, a period of accelerated expansion generates superhorizon adia-

batic fluctuations, so that the first term in equation (3) and (4) is non-zero. Since ! !
"" and #0(0) + "(0) = 3

2"(0) = 5
3"(!dec) on superhorizon scales, one obtains $T !

"1
3"(!dec) cos(kcs!dec), and $E ! 0.17(1"µ2)kcs$!dec"(!dec) sin(kcs!dec) (see Hu & Sugiyama

(1995) and Zaldarriaga & Harari (1995) for derivation). Therefore, the cross correlation is
found to be

#$T $E$ ! "0.03(1 " µ2)(kcs$!dec)P!(k) sin(2kcs!dec), (5)

where P!(k) is the power spectrum of "(!dec). The observable correlation function is esti-

mated as k3#$T $E$. Clearly, there is an anti-correlation peak near kcs!dec % 3"/4, which
corresponds to l % 150: this is the distinctive signature of primordial adiabatic fluctua-
tions. In other words, the anti-correlation appears on superhorizon scales at decoupling,

because of the modulation between the density mode, cos(kcs!dec), and the velocity mode,
sin(kcs!dec), yielding sin(2kcs!dec), which has a peak on scales larger than the horizon size,

c!dec !
&

3cs!dec.

Cosmic strings and textures are examples of active models. In these models, causal field

dynamics continuously generate spatial variations in the energy density of a field. Magueijo
et al. (1996) describe the general dynamics of active models. These models do not have the

first term in equation (3) and (4), but the fluctuations are produced by the second term,
the growth of " and !. The same applies to primordial isocurvature fluctuations, where the
non-adiabatic pressure causes " and ! to grow. While the problem is more complicated,

these models give a positive correlation between temperature and polarization fluctuations
on large scales. This positive correlation is predicted not just for texture (Seljak et al. 1997)

and scaling seed models (Durrer et al. 2002), but is the generic signature of any causal models
(Hu & White 1997)11 that lack a period of accelerated expansion.

Figure 1 shows the predictions of the TE large angle correlation predicted in typical
primordial adiabatic, isocurvature, and causal scaling seed models compared with the WMAP

data. The causal scaling seed model shown is a flat Family I model in the classification of
Durrer et al. (2002) that provided a good fit to the pre-WMAP temperature data.

The WMAP detection of a TE anti-correlation at l % 50 " 150, scales that correspond
to superhorizon scales at the epoch of decoupling, rules out a broad class of active models.

It implies the existence of superhorizon, adiabatic fluctuations at decoupling. If these fluc-
tuations were generated dynamically rather than by setting special initial conditions then

the TE detection requires that the universe had a period of accelerated expansion. In addi-
tion to inflation, the pre-Big-Bang scenario (Gasperini & Veneziano 1993) and the Ekpyrotic

11Hu & White (1997) use an opposite sign convention for the TE cross power spectrum.
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FIG. 3. Standard deviations on ⇤CDM parameters as function of `
max

, normalized to the standard deviation �ref obtained
from CTT

` with `
max

= 2500. We consider a CVL experiment with `
min

= 30 and a prior on ⌧ . We consider here lensed CMB
power spectra.

Data ⌦bh
2

⌦ch
2 ✓ ⌧ n

s

ln(1010A
s

)

CTT
` 7.2⇥ 10�5 [0.3%] 1.2⇥ 10�3 [1.0%] 2.2⇥ 10�4 [0.02%] 8.1⇥ 10�3 [9%] 2.7⇥ 10�3 [0.3%] 1.5⇥ 10�2 [0.5%]

CEE
` 5.7⇥ 10�5 (1.3) 6.5⇥ 10�4 (1.9) 7.9⇥ 10�5 (2.8) 5.2⇥ 10�3 (1.6) 1.9⇥ 10�3 (1.4) 9.0⇥ 10�3 (1.7)

CTE
` 7.3⇥ 10�5 (1.0) 6.6⇥ 10�4 (1.8) 9.3⇥ 10�5 (2.4) 7.7⇥ 10�3 (1.1) 2.3⇥ 10�3 (1.2) 1.5⇥ 10�2 (1.0)

