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Why alternative theories of gravitation ?
• Quantum theory of gravity:	


- GR:  classic theory (non quantizable)	


- useful to study black holes and the Planck Era	


• Unification of all fundamental interactions: unify Standard model of 
particles with gravitation	


• Cosmological and galactic required the introduction of Dark Matter and 
Dark Energy: not directly observed so far ⇒ hints of a deviation from GR ?
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What are the observable signatures 
produced by modified gravity ?
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Einstein Field Equations	
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One way to break the EEP
in scalar tensor theories

• Introduce a multiplicative coupling

Smat =

Z
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4
x

p
�gh(')Lmat(gµ⌫ , )
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motivated by…

- phenomenological low-energy limit of string theories

String theory is, at present, the only scheme promising to provide a combined quantum

theory of gravity and of the gauge interactions. It is striking that, within string theory, the

usual Einsteinian tensor graviton is intimately mixed with a scalar partner: the dilaton. The

matter couplings of the dilaton a priori generate drastic deviations from general relativity,

notably violations of Einstein’s Equivalence Principle (EP): universality of free fall, constancy

of the constants,. . .This is why it is generally assumed that the dilaton will acquire a (Planck

scale) mass due to some yet unknown dynamical mechanism.

An alternative possibility is the following (see [1] for a detailed discussion) : string-loop

effects (associated with worldsheets of arbitrary genus in intermediate string states) may

naturally reconcile the existence of a massless dilaton with existing experimental data if they

exhibit a certain kind of universality.

To illustrate this possibility, let us consider a toy model where the effective action for

the string massless modes (considered directly in four dimensions) takes the form

S =

!
d4x

"
ĝ B(Φ)

#
1

α′
[ $R + 4$⊓"Φ − 4($∇Φ)2] −

k

4
$F 2 − $ΨD̂$Ψ + . . .

%
, (1)

where the function of the dilaton Φ appearing as a common factor in front is given by a series

of the type

B(Φ) = e−2Φ + c0 + c1 e2Φ + c2 e4Φ + . . . (2)

The first term on the right-hand side of Eq. (2) is the string tree level contribution (spherical

topology for intermediate worldsheets) which is known to couple in a universal multiplicative

manner [2] [3] [4]. The further terms represent the string-loop effects: the genus-n string-loop

contribution containing a factor g2(n−1)
s where gs ≡ exp(Φ) is the string coupling constant.

Apart from the fact that Eq. (2) is a series in powers of g2
s , little is known about the

global behaviour of the dilaton coupling function B(Φ). In general, one expects to have

several different coupling functions Bi(Φ) as coefficients of the terms in the action. For the

cosmological attractor mechanism discussed here to apply the following universality condition

must be fulfilled: the various coupling functions of the dilaton Bi(Φ) must all admit a local

maximum at some common value of Φ. In the toy model illustrated in Eq.(1), this universality

is guaranteed by the factorization of a common function B(Φ); string-loop effects, Eq.(2), can

then allow this function to admit a local maximum. More general ways of realizing the needed

universality are discussed in [1]. In particular, it is suggested in [1] that a discrete symmetry,

e.g. under Φ → −Φ, may be all what is needed to ensure the minimal required universality.

We note that precisely this symmetry (i.e. gs → 1/gs) has been conjectured to hold for

the dilaton in string theory ( S-duality). Another possibility is that our attractor mechanism

could apply to the other gauge-neutral massless scalar fields present in string theory ( moduli),

see T. Damour, A. Polyakov, Gen. Rel. and Grav., 26, 1171, 1994

- BSBM theory of varying α see J. Bekenstein, Phys. Rev. D 25, 1527, 1982	

      H. Sandvik et al, Phys. Rev. Letters 88, 031302, 2002

- “pressuron” field: TS theory with decoupling mechanism in 
region where the matter pressure is low

cfr O. Minazzoli’s talk and O. Minazzoli and A. Hees, PRD 88, 041504, 2013



What are the cosmological signatures 
of a multiplicative coupling in the EM 

sector ?

      - GR and “standard” Brans-Dicke h(') = 1
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Rq.: - interaction EM/matter standard required by gauge invariance
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Variation of the fine structure constant
• by identification in the action ↵ / 1/h(')

see J. Bekenstein, Phys. Rev. D 25, 1527, 1982	

      J.-P. Uzan, LRR 14, 2011• easily linked to observations
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• Clocks constraint:

• Quasar absorption lines: 2 datasets with z between 0.2 and 4.2	


- VLT (Chile): 154 data 	


- Keck (Hawaai): 128 data	


• Improvements expected

from S. Bize’s talk (Monday)

�↵/↵ = (2.08± 1.24)⇥ 10�6

�↵/↵ = (�5.7± 1.1)⇥ 10�6

see King J., et al, MNRAS 422, 3370, 2012

Experimental constraints
↵̇

↵

����
0

= (�2.4± 2.3)⇥ 10�17yr�1

see for example J.C.A.P. Martins, GRG 2015



Maxwell equations

• Modified Maxwell equations

• Geometric Optic Approximation

null geodesic 

rµ (h(')F
µ⌫) = 0

Aµ = <
n

(bµ + "cµ + . . . )ei✓/"
o

kµkµ = 0
non-conservation of the 

number of photons 

see Misner, Thorne, Wheeler, “Gravitation”
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ṅ+ 3Hn = �n@t lnh('(t))

• Reciprocity relation holds but violation of distance duality 
relation

see G. Ellis, GRG 39, 2007 see Basset and Kunz, PRD 69, 2004

⌘(z) =
DL(z)

DA(z)(1 + z)2
=

s
h('0)

h('(z))

with kµ = @µ✓



Constraints on η(z)
• Data used:	


- DL(z): Supernovae Ia (Union 2.1)	


- DA(z): clusters of galaxies, BAO
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Cosmological signatures of multiplicative couplings

Distance duality relation

Constraints

Data used:

I dL(z): SN1a (Union 2.1);

I dA(z): Galaxy clusters, BAO, GRB.

⌘(z) = ⌘0 ⌘0 = 0.95± 0.025 [Laczos et al, JCAP 7, 2008]

⌘(z) = 1 + ⌘1 ⌘1 = 0.06± 0.08 [Holanda et al, JCAP 6, 2012]

⌘(z) = 1 + ⌘2
z

1+z ⌘2 = �0.07± 0.12 [Holanda et al, JCAP 6, 2012]

⌘(z) = (1 + z)✏ ✏ = 0.02± 0.055 [Holanda and Busti, Phys. Rev. D 89, 2014]

Constraints at order 10�2.• Constraints at the order of 10-2 



Evolution of CMB radiation

• Integration over momenta leads and use of geometric optics 
approximation

• CMB treated as a gaz of photons with a distribution function f 
satisfying a Boltzmann equation
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⇢̇+ 4H⇢ = C
x
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1
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Z
p2C[f ]dp
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Z
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Evolution of CMB radiation
• Distribution function f parametrized by

• The temperature and the chemical potential depends on the 
cosmic evolution

f(t, p) =
1

ep/T+µ � 1

10



Evolution of CMB radiation
• Distribution function f parametrized by

• The temperature and the chemical potential depends on the 
cosmic evolution

f(t, p) =
1

ep/T+µ � 1

• Perturbative solution at first order in the chemical potential

T (z) = T0(1 + z)


0.88 + 0.12

h('0)

h('(z))

�

µ(z) = 0.47


1� h('(zCMB))

h('(z))

�

procedure from Sec. 8.2 of “The CMB”, R. Durrer, 2008
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Constraints on CMB temperature
• Parametrization used:

• Datas used	


- Sunyaev-Zel’dovich	


- molecular absorption lines 
see Saro A., et al, MNRAS 440, 2610, 2014

see Fixsen D., et al, ApJ 473, 576, 1996

T (z) = T0(1 + z)1��

• Deviations from a Planckian spectrum parametrized by µ

� = 0.011± 0.016

• CMB observations with COBE/FIRAS 

|µ| < 9⇥ 10�5

11

� = 0.016± 0.012 see Luzzi G., et al, arXiv:1502.07858



A multiplicative coupling implies
• Temporal variation of α

• Modification of the TCMB evolution

• Violation of the cosmic distance duality ⌘ 6= 1

• CMB non Planckian

see Hees A., Minazzoli O., Larena J., PRD, 2014 12
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All of these observables are intimately related

5 Experimental constraints

In the previous section, we have shown that four important cosmological observables are
directly related to each other in the framework of the coupling (1.2). Basically, temporal
variations of the fine-structure constant, violation of the cosmic distance duality relation and
the evolution of the CMB temperature are all related to the evolution of the function h(�)
through:

h(�
0

)

h(�(z))
= ⌘2(z) =

�↵(z)

↵
+ 1 = 8.33

T (z)

T
0

(1 + z)
� 7.33. (5.1)

Furthermore, the actual chemical potential µ of the CMB spectrum is also related to the
previous quantities at z = z

CMB

by the relation (4.20).
There are two di↵erent ways of using these relations. First, if we assume that the cou-

pling between the scalar field and the EM Lagrangian can be written as (1.2), we can use the
relations between the di↵erent observables to constrain some of them by using measurements
of other types of observations. As we will see below, the constraints on the variations of
the fine structure constant are the most competitive. Therefore, we can transform them to
obtain improved constraints on violations of the distance duality and on the evolution of the
temperature. We stress out that this procedure only applies if the coupling (1.2) is correct.
In particular, this is thus valid for GR (where h(�) = 1), but also for all theories conformally
coupled to a metric.

On the other hand, the observations from di↵erent datasets can be combined together
in order to search for an hypothetical violation of the coupling (1.2). Indeed, a violation of
the relations (5.1) observed with two di↵erent datasets would imply that the coupling (1.2)
is not the one that describes Nature. One such evidence would be particularly important
since it would rule out all the theories of gravity where this coupling appeared, including GR
and many others.

5.1 Transformations of the experimental constraints assuming a multiplicative

coupling holds

In this section, we will assume that the coupling (1.2) holds and we will use the di↵erent
relations between the observables in order to improve the constraints on some of them.

5.1.1 Tranformation between ⌘ and �↵/↵

First of all, the relation between ⌘ and �↵/↵ (3.1) allows one to transform constraints on ⌘
into constraints on variations of the fine structure constant and inversely. We transform the
experimental constraints on ⌘ into a constraint on the current variation of the fine structure
constant ↵̇/↵|

0

. For this, we use the relation (3.3) and the estimation of the Hubble constant
provided by the Planck data H

0

= 78.8± 0.77 km/s/MPc [99]. The resulting estimations of
↵̇/↵ are given in table 1. One can see that the obtained constraints are 6 order of magnitude
larger than the current constraint on ↵̇/↵ obtained by a laboratory experiment (3.4).