JOINT 2.7⇥ 10�5 (2.7) 5.4⇥ 10�4 (2.2) 6.4⇥ 10�5 (3.4) 4.4⇥ 10�3 (1.8) 1.6⇥ 10�3 (1.7) 7.4⇥ 10�3 (2.0)

TABLE III. Standard deviations on the ⇤CDM model for a CVL experiment from CTT
` , CEE

` , CTE
` taken separately or from

the combination of all the power spectra. These constraints are calculated assuming `
min

= 30, `
max

= 2500, and a prior on ⌧ ,
�(⌧) = 0.013. In square brackets, on the first line we translate the standard deviation in relative error. In parenthesis, on the
next lines we show the improvement factor compared to the CTT

` case.

ature are mainly determined by the oscillation extrema
of the density distribution plus the smaller contribution
(damped by the presence of baryons that slow down the
sound speed) from oscillations of the velocity field. The
peaks in temperature, determined by these two e↵ects
out of phase by ⇡/2, are thus smoother compared to the
ones in polarization, which can therefore better constrain
✓. Furthermore, by comparing Fig. 3 with the diagonal
case in Fig. 5, we notice that the constraints on ✓ are
only mildy a↵ected by degeneracies with other parame-
ters, as the errorbars obtained in the diagonal case are
only a factor ⇠ 2 smaller than the ones obtained with
the full marginalization over all parameters. Finally, by
comparing Fig. 3 with the diagonal case in Fig. 5, we no-
tice that ✓ would be better constrained by the unlensed
CMB spectra, due to the fact that lensing smooths the

peaks/throughs of the CMB power spectra, making the
position of the peaks harder to determine.

Breaking the ⌧ � ln(1010As) degeneracy with lens-

ing. The CEE
` power spectrum alone is also better at

constraining the reionization optical depth and the am-
plitude of the primordial power spectrum ln(1010As).
One of the main e↵ects of increasing the reionization op-
tical depth ⌧ on the power spectra is to suppress the
amplitude of the peaks at scales smaller than the causal
horizon at the epoch of reionization. This e↵ect is due
to the fact that only a fraction exp (�⌧) of the photons
manage to stream freely through the reionized universe,
so that the power spectra are in fact proportional to
exp (�2⌧) [2, 35]. This e↵ect is highly degenerate with
the amplitude of the primordial power spectrum As [36].
The degeneracy can be lifted in two ways. Either mea-
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FIG. 8. Standard deviations on ⇤CDM parameters as function of `
max

, normalized to the standard deviation �ref obtained
from CTT

` with `
max

= 2500. We consider a Planck-like full mission experiment with two channels at 143 GHz and 217 GHz
with `

min

= 30 and a prior on ⌧ . We consider here lensed CMB power spectra.

Data ⌦bh
2 ⌦ch

2 ✓ ⌧ n
s

ln(1010A
s

)

TT 1.7⇥ 10�4 [0.8%] 2.0⇥ 10�3 [1.7%] 4.5⇥ 10�4 [0.04%] 1.2⇥ 10�2 [13%] 4.9⇥ 10�3 [0.5%] 2.3⇥ 10�2 [0.7%]
EE 8.0⇥ 10�4 (0.2) 3.6⇥ 10�3 (0.56) 6.1⇥ 10�4 (0.72) 1.3⇥ 10�2 (0.91) 8.3⇥ 10�3 (0.59) 2.7⇥ 10�2 (0.84)
TE 2.1⇥ 10�4 (0.78) 1.7⇥ 10�3 (1.2) 4.4⇥ 10�4 (1.0) 1.3⇥ 10�2 (0.92) 8.2⇥ 10�3 (0.59) 2.8⇥ 10�2 (0.82)

JOINT 1.3⇥ 10�4 (1.3) 1.3⇥ 10�3 (1.6) 2.9⇥ 10�4 (1.6) 1.1⇥ 10�2 (1.1) 3.5⇥ 10�3 (1.4) 2.1⇥ 10�2 (1.1)

TABLE V. Standard deviations on the ⇤CDM model for a Planck-like full mission experiment from CTT
` CEE

` CTE
` taken

separately or from the combination of all the power spectra. These constraints are calculated assuming `
min

= 30, `
max

= 2500,
and a prior on ⌧ , �(⌧) = 0.013. In square brackets, on the first line we translate the standard deviation in relative error. In
parenthesis, on the next lines we show the improvement factor compared to the CTT

` case.

straints with `min. As previously noted for the CVL case
in Section III B, the constraints from CEE

` rapidly worsen
when `min & 130, due to the fact that multipoles between
130 . ` . 200 help breaking degeneracies between ns and
other parameters. We notice in particular that ns wors-
ens by a factor ⇠ 3 if we cut `min = 200. This indicates
that for CEE

` , the proper handling of the galactic dust
contamination at large scales is crucial to have accurate
results, as the observation in this `�range has such large
impact on the constraints.

V. THE EFFECT OF A PRIOR ON ⌧

In the previous sections we forecasted constraints al-
ways assuming a prior on ⌧ . In this Section we want

to analyze whether relaxing this assumption impacts our
conclusions.

Fig. 11 (left plot) shows the evolution of the con-
straints as a function of `max without including any prior
on ⌧ and fixing `min = 30. Comparing to Figure 3, we
notice that, as expected, the uncertainties on parameters
increase by a factor of 1.2�3, due to the now much wider
degeneracy between ⌧ and other parameters (in partic-
ular ln(1010As)). However, our previous conclusions do
not qualitatively change, i.e. that the CEE

` power spec-
trum is the best at constraining parameters when the full
`�range is considered.

Furthermore, we notice that thanks to the degeneracy-
breaking e↵ect of lensing, including `max = 2500 the con-
straint on ⌧ from CTT

` alone is �TT (⌧) = 0.010 [11%],
from CTE

` is �TE(⌧) = 0.010 [11%] and from CEE
` is
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FIG. 4. Same as Fig. 3, but for unlensed CMB power
spectra.

FIG. 5. Same as Fig. 3, but the constraints in this case are
calculated as the inverse of the diagonal of the Fisher Ma-
trix, i.e. they are not marginalized over degeneracies between
parameters. By comparing with Fig. 3, one can determine
whether constraints on the parameters are limited by their
degeneracies or by the sensitivity of the spectra to each pa-
rameter separately.

suring the reionization bump in the polarization power
spectra at large scales (` . 30), that directly constrain ⌧ ,
or measuring with high accuracy the e↵ect of lensing on
small scales (` & 1000), as the amplitude of the lensing
potential depends on the amplitude of the initial pertur-
bations As but not on ⌧ . In the cases we consider in this
Section, we do not include the large scale polarization
in our calculations, but we weakly break the degener-
acy between the two parameters by adding a prior on ⌧
with width �(⌧) = 0.013. From Fig. 3, we notice that
the constraints on ⌧ and ln(1010As) improve when in-

Data ⌦bh
2 ⌦ch

2 ✓ ⌧ n
s

ln(1010A
s

)

CVL

TT 0.8 0.9 0.7 1.6 0.8 1.7
EE 0.9 1.0 0.7 2.5 1.0 2.8
TE 0.6 1.0 0.7 1.7 0.8 1.7
JOINT 0.9 1.0 0.8 2.9 0.9 3.3

Planck

TT 1.0 1.0 0.9 1.1 1.0 1.2
EE 1.1 1.1 0.9 1.0 1.1 1.0
TE 1.0 1.1 0.9 1.0 1.1 1.0
JOINT 1.0 1.1 0.9 1.2 1.0 1.2

TABLE IV. Ratio of standard deviations obtained from un-
lensed power spectra divided by the standard deviations ob-
tained from lensed power spectra. We show results for CTT

`

CEE
` CTE

` power spectra taken separately or from the joint
combination of all of them, for a CVL and a Planck-like full
mission experiment. These constraints are calculated assum-
ing `

min

= 30, `
max

= 2500, and a prior on ⌧ , �(⌧) = 0.013.
This table shows that the lensed spectra do not always pro-
vide the tightest constraints.