On the other hand, we can use the laboratory constraint (3.4) in order to estimate the
parameters entering the standard parametrization of ⌘(z). This leads to

⌘
1

= ⌘
2

= ⌘
3

= " = (10± 14)⇥ 10�8. (5.2)

This means that the current null result on a temporal variation of the fine structure constant
locally constrains the present derivative of ⌘(z) by 6 orders of magnitude better than using

– 11 –

where the subscript 0 stands for values at z = 0. Using (4.17) and keeping the leading term
in �↵/↵ and in ⌘2 � 1, one gets

T (z) = T
0

(1 + z)
h
1 + 0.12

�↵(z)

↵

i
(4.19a)

= T
0

(1 + z)
h
0.88 + 0.12⌘2(z)

i
. (4.19b)

This relation makes a very precise link between a deviation of the cosmic evolution of the
CMB temperature, a temporal evolution of the fine structure constant and a violation of the
cosmic distance duality. This relation is di↵erent from the one obtained in [62]. The reason
comes from the fact that in [62], the density is supposed to be related to the temperature as
⇢ / T 4. This means that they implicitely suppose that µ = 0 as can be seen from Eq. (4.11b)
or equivalently that the CMB radiation still follows a black body spectrum which is not the
case since the adiabaticity condition is violated (4.9).

Similarly, we have a direct concordance between the CMB spectral distortions parametrized
by µ, the variation of the fine structure constant and the corresponding violation of the dis-
tance duality relation

µ = 0.47

✓
1� 1

⌘2(z
CMB

)

◆
= 0.47

�↵(z
CMB

)

↵
= 3.92

✓
T (z

CMB

)

T
0

(1 + z
CMB

)
� 1

◆
. (4.20)

This expression di↵ers from the one found in [77]. The reason comes from the fact that
in [77], the temperature is supposed to follow the standard evolution T / (1 + z) in the
calculation of µ.

4.2 Experimental constraints

First of all, a constraint on the CMB distortions has been obtained by COBE/FIRAS [109]

|µ| < 9⇥ 10�5 (4.21)

at 95 % of confidence.
Usually, the experimental constraints on the evolution of the temperature are expressed

in function of the parameter � defined by

T (z) = T
0

(1 + z)1�� . (4.22)

Observations of the Sunyaev-Zel’dovich e↵ect and measurements of molecular species absorp-
tions have led to esimations of � given in table 3.

Table 3. Observational estimations of � which parametrizes the evolution of the CMB temperature
(4.22)

Ref. Estimation of �
[110] 0.006± 0.013
[111] 0.005± 0.012

– 10 –

12



1) Under the assumption that a “multiplicative” coupling 
holds (include GR and standard TS theories), use these 
relations to transform constraints on the variation of α into 
constraints on the other observables.

see Hees A., Minazzoli O., Larena J., PRD, 2014

All of these observables are intimately related
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This expression di↵ers from the one found in [77]. The reason comes from the fact that
in [77], the temperature is supposed to follow the standard evolution T / (1 + z) in the
calculation of µ.

4.2 Experimental constraints

First of all, a constraint on the CMB distortions has been obtained by COBE/FIRAS [109]

|µ| < 9⇥ 10�5 (4.21)

at 95 % of confidence.
Usually, the experimental constraints on the evolution of the temperature are expressed

in function of the parameter � defined by

T (z) = T
0
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Observations of the Sunyaev-Zel’dovich e↵ect and measurements of molecular species absorp-
tions have led to esimations of � given in table 3.

Table 3. Observational estimations of � which parametrizes the evolution of the CMB temperature
(4.22)

Ref. Estimation of �
[110] 0.006± 0.013
[111] 0.005± 0.012

– 10 –

Objectives

13



see Hees A., Minazzoli O., Larena J., PRD, 2014

Derived constraints from Δα
• Quasar absorption lines: 2 datasets with z between 0.2 and 4.2	

- VLT (Chile): 154 data 	

- Keck (Hawaai): 128 data

see King J., et al, MNRAS 422, 3370, 2012

• Bayesian inversion of ηi and β from these data’s 

assuming the multiplicative coupling

5 orders of magnitude better than direct constraints
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• clocks: one constraint 
at z = 0 ; only valid if 
no chameleon effect

see Khoury J., Weltman A., PRD/PRL, 2004

Cosmological signatures of a breaking of the equivalence principle

A. Hees, O. Minazzoli, J. Larena

Scalar tensor theories are extensions of General Relativity widely studied in the context of modified

gravity and Dark Energy. In this talk, I will consider a class of scalar tensor theories with a multiplicative

coupling between the electromagnetic Lagrangian and the scalar field. This coupling explicitly breaks

the Einstein Equivalence Principle. I will present 4 cosmological signatures produced by such a coupling:

a violation of the cosmic distance-duality relation, a temporal variation of the fine structure constant, a

modification of the evolution of the CMB temperature and CMB spectral distortions. These 4 signatures

are intimately related to each other. Therefore, under the assumption that the coupling holds, we can

transform constraints on the variation of the fine structure constant into constraints on the 3 others

observables. Moreover, testing the relations between the different observables leads to a test of the

coupling between the scalar field and matter.

Table 1: Bla

Parameter Estimation [⇥10�7]
VLT Keck Clock

⌘0 � 1 10± 6 �29± 10 -

⌘1 8.4± 3.5 �16± 6 �1.5± 1.4
⌘2 20± 10 �49± 17 �1.5± 1.4
⌘3 14± 6 �30± 11 �1.5± 1.4
" 14± 6 �30± 11 �1.5± 1.4
� �3.3± 1.5 7.2± 2.5 �0.3± 0.3

1



2) Check the consistency of these relations using the 
different types of observations to “test” the multiplicative 
coupling

All of these observables are intimately related

5 Experimental constraints

In the previous section, we have shown that four important cosmological observables are
directly related to each other in the framework of the coupling (1.2). Basically, temporal
variations of the fine-structure constant, violation of the cosmic distance duality relation and
the evolution of the CMB temperature are all related to the evolution of the function h(�)
through:
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temperature. We stress out that this procedure only applies if the coupling (1.2) is correct.
In particular, this is thus valid for GR (where h(�) = 1), but also for all theories conformally
coupled to a metric.