cluding higher `max, thanks to the degeneracy-breaking
e↵ect of lensing. Such an improvement is not present
when the same constraints are evaluated from unlensed
power spectra, as shown in Fig. 4, where the constraints
on ⌧ and ln(1010As) are constant with `max. Further-
more, we notice from the reference constraints in Fig.
3 that CEE

` provides a better measurement than CTE
`

or CTT
` on these two parameters. This is due to the fact

that the e↵ect of lensing is larger on polarization than on
temperature (at ` ⇠ 2000, the change in the amplitude
is a factor 2 larger for CEE

` than CTT
` ) [37]. A change

in the lensing amplitude thus impacts polarization more
strongly than temperature, resulting in a stronger con-
straint on ln(1010As). This is also clear from Table IV,
showing that the lensed CEE

` power spectrum constrains
⌧ by a factor 3 better than unlensed spectra3, while the
constraints from the lensed CTE

` and CTT
` improve only

by a factor 1.7.

A general remark on CTE
` . To understand why CEE

`
determines ⌦bh

2, ⌦ch
2 and ns as well as or better than

CTT
` , we refer the reader to the next Subsection III B.
As a general remark, however, we would like to empha-

size that CTE
` is very powerful at constraining parame-

ters despite the fact that its signal-to-noise ratio (both
in the CVL and in the Planck case) is not as large as
the one for CTT

` or CEE
` alone, as shown in Fig 2. This

is however not surprising, as the determining factor for
strong constraints on the parameters is not only the am-
plitude of the noise, but most importantly how large is

3

We remind here that both in the lensed and unlensed case we

include a prior on ⌧ in the analysis.

«Amplitude»	  parameters	  beYer	  
constrained	  from	  TT-‐EE	  because	  S/N	  
higher.	  
PosiJon	  of	  the	  peaks	  intrisically	  
beYer	  measured	  by	  EE	  or	  TE.	  
Good	  determinaJon	  of	  Ωbh2from	  
pol.,	  effect	  over	  whole	  spectrum	  

	  
	  

«Amplitude»	  parameters	  beYer	  
constrained	  from	  TT	  because	  S/N	  
higher.	  

CVL	   Planck	  
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FIG. 3. Standard deviations on ⇤CDM parameters as function of `
max

, normalized to the standard deviation �ref obtained
from CTT

` with `
max

= 2500. We consider a CVL experiment with `
min

= 30 and a prior on ⌧ . We consider here lensed CMB
power spectra.

Data ⌦bh
2 ⌦ch

2 ✓ ⌧ n
s

ln(1010A
s

)

CTT
` 7.2⇥ 10�5 [0.3%] 1.2⇥ 10�3 [1.0%] 2.2⇥ 10�4 [0.02%] 8.1⇥ 10�3 [9%] 2.7⇥ 10�3 [0.3%] 1.5⇥ 10�2 [0.5%]

CEE
` 5.7⇥ 10�5 (1.3) 6.5⇥ 10�4 (1.9) 7.9⇥ 10�5 (2.8) 5.2⇥ 10�3 (1.6) 1.9⇥ 10�3 (1.4) 9.0⇥ 10�3 (1.7)

CTE
` 7.3⇥ 10�5 (1.0) 6.6⇥ 10�4 (1.8) 9.3⇥ 10�5 (2.4) 7.7⇥ 10�3 (1.1) 2.3⇥ 10�3 (1.2) 1.5⇥ 10�2 (1.0)

JOINT 2.7⇥ 10�5 (2.7) 5.4⇥ 10�4 (2.2) 6.4⇥ 10�5 (3.4) 4.4⇥ 10�3 (1.8) 1.6⇥ 10�3 (1.7) 7.4⇥ 10�3 (2.0)

TABLE III. Standard deviations on the ⇤CDM model for a CVL experiment from CTT
` , CEE

` , CTE
` taken separately or from

the combination of all the power spectra. These constraints are calculated assuming `
min

= 30, `
max

= 2500, and a prior on ⌧ ,
�(⌧) = 0.013. In square brackets, on the first line we translate the standard deviation in relative error. In parenthesis, on the
next lines we show the improvement factor compared to the CTT