On the other hand, the observations from di↵erent datasets can be combined together
in order to search for an hypothetical violation of the coupling (1.2). Indeed, a violation of
the relations (5.1) observed with two di↵erent datasets would imply that the coupling (1.2)
is not the one that describes Nature. One such evidence would be particularly important
since it would rule out all the theories of gravity where this coupling appeared, including GR
and many others.

5.1 Transformations of the experimental constraints assuming a multiplicative

coupling holds

In this section, we will assume that the coupling (1.2) holds and we will use the di↵erent
relations between the observables in order to improve the constraints on some of them.
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. For this, we use the relation (3.3) and the estimation of the Hubble constant
provided by the Planck data H

0

= 78.8± 0.77 km/s/MPc [99]. The resulting estimations of
↵̇/↵ are given in table 1. One can see that the obtained constraints are 6 order of magnitude
larger than the current constraint on ↵̇/↵ obtained by a laboratory experiment (3.4).

On the other hand, we can use the laboratory constraint (3.4) in order to estimate the
parameters entering the standard parametrization of ⌘(z). This leads to
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where the subscript 0 stands for values at z = 0. Using (4.17) and keeping the leading term
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This relation makes a very precise link between a deviation of the cosmic evolution of the
CMB temperature, a temporal evolution of the fine structure constant and a violation of the
cosmic distance duality. This relation is di↵erent from the one obtained in [62]. The reason
comes from the fact that in [62], the density is supposed to be related to the temperature as
⇢ / T 4. This means that they implicitely suppose that µ = 0 as can be seen from Eq. (4.11b)
or equivalently that the CMB radiation still follows a black body spectrum which is not the
case since the adiabaticity condition is violated (4.9).

Similarly, we have a direct concordance between the CMB spectral distortions parametrized
by µ, the variation of the fine structure constant and the corresponding violation of the dis-
tance duality relation
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This expression di↵ers from the one found in [77]. The reason comes from the fact that
in [77], the temperature is supposed to follow the standard evolution T / (1 + z) in the
calculation of µ.

4.2 Experimental constraints

First of all, a constraint on the CMB distortions has been obtained by COBE/FIRAS [109]

|µ| < 9⇥ 10�5 (4.21)

at 95 % of confidence.
Usually, the experimental constraints on the evolution of the temperature are expressed

in function of the parameter � defined by

T (z) = T
0

(1 + z)1�� . (4.22)

Observations of the Sunyaev-Zel’dovich e↵ect and measurements of molecular species absorp-
tions have led to esimations of � given in table 3.

Table 3. Observational estimations of � which parametrizes the evolution of the CMB temperature
(4.22)

Ref. Estimation of �
[110] 0.006± 0.013
[111] 0.005± 0.012
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Objectives
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for GaPP, see http://www.acgc.uct.ac.za/~seikel/GAPP/main.html	

and M. Seikel et al, JCAP06, 036, 2012

• Estimation of h(𝜙) with 3 different type of observations using 
Gaussian Processes: GaPP

http://www.acgc.uct.ac.za/~seikel/GAPP/main.html


Test of the multiplicative coupling
• Use: DL data from SNe Ia (Union 2.1)  

       DA data from 25 galaxy clusters 
       variation of α from Keck/VLT  
       CMB temperature

see N. Suzuki, et al, ApJ 746, 85, 2012

see E. De Felippis, et al, ApJ 625, 108, 2005

see King J., et al, MNRAS 422, 3370, 2012

see Saro A., et al, MNRAS 440, 2610, 2014
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• SKA will improve this by 1 order of magnitude	


• constraint on 𝜙 related to the gravitation action
16

Sgrav[gµ⌫ ,�]
see for example Martins C.J.A.P. et al, PLB, 2015



A rescaling of the 4-potential 
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• a recent claim: in such theory, no CMB temperature-redshift 
modification. see  Barrow J., Magueijo J., PRD, 2014

• use of “rescaled” 4-potential

aµ =
p

h(�)Aµ fµ⌫ =
p

h(�)Fµ⌫
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A rescaling of the 4-potential 

17

• a recent claim: in such theory, no CMB temperature-redshift 
modification. see  Barrow J., Magueijo J., PRD, 2014

• use of “rescaled” 4-potential

aµ =
p

h(�)Aµ fµ⌫ =
p

h(�)Fµ⌫

which leads to

• standard EM propagation but… non standard interaction with 
matter	


• in a complete modeling (emission, propagation, detection), both 
approaches give the same observables (current in an antenna, …)

see Hees A., Minazzoli O., Larena J., GRG 2015
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Conclusion
• A multiplicative coupling between a scalar field and EM implies 

a violation of the EEP which results in

- Temporal variation of α	

- Violation of the cosmic distance duality	


- Modification of the TCMB evolution	


- CMB non Planckian

All of these observables are univoquely related

see Hees A., Minazzoli O., Larena J., PRD, 2014 and GRG 2015

• Assuming the coupling holds: the constraints on the temporal 
variation of α can improve the constraints on other observables

• Test of the coupling: comparison of the different types of 
observations

- Not so good constraints on TCMB and DA compare to α
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In that case, the action is given by1

S = � 1

4µ0c

Z

d4x
p
�ge�2 fµ⌫fµ⌫

�mpc
2

Z

d⌧p + qp

Z

aµdx
µ
p (2)

where c is the speed of light in a vacuum, µ0 is the vac-
uum permeability, ⌧p is the particle proper time and g is
the determinant of the spacetime metric.