` case.

ature are mainly determined by the oscillation extrema
of the density distribution plus the smaller contribution
(damped by the presence of baryons that slow down the
sound speed) from oscillations of the velocity field. The
peaks in temperature, determined by these two e↵ects
out of phase by ⇡/2, are thus smoother compared to the
ones in polarization, which can therefore better constrain
✓. Furthermore, by comparing Fig. 3 with the diagonal
case in Fig. 5, we notice that the constraints on ✓ are
only mildy a↵ected by degeneracies with other parame-
ters, as the errorbars obtained in the diagonal case are
only a factor ⇠ 2 smaller than the ones obtained with
the full marginalization over all parameters. Finally, by
comparing Fig. 3 with the diagonal case in Fig. 5, we no-
tice that ✓ would be better constrained by the unlensed
CMB spectra, due to the fact that lensing smooths the

peaks/throughs of the CMB power spectra, making the
position of the peaks harder to determine.

Breaking the ⌧ � ln(1010As) degeneracy with lens-

ing. The CEE
` power spectrum alone is also better at

constraining the reionization optical depth and the am-
plitude of the primordial power spectrum ln(1010As).
One of the main e↵ects of increasing the reionization op-
tical depth ⌧ on the power spectra is to suppress the
amplitude of the peaks at scales smaller than the causal
horizon at the epoch of reionization. This e↵ect is due
to the fact that only a fraction exp (�⌧) of the photons
manage to stream freely through the reionized universe,
so that the power spectra are in fact proportional to
exp (�2⌧) [2, 35]. This e↵ect is highly degenerate with
the amplitude of the primordial power spectrum As [36].
The degeneracy can be lifted in two ways. Either mea-
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FIG. 4. Same as Fig. 3, but for unlensed CMB power
spectra.

FIG. 5. Same as Fig. 3, but the constraints in this case are
calculated as the inverse of the diagonal of the Fisher Ma-
trix, i.e. they are not marginalized over degeneracies between
parameters. By comparing with Fig. 3, one can determine
whether constraints on the parameters are limited by their
degeneracies or by the sensitivity of the spectra to each pa-
rameter separately.

suring the reionization bump in the polarization power
spectra at large scales (` . 30), that directly constrain ⌧ ,
or measuring with high accuracy the e↵ect of lensing on
small scales (` & 1000), as the amplitude of the lensing
potential depends on the amplitude of the initial pertur-
bations As but not on ⌧ . In the cases we consider in this
Section, we do not include the large scale polarization
in our calculations, but we weakly break the degener-
acy between the two parameters by adding a prior on ⌧
with width �(⌧) = 0.013. From Fig. 3, we notice that
the constraints on ⌧ and ln(1010As) improve when in-

Data ⌦bh
2 ⌦ch

2 ✓ ⌧ n
s

ln(1010A
s

)

CVL

TT 0.8 0.9 0.7 1.6 0.8 1.7
EE 0.9 1.0 0.7 2.5 1.0 2.8
TE 0.6 1.0 0.7 1.7 0.8 1.7
JOINT 0.9 1.0 0.8 2.9 0.9 3.3

Planck

TT 1.0 1.0 0.9 1.1 1.0 1.2
EE 1.1 1.1 0.9 1.0 1.1 1.0
TE 1.0 1.1 0.9 1.0 1.1 1.0
JOINT 1.0 1.1 0.9 1.2 1.0 1.2

TABLE IV. Ratio of standard deviations obtained from un-
lensed power spectra divided by the standard deviations ob-
tained from lensed power spectra. We show results for CTT

`

CEE
` CTE

` power spectra taken separately or from the joint
combination of all of them, for a CVL and a Planck-like full
mission experiment. These constraints are calculated assum-
ing `

min

= 30, `
max

= 2500, and a prior on ⌧ , �(⌧) = 0.013.
This table shows that the lensed spectra do not always pro-
vide the tightest constraints.

cluding higher `max, thanks to the degeneracy-breaking
e↵ect of lensing. Such an improvement is not present
when the same constraints are evaluated from unlensed
power spectra, as shown in Fig. 4, where the constraints
on ⌧ and ln(1010As) are constant with `max. Further-
more, we notice from the reference constraints in Fig.
3 that CEE

` provides a better measurement than CTE
`

or CTT
` on these two parameters. This is due to the fact

that the e↵ect of lensing is larger on polarization than on
temperature (at ` ⇠ 2000, the change in the amplitude
is a factor 2 larger for CEE

` than CTT
` ) [37]. A change

in the lensing amplitude thus impacts polarization more
strongly than temperature, resulting in a stronger con-
straint on ln(1010As). This is also clear from Table IV,
showing that the lensed CEE

` power spectrum constrains
⌧ by a factor 3 better than unlensed spectra3, while the
constraints from the lensed CTE

` and CTT
` improve only

by a factor 1.7.

A general remark on CTE
` . To understand why CEE

`
determines ⌦bh

2, ⌦ch
2 and ns as well as or better than

CTT
` , we refer the reader to the next Subsection III B.
As a general remark, however, we would like to empha-

size that CTE
` is very powerful at constraining parame-

ters despite the fact that its signal-to-noise ratio (both
in the CVL and in the Planck case) is not as large as
the one for CTT

` or CEE
` alone, as shown in Fig 2. This

is however not surprising, as the determining factor for
strong constraints on the parameters is not only the am-
plitude of the noise, but most importantly how large is

3

We remind here that both in the lensed and unlensed case we

include a prior on ⌧ in the analysis.

Lensed	  spectra	   Unlensed	  spectra	  

Lensing	  effect	  on	  EE	  power	  spectrum	  is	  twice	  as	  large	  as	  on	  TT	  (Zaldarriaga	  and	  Seljak	  ‘98).	  	  
	  This	  constrains	  the	  amplitude	  of	  primordial	  power	  spectrum	  As,	  	  breaking	  the	  
degeneracy	  between	  t	  and	  As.	  
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FIG. 6. Standard deviations on ⇤CDM parameters as func-
tion of `

min

, normalized to the standard deviation �ref ob-
tained from CTT

` with `
min

= 30. We consider a CVL exper-
iment with `

max

= 2500 and a prior on ⌧ . We consider here
lensed CMB power spectra.

the change of the spectra under a variation of the pa-
rameters compared to the noise (i.e. the Fisher Matrix),
and how di↵erent the e↵ect of each parameter is on the
spectra, so that degeneracies can be broken. In the case
of CTE

` , the noise is indeed relatively high, but this spec-
trum is very e�cient at breaking degeneracies. This can
be inferred by comparing the constraints from CTE

` in
the diagonal case in Fig. 5 with the ones in the reference
case in Fig. 3. In the diagonal case, where the degen-
eracy breaking power of each spectrum is removed, CTE

`
becomes much worse at constraining ns, ln(1010As) and
⌧ than CTT

` or CEE
` alone, and it becomes comparable

to CTT
` on ⌦ch

2. However, it remains very good at con-
straining ✓ and ⌦bh

2 because intrinsically changing these
parameters has a large impact on the cross-correlation
spectrum.

B. Evolution of the constraints with `
min

Fig. 6 shows the evolution of the constraints with `min,
varied between 30 < `min < 300 at a fixed `max = 2500.
In the CVL case considered here, we naively expect that
cutting the noisier low-` part of the spectrum should only
marginally a↵ect the results. Indeed, we find that the
CTT

` constraints are marginally a↵ected even when the
most dramatic cut (`min = 300) is applied. Only the
constraint on ⌦bh

2 is worsened by ⇠ 50% for `min & 200,
due to the fact that with such a cut, the first peak is
not observed anymore, reducing the information on the
baryon load coming from the di↵erence in height between
the first and the second peak [38].