This action is invariant under standard local U(1)
gauge transformations:

aµ ! aµ + @µ�, (3)

where � is any function on spacetime. It is interesting to
note that the fact that the scalar field does not appear
in the interaction part of the Lagrangian is required by
the gauge invariance.

Varying the action (2) with respect to the 4-potential
aµ leads to the modified Maxwell equations

rµ

�

e�2 f⌫µ
�

= µ0j
⌫
p , (4)

where j⌫p is the 4-current defined by

j⌫p = qpu
⌫
pc�

�1
p (�g)�1/2�(3)(xj � xj

p(⌧p)) (5)

with �p = dx0/cd⌧p the Lorentz factor, uµ
p = dxµ

p/cd⌧
the 4-velocity of the particle (such that uµuµ = �1) and
xj
p(⌧p) the trajectory of the particle.
The variation of the action (2) with respect to the posi-

tion of the particle leads to the usual equations of motion

mp
duµ

p

d⌧p
= qpf

µ
⌫u

⌫
p . (6)

Using the usual Lorenz gauge

rµa
µ = 0, (7)

we can write the modified Maxwell equations (4) as

⇤a⌫ � 2fµ⌫@µ �Rµ
⌫a

⌫ = �e2 µ0j
⌫
p (8)

or equivalently

⇤a⌫ + 2@⌫aµ@µ � 2@µa⌫@µ �R⌫
µa

µ = �e2 µ0j
⌫
p (9)

where Rµ⌫ is the Ricci tensor. It is worth mentioning
that the standard complex exponentials are not solutions
of the propagation equation in a vacuum in a flat space-
time because of the coupling to the scalar field.

1 Note that we use the notations of [22] for the coupling function
but it can easily be linked to the ones used in [21] by a redefinition
of the scalar field e�2 = h(').

B. Rescaled potential

In [22], and earlier in [1], a di↵erent 4-potential, Aµ

was considered as the fundamental degree of freedom of
the electromagnetic field:

Aµ = e� aµ, (10)

Then, one can define the Faraday tensor Fµ⌫ as

Fµ⌫ = e� fµ⌫ (11a)

= e� 
⇥

@µ(e
 A⌫)� @⌫(e

 Aµ)
⇤

(11b)

= @µA⌫ � @⌫Aµ +A⌫@µ �Aµ@⌫ . (11c)

The action (2) with these variables reads
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d4x
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e Aµdx
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The free part of this action is identical to the one used
in [22]. Notice that, although the explicit coupling to
the scalar field has disappeared from this free part, it
has re-appeared in the interaction part. However, the
gauge transformations under which the action is invariant
are now non-standard local U(1) transformations that
involve the scalar field:

Aµ ! Aµ + e� @µ�. (13)

This had already been noticed in [1]. It is interesting to
note that each term in the action is left invariant by these
gauge transformations. Indeed, the explicit coupling
present in the interaction part, although it was required
only in order for (12) to be a simple re-parametrisation of
(2), also ensures that the gauge transformations leaving
the free part of the action invariant keep the interaction
part invariant. Retaining only the free part of action (12)
together with a standard interaction term would lead to
a pathological theory that would not be gauge invariant.
In this sense, the gauge invariance truly constrains the
total form of the action: an action built on Aµ must
include a non standard interaction term of the form pre-
sented here if its free part is to be related to the one in
(2) the way it is, for example, in [22].
Varying the action (12) with respect to the 4-potential

Aµ leads to the modified Maxwell equations

rµ

�

e� F ⌫µ
�

= µ0j
⌫
p , (14)

with j⌫p the 4-current defined in (5).
On the other hand, the variation of the action (12)

with respect to the position of the particle leads to the
non standard equations of motion

mp
duµ

p

d⌧p
= qpe

 Fµ
⌫u

⌫
p . (15)

The Lorenz gauge now takes the following form:

rµ(e
 Aµ) = 0, (16a)
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We show how two seemingly di↵erent theories with a scalar multiplicative coupling to electrody-
namics are actually two equivalent parametrisations of the same theory: despite some di↵erences
in the interpretation of some phenemenological aspects of the parametrisations, they lead to the
same physical observables. This is illustrated on the interpretation of observations of the Cosmic
Microwave Background.

I. INTRODUCTION

Possible variations of the fine structure constant on
cosmological scales via the coupling of the electromag-
netic field to Dark Energy have attracted a lot of atten-
tion [1–4]. In particular, inspired by non-minimal cou-
plings predicted by various high-energy theories (see e.g.
[5–17]), many have studied such variations by introduc-
ing multiplicative couplings between the free electromag-
netic Lagrangian and a scalar field (sometimes responsi-
ble for Dark Energy) [5–11]. In this context, a series of
recent papers have highlighted that such couplings may
lead to non-trivial signatures in the Cosmic Microwave
Background (CMB) radiation [4, 18–21], whereas others
have claimed that such e↵ects would not be present [22].
Roughly speaking, the disagreement comes from the fact
that, depending on which degrees of freedom are identi-
fied with the electromagnetic field, the number of photons
in the geometric optics approximation is conserved [22]
or not [4, 18–21, 23] along the propagation of the elec-
tromagnetic radiation. This paper intends to show that,
in fact, at the classical level, there is no disagreement
between the two points of view: if the full Lagrangian
for electrodynamics is taken into account, including the
part encoding the interaction with charged matter, and
if this Lagrangian retains its U(1) gauge invariance, then
both formalisms are formally equivalent and lead to iden-
tical observable predictions. The apparent di↵erences
emerge because, depending on the choice of 4-potential,
the electromagnetic field propagates di↵erently. But this
is exactly compensated by the fact that, on the other
hand, this field couples to charged matter either in a non-
standard way (with the presence of an explicit coupling
to the scalar field) in one case, or in the standard way
in the other case. Namely, in the field parametrisation
leading to non-conservation of the photon number, the
interaction with matter is standard, whereas, when the
photon number is conserved, the presence of the coupling
to the scalar field is felt locally, through the coupling to
matter. Since getting any observable involves measuring
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the electromagnetic field via its interaction with matter,
the two parametrisations lead to identical predictions.
In Section II, we present the two parametrisations in a
unified way and we show how to formally transform from
one into the other. In Section III, we first analyse a sim-
ple situation to explicitly show that the outcome of any
measurement involving the positions and 4-velocities of
charged particles is independent on the parametrisation
chosen; then, we use this result to shed some light on how
to reconcile the predictions of both parametrisations re-
garding the spectrum of the CMB. Finally, Section IV
recaps the main points of the paper.

II. ACTIONS, GAUGE INVARIANCE, FIELD
EQUATIONS AND GEOMETRIC OPTIC

In this section, we will present the action in the two
parametrisations used in [21] and [22]. Writing both the
free part of the action and the interaction with matter,
and starting with the one used in [21], we will derive the
one used in [22]. We will show that the gauge transfor-
mations that leave this new action invariant ought to be
modified: this modification ensures that both the new
free part and the new interaction part are left invariant.
We will also present the field equations and the limit of
the geometric optic. The physical system considered in
this study consists in an electromagnetic field described
by aµ or Aµ and a charged particle whose charge and
mass are given by qp and mp respectively. We concen-
trate on the electrodynamics part of the action, since the
discussion is not a↵ected by the precise form of its grav-
itational part.
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Papers [4, 20, 21, 23, 24] preserve the standard 4-
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where Rµ⌫ is the Ricci tensor. It is worth mentioning
that the standard complex exponentials are not solutions
of the propagation equation in a vacuum in a flat space-
time because of the coupling to the scalar field.
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This had already been noticed in [1]. It is interesting to
note that each term in the action is left invariant by these
gauge transformations. Indeed, the explicit coupling
present in the interaction part, although it was required
only in order for (12) to be a simple re-parametrisation of
(2), also ensures that the gauge transformations leaving
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together with a standard interaction term would lead to
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sented here if its free part is to be related to the one in
(2) the way it is, for example, in [22].
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or

rµA
µ = �Aµ@µ , (16b)

and it is exactly the same gauge as the one introduced
in the other parametrisation. Using this gauge, we can
write the modified Maxwell equations (14) as:

e�2 ⇤(e A⌫)� 2e� Fµ⌫@µ � e� Rµ
⌫A

⌫ = �µ0j
⌫
p ,
(17)

or equivalently:

⇤A⌫ +A⌫⇤ +A⌫@µ @µ �R⌫
µA

µ + (18)

2@µ (@⌫Aµ +Aµ@⌫ �A⌫@µ ) = �µ0e
 j⌫p

It is worth mentioning that, once again, the standard
complex exponentials are not solutions of the propaga-
tion equation in a vacuum, in a flat space-time.

C. Definition of photons

Since the actions (2) and (12) are obtained by a simple
change of field parametrisation, they ought to describe
the same physical situation. Nevertheless, note that the
inclusion of the interaction terms was crucial, since they
are a↵ected by the field redefinition. Therefore, the two
sets of equations are totally equivalent as long as one
knows whether A⌫ or a⌫ defines photons. Hence, there
are two possible di↵erent approaches to the same set of
equations, whether one considers A⌫ or a⌫ in order to
identify, in the classical regime, what one has to call a
photon.

1. Using the standard 4-potential aµ

We can develop the Maxwell equation (9) in a vacuum
using the geometric optics approximation. This corre-
sponds to expanding the 4-potential aµ as (see Eq (22.25)
from [25])

aµ = <
n

(bµ + "cµ + . . . ) ei✓/"
o

. (19)

The term proportional to 1/"2 in Eq. (9) leads to the
standard null geodesic equation kµk

µ = 0 with kµ = @µ✓
the wave vector. The next-to-leading order (proportional
to 1/") leads to

rµ

�

b2kµ
�

= 2b2kµ@µ . (20)

This equation is Eq (2.4c) from [21] and is also derived
in Eq. (58) from [26]. Since the number of photons
is proportional to b2k0 [25], in a Friedmann-Lemâıtre-
Robertson-Walker (FLRW) spacetime (for illustration
purposes and for the discussion of the CMB below) we
have:

ṅ+ 3
ȧ

a
n = 2n ̇, (21)

where the dot denotes a derivative with respect to the
cosmic time t and a is the scale factor.