On the other hand, the constraints from the CEE
` po-

larization are more drastically a↵ected by cutting the

FIG. 7. Evolution of the correlations between selected param-
eters as a functions of `

min

. We consider a CVL experiment
with `

max

= 2500 and a prior on ⌧ . We consider here lensed
CMB power spectra.

low-` part. In particular, there is a strong worsening of
the constraints of all parameters when `min & 130. This
is due to the fact that the inclusion of the multipoles
` . 200 alleviates degeneracies, in particular between
the scalar spectral index ns and other parameters. This
is clear from Fig. 7, where we plot the correlation coef-
ficients between couples of parameters (mainly ns versus
the others) as a function of `min. For `min larger than
`min & 130, ns becomes almost ⇠ ±100% correlated with
the other parameters for CEE

` . Furthermore, we verified
that if we fix ns (thus marginalizing over only 5 parame-
ters), this sharp worsening of the constraints disappears,
while if we fix any of the other parameters, the step is still
present, although when fixing ⌦ch

2 it appears only in the
constraints for ⌦bh

2 and ns. This suggests that cutting
at `min & 130 largely impacts the constraints from CEE

`
due to the increasing degeneracies between ns and other
parameters, in particular with ⌦ch

2 and ⌦bh
2.

The reason why this `�range helps breaking such de-
generacies can be inferred from Fig. 1, that shows the
derivatives of the CEE

` power spectrum relative to the
di↵erent ⇤CDM parameters. The derivatives with re-
spect to ⌦bh

2 and ⌦ch
2 change behaviour at ` ⇠ 200,

thus helping to break degeneracies. The physical reason
of this is the following.

Breaking the ⌦ch
2 � ns degeneracy. Scales below

` . 200 entered the causal horizon well after matter-
radiation equality (zeq ⇠ 3400). These scales are thus not
a↵ected by the decay of the metric perturbations during
radiation domination, that act as a driving force on the
acoustic oscillations, boosting their amplitude [38]. In-
creasing ⌦mh2 by increasing ⌦ch

2 anticipates the redshift
of equality, and thus decreases the boosting e↵ect due to
the driving, shifting it to smaller scales. The overall re-
sult is thus a decrease in the amplitude of the oscillations
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at least equivalent and often better than the temperature
based one, for a CVL experiment.

Our results open the possibility of improving the ro-
bustness of the CMB based cosmological constraints. In
fact, an important limitation of the CTT

` based cosmolog-
ical constraints both from Planck [22] and from ground
based experiments [23, 24] is the presence of astrophysical
foregrounds, particularly at small scales where the CMB
temperature anisotropies are dominated by the contri-
bution from unresolved radio and infrared galaxies. Po-
larization, however, is expected to su↵er less from this
contamination [25, 26]. Using the exceptional constrain-
ing power of the polarized CMB observations, one should
thus be able to build cross-checks of the temperature re-
sults and improve the temperature foreground models at
small scales.

In Section II, we first describe the Fisher Matrix for-
malism that will be used to calculate forecasts on cos-
mological parameters. Then, in Section III we present
the main results on ⇤CDM parameters for a CVL ex-
periment. In particular, we show how the constraints de-
pend on the maximum or minimum multipole included in
the analysis, and describe the physics at play in this set-
ting. Section IV reproduces the analysis for a Planck-like
experiment. The sensitivity of the constraints to prior
knowledge of the reionization optical depth ⌧ is discussed
in Section V, and we show how the large scales (` < 30)
contribute to the determination of ⌧ . Finally, Section VI
allows us to generalize our conclusions to classical ⇤CDM
model extensions.

II. METHODOLOGY

The information on a vector of cosmological param-
eter ✓i that can be extracted from a subset M of
the CMB temperature and polarization power spectra
(CTT

` , CTE
` , CEE

` ) can be estimated using the Fisher In-
formation Matrix (FIM) (see e.g. [27, 28]):

FCMB
ij =

X

X,Y in M

X

`

@CX
`

@✓i
[C`]

�1
XY

@CY
`

@✓j
. (1)

One can forecast the cosmological constraints obtained
using either CTT

` , CTE
` , CEE

` or all of them by changing
the content of M in the above equation. To compute the
elements of the FIM, we need to evaluate the power spec-
tra covariance matrix and the derivatives of the power
spectra with respect to the parameters of interest.