2. Using the rescaled 4-potential Aµ

Alternatively, we can develop the Maxwell equa-
tion (18) in a vacuum using the geometric optics approx-
imation by expanding the 4-potential Aµ as

Aµ = <
n

(Bµ + "Cµ + . . . ) ei✓/"
o

. (22)

The term proportional to 1/"2 in Eq. (18) leads to the
standard null geodesic equation kµk

µ = 0 with kµ = @µ✓
the wave vector. The next-to-leading order (proportional
to 1/") leads (after some calculations) to

rµ

�

B2kµ
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= 0. (23)

We can define a new number of photons N , which is
proportional to B2k0 [25] and which is conserved. In an
FLRW context, this reads:

Ṅ + 3
ȧ

a
N = 0. (24)

D. Comparison between the two approaches

It is interesting to notice that the Maxwell Equa-
tions (18) and the equations of motion (15) can directly
be obtained from Eqs. (9) and (6) by using the trans-
formations (10) and (11a). The two formalisms seem to
be completely equivalent so far since they are related by
a mere field redefinition. In addition, the conservation
equation (24) can be derived from Eq. (21) by noticing
that N = e�2 n. Nevertheless, here there seems to be a
major di↵erence between the two approaches:

• if we use aµ: the number of photons is not con-
served during the propagation of the electromag-
netic signal (as seen from Eq. (21)), which is the
result of the interaction between the scalar field
and the photons. In addition, the interaction of
the photons with matter is standard (as seen on
Eq. (6)).

• if we use Aµ: the number of photons is conserved
during the propagation of the electromagnetic sig-
nal at the geometric optic limit (as seen from
Eq. (24)); but the interactions of the photons with
matter is non standard and explicitly involves the
scalar field (as seen on Eq. (6)).

III. OBSERVABLES

The goal of this section is to show that actual observ-
ables do not depend on the choice of the variable used to
described the electromagnetic signal. In other words, we
will explain why the two parametrisations of the action
are completely equivalent from an observational point of
view (at the classical level), which makes sense since they
are simply related by a change of variables.

3

or

rµA
µ = �Aµ@µ , (16b)

and it is exactly the same gauge as the one introduced
in the other parametrisation. Using this gauge, we can
write the modified Maxwell equations (14) as:

e�2 ⇤(e A⌫)� 2e� Fµ⌫@µ � e� Rµ
⌫A

⌫ = �µ0j
⌫
p ,
(17)

or equivalently:

⇤A⌫ +A⌫⇤ +A⌫@µ @µ �R⌫
µA

µ + (18)

2@µ (@⌫Aµ +Aµ@⌫ �A⌫@µ ) = �µ0e
 j⌫p

It is worth mentioning that, once again, the standard
complex exponentials are not solutions of the propaga-
tion equation in a vacuum, in a flat space-time.

C. Definition of photons

Since the actions (2) and (12) are obtained by a simple
change of field parametrisation, they ought to describe
the same physical situation. Nevertheless, note that the
inclusion of the interaction terms was crucial, since they
are a↵ected by the field redefinition. Therefore, the two
sets of equations are totally equivalent as long as one
knows whether A⌫ or a⌫ defines photons. Hence, there
are two possible di↵erent approaches to the same set of
equations, whether one considers A⌫ or a⌫ in order to
identify, in the classical regime, what one has to call a
photon.

1. Using the standard 4-potential aµ

We can develop the Maxwell equation (9) in a vacuum
using the geometric optics approximation. This corre-
sponds to expanding the 4-potential aµ as (see Eq (22.25)
from [25])

aµ = <
n

(bµ + "cµ + . . . ) ei✓/"
o

. (19)

The term proportional to 1/"2 in Eq. (9) leads to the
standard null geodesic equation kµk

µ = 0 with kµ = @µ✓
the wave vector. The next-to-leading order (proportional
to 1/") leads to

rµ

�

b2kµ
�

= 2b2kµ@µ . (20)

This equation is Eq (2.4c) from [21] and is also derived
in Eq. (58) from [26]. Since the number of photons
is proportional to b2k0 [25], in a Friedmann-Lemâıtre-
Robertson-Walker (FLRW) spacetime (for illustration
purposes and for the discussion of the CMB below) we
have:

ṅ+ 3
ȧ

a
n = 2n ̇, (21)

where the dot denotes a derivative with respect to the
cosmic time t and a is the scale factor.

2. Using the rescaled 4-potential Aµ

Alternatively, we can develop the Maxwell equa-
tion (18) in a vacuum using the geometric optics approx-
imation by expanding the 4-potential Aµ as

Aµ = <
n

(Bµ + "Cµ + . . . ) ei✓/"
o

. (22)

The term proportional to 1/"2 in Eq. (18) leads to the
standard null geodesic equation kµk

µ = 0 with kµ = @µ✓
the wave vector. The next-to-leading order (proportional
to 1/") leads (after some calculations) to

rµ

�

B2kµ
�

= 0. (23)

We can define a new number of photons N , which is
proportional to B2k0 [25] and which is conserved. In an
FLRW context, this reads:

Ṅ + 3
ȧ

a
N = 0. (24)

D. Comparison between the two approaches

It is interesting to notice that the Maxwell Equa-
tions (18) and the equations of motion (15) can directly
be obtained from Eqs. (9) and (6) by using the trans-
formations (10) and (11a). The two formalisms seem to
be completely equivalent so far since they are related by
a mere field redefinition. In addition, the conservation
equation (24) can be derived from Eq. (21) by noticing
that N = e�2 n. Nevertheless, here there seems to be a
major di↵erence between the two approaches:

• if we use aµ: the number of photons is not con-
served during the propagation of the electromag-
netic signal (as seen from Eq. (21)), which is the
result of the interaction between the scalar field
and the photons. In addition, the interaction of
the photons with matter is standard (as seen on
Eq. (6)).

• if we use Aµ: the number of photons is conserved
during the propagation of the electromagnetic sig-
nal at the geometric optic limit (as seen from
Eq. (24)); but the interactions of the photons with
matter is non standard and explicitly involves the
scalar field (as seen on Eq. (6)).

III. OBSERVABLES

The goal of this section is to show that actual observ-
ables do not depend on the choice of the variable used to
described the electromagnetic signal. In other words, we
will explain why the two parametrisations of the action
are completely equivalent from an observational point of
view (at the classical level), which makes sense since they
are simply related by a change of variables.

• but observables are the same! Effects on the propagation if 
using the left approach - same effects coming from the 
interaction if using the right

see Hees A., Minazzoli O., Larena J., arXiv:1409.7273



Einstein Equivalence Principle

• Universality of Free Fall	


- Lunar Laser Ranging (LLR): 10-13	


- Torsions Balance: 10-13	


- Macro vs “quantum object”: 10-9  

for a review, see C. Will, LRR, 17, 4, 2014

see A. Peters et al, Nature, 400, 849, 1999
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• Local Lorentz Invariance	


- Standard Model Extension (SME): a dedicated framework
see A. Kostelecky, N. Russel, Rev. of Mod. Phys., 83/11, 201121



Boltzmann Equation (in FLRW)
• Identification of the “source term” with the Maxwell equation

⇢̇+ 4H⇢ = C
x

=
1

⇡2

Z
p2C[f ]dp

ṅ+ 3Hn =  =
1

⇡2

Z
pC[f ]dp = �n@t lnh(')
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see J. Lima, A. Silva, S. Viegas, MNRAS 312, 747, 2000

• Does not satisfy the “adiabaticity” condition defined by Lima

C
x

 
6= 4⇢

3n

⇒ CMB spectrum cannot stay Planckian !

• Similar to what is found for disformal couplings
see C. van de Bruck et al, Phys. Rev. Letters 111, 161302, 2013
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see Hees A., Minazzoli O., Larena J., arXiv:1406.6187

Derived constraints from μ
• COBE/FIRAS constraint

• Use the relation coming from the mult. coupling

assuming the multiplicative coupling

1 order of magnitude better than 
direct constraint

see Fixsen D., et al, ApJ 473, 576, 1996|µ| < 9⇥ 10�5

µ = 0.47
�↵(zCMB)

↵

• Constraints on the variation of α

Table 5. Values of the parameters entering the expression of T (z) (4.22) estimated using �↵/↵ data
from VLT [13] and from the Keck Observatory [12] assuming the relation (5.6) holds.

Parameter Estimation [⇥10�7]
VLT Keck

� �3.3± 1.5 7.2± 2.5

5.1.3 CMB distortions

Finally, the relation (4.20) allows to transform the constraint on µ into a constraint on
�↵(z

CMB

)/↵. Using the constraint (4.21) and the relation (4.20), we derive a constraint on
the temporal variation of the fine structure constant

����
�↵(z

CMB

)

↵

���� < 1.91⇥ 10�4. (5.7)

Let us remind that the constraint on �↵(z
CMB

)/↵ coming from an analysis of the CMB
anisotropies with Planck data is at the level of 10�3 only (see table 2).

5.2 Test of the multiplicative coupling

In the previous section, we have shown how to use the relations between the variations of
the fine structure constant, violation of the distance-duality relation, evolution of the CMB
temperature and the CMB distortions in order to translate the measurements from one type
of observations into the other types. As clearly stated, this can be done only if the coupling
(1.2) holds.

We can also use the di↵erent sets of data to assess the validity of the coupling (1.2).
Indeed, if the measurements coming from two di↵erent types of observations (e.g. between
�↵/↵ and T

CMB

or between �↵/↵ and ⌘) indicate a violation of their corresponding relation,
this would be an indication of a violation of the coupling (1.2). This kind of test is able to rule
out couplings of the form (1.2) and is therefore quite important since this kind of coupling
generically appear in numerous alternative theories of gravity such as in perturbative string
theory [45–47], Kaluza-Klein theories [57, 58], axion theory [49–51], BSBM theory [59–62],
. . .

In this work, in order to assess if the di↵erent observations are consistent with a coupling
of the type (1.2), we use the relations (5.1). Basically, we transform constraints on �↵/↵,
on ⌘(z) and on the CMB temperature into a constraint on h(�)/h(�

0

). We therefore sup-
pose implicitely that the coupling (1.2) holds. Then, we compare the di↵erent constraints on
h(�)/h(�

0

) coming from di↵erent types of observations to see if they are consistent. Any in-
consistency would be a signature of a deviation from the type of coupling (1.2) independantly
of the coupling function h(�).

We analyze the di↵erent data using Gaussian Processes (GP) with the software GaPP
(Gaussian Processes in Python) [112]. GP provide a model-independent smoothing tech-
nique8. They are described in details in [112] (see also [113–116] for other uses of GaPP in a
cosmological context). Instead of assuming a particular form of the reconstructed function,
GP consider typical changes of the function. They are parametrized by a covariance function
which depends on two hyperparameters: ` which corresponds to a typical distance one needs

8
In the sense that they do not introduce any uncontrolled physical assumptions. They do, however, suppose

that data follow Gaussian distributions

– 14 –
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see P. Bull, et al, arXiv:1405.1452

Prospective for SKA
• SKA will measure BAO and improve measurement of angular 

distances

• Simulations of SKA DA data with realistic uncertainties and use 
of current SNe Ia data
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• Improvement by 1 order of magnitude and observations at 
higher redshift
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