The computation of the covariance matrix can be sim-
plified using the following assumptions. We ignore all
sources of non-Gaussianity in the CMB data. We model
the lensing of the CMB by the large scale structure as
a smoothing of the observed CMB power spectra, and
ignore the lensing induced 4-point correction which is
being known to introduce a small correlation in the CEE

`
covariance matrix and a negligible one on CTT

` [29]. We
further assume that foreground contamination, beam un-
certainties and other systematics have been corrected to

FIG. 1. Derivatives of the CTT
` (top panel), CEE

` (middle
panel) and CTE

` (bottom panel) power spectrum with respect
to the ⇤CDM parameters. The plot is in logarithmic scale, so
we plot the absolute value of the derivatives, showing negative
values as dashed lines.

a level much smaller than the statistical error and we
do not take into account any marginalization over their
parameters. Finally, we account for partial sky cover-
age (fsky) by a rescaling of the full sky covariance and
ignore the mode correlations it introduces. Under those
assumptions, the covariance matrix C` is only a function
of the theoretical CMB power spectra, and of the e↵ec-
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at least equivalent and often better than the temperature
based one, for a CVL experiment.

Our results open the possibility of improving the ro-
bustness of the CMB based cosmological constraints. In
fact, an important limitation of the CTT

` based cosmolog-
ical constraints both from Planck [22] and from ground
based experiments [23, 24] is the presence of astrophysical
foregrounds, particularly at small scales where the CMB
temperature anisotropies are dominated by the contri-
bution from unresolved radio and infrared galaxies. Po-
larization, however, is expected to su↵er less from this
contamination [25, 26]. Using the exceptional constrain-
ing power of the polarized CMB observations, one should
thus be able to build cross-checks of the temperature re-
sults and improve the temperature foreground models at
small scales.

In Section II, we first describe the Fisher Matrix for-
malism that will be used to calculate forecasts on cos-
mological parameters. Then, in Section III we present
the main results on ⇤CDM parameters for a CVL ex-
periment. In particular, we show how the constraints de-
pend on the maximum or minimum multipole included in
the analysis, and describe the physics at play in this set-
ting. Section IV reproduces the analysis for a Planck-like
experiment. The sensitivity of the constraints to prior
knowledge of the reionization optical depth ⌧ is discussed
in Section V, and we show how the large scales (` < 30)
contribute to the determination of ⌧ . Finally, Section VI
allows us to generalize our conclusions to classical ⇤CDM
model extensions.

II. METHODOLOGY

The information on a vector of cosmological param-
eter ✓i that can be extracted from a subset M of
the CMB temperature and polarization power spectra
(CTT

` , CTE
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` ) can be estimated using the Fisher In-
formation Matrix (FIM) (see e.g. [27, 28]):
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` or all of them by changing
the content of M in the above equation. To compute the
elements of the FIM, we need to evaluate the power spec-
tra covariance matrix and the derivatives of the power
spectra with respect to the parameters of interest.

The computation of the covariance matrix can be sim-
plified using the following assumptions. We ignore all
sources of non-Gaussianity in the CMB data. We model
the lensing of the CMB by the large scale structure as
a smoothing of the observed CMB power spectra, and
ignore the lensing induced 4-point correction which is
being known to introduce a small correlation in the CEE

`
covariance matrix and a negligible one on CTT

` [29]. We
further assume that foreground contamination, beam un-
certainties and other systematics have been corrected to

FIG. 1. Derivatives of the CTT
` (top panel), CEE

` (middle
panel) and CTE

` (bottom panel) power spectrum with respect
to the ⇤CDM parameters. The plot is in logarithmic scale, so
we plot the absolute value of the derivatives, showing negative
values as dashed lines.

a level much smaller than the statistical error and we
do not take into account any marginalization over their
parameters. Finally, we account for partial sky cover-
age (fsky) by a rescaling of the full sky covariance and
ignore the mode correlations it introduces. Under those
assumptions, the covariance matrix C` is only a function
of the theoretical CMB power spectra, and of the e↵ec-
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Changing	  dark	  maYer	  density	  has	  a	  
very	  small	  impact	  on	  scales	  that	  
enter	  the	  horizon	  during	  maYer	  
dominaJon	  era.	  


