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The beautiful Universe of  SDSS



Physics with LSS

• baryon acoustic oscillations = standard ruler in the Universe 

dark energy equation of state

• evolution of perturbations

properties of dark matter (e.g. fifth force, WDM)
and dark energy (e.g. clustering)

• primordial non-gaussianity

interactions in the inflationary sector

neutrino mass



Challenges of  non-linear dynamics
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Non-perturbative method: N-body simulations

• advantage:  “exact”, goes beyond fluid description

• drawback:  too costly -- cannot be used to test many 
theories beyond the Standard Cosmological Model

Recall that fluid description appears valid 
up to k � 0.5 · h · Mpc�1

use perturbation theory to solve the Euler - Poisson 
system



Standard perturbation theory (SPT)
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Standard perturbation theory (SPT)
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Average over the ensemble of initial conditions:

=
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spectrum
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Problems of  SPT
“Ultraviolet” Loop integrals run over all momenta including 
short modes where the fluid description is not applicable. 

EFT of LSS Carrasco, Hertzberg, Senatore (2012)

Abolhasani, Mirbabayi, Pajer (2015)

Complications: 
• counterterms have non-local time-dependence

�1) introduce a UV cutoff     

3) add counterterms into the equations of motion to account 
for deviations from fluid description 

2) renormalize the interaction vertices to ensure that the  
physical observables are    -independent �

• treatment of stochastic terms is unclear 
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“Infrared” Kernels     ,      in the e.o.m.’s behave as � � 1/q

individual loop diagrams diverge at small momenta 

When summed, the divergences cancel in equal-time 
correlators 

Problems of  SPT

overdensity is 
moved by an almost 
homogeneous flow

accumulation of
the effect with 
time 

two overdensities 
will move (almost) 
identically 

cancellation in 
equal-time 
correlators
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Generating functional for cosmological correlators
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TSPT - 3d Euclidean QFT vocabulary:

•       --- 1PI effective action 

• --- composite source

• --- external parameter
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Advantages

• For gaussian initial conditions the time dependence factorize 

effective coupling constant

� =
1

g2(�)
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NB. For primordial NG
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• Simplified diagrammatic technique
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All      ,        are finite for soft momenta �n Kn

 no IR divergences in the individual loop diagrams  

IR safety

lim
��0

�n(k1, . . . , kl, �q1, . . . , �qn�l) <�

NB. Can be related to the equivalence principle / 
Galilean invariance of      through Ward identities  �
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Baryon acoustic oscillations

7

FIG. 4: Measured power spectra for the full LRG and main galaxy samples. Errors are uncorrelated and full window functions are shown
in Figure 5. The solid curves correspond to the linear theory !CDM fits to WMAP3 alone from Table 5 of [7], normalized to galaxy bias
b = 1.9 (top) and b = 1.1 (bottom) relative to the z = 0 matter power. The dashed curves include the nonlinear correction of [29] for
A = 1.4, with Qnl = 30 for the LRGs and Qnl = 4.6 for the main galaxies; see equation (4). The onset of nonlinear corrections is clearly
visible for k !

> 0.09h/Mpc (vertical line).

Our Fourier convention is such that the dimensionless
power !2 of [77] is given by !2(k) = 4!(k/2!)3P (k).

Before using these measurements to constrain cosmo-
logical models, one faces important issues regarding their
interpretation, related to evolution, nonlinearities and
systematics.

B. Clustering evolution

The standard theoretical expectation is for matter
clustering to grow over time and for bias (the rela-
tive clustering of galaxies and matter) to decrease over
time [78–80] for a given class of galaxies. Bias is also

From Tegmark et al. PRD 74, 123507Credit: ESA and the Planck collaboration
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IR resummation

In TSPT large IR contributions can be systematically resummed

Step 1: smooth + wiggly decomposition

P (k) = Ps(k) + Pw(k) �(k) = �s(k) + �w(k)

Step 1I: identification of leading diagrams             daisies

+ +++ + ...

a transparent description of the physical e↵ects of bulk motion on the BAO feature. On

the other hand, TSPT does not feature some of the spurious e↵ects present in higher-order

Lagrangian perturbation theory. Our main result is a systematic technique to identify

and resum enhanced infrared contributions a↵ecting the BAO peak. It admits a simple

diagrammatic representation within TSPT and allows to compute and assess higher-order

corrections in a systematic way.

The main idea of TSPT is to disentangle time-evolution from statistical ensemble

averaging. In a first step, the probability distribution P is evolved from the initial time to

a finite redshift, and expressed in terms of a functional cumulant expansion in powers of

the density- and velocity divergence field at this redshift. In a second step, the statistical

averages are computed perturbatively. The latter step can be conveniently represented by

a diagrammatic series, where the quadratic part of the cumulant represents a propagator,

and the higher cumulants n-point vertices �n. In [24] it has been shown that these vertices

are IR safe, i.e. free from spurious enhancements / k/q when one of the wavenumbers

becomes small.

In order to identify enhanced contributions related to the BAO, we split the initial

power spectrum into a smooth component Ps and an oscillatory contribution Pw. Then

the TSPT three-point vertex expanded for q ⌧ k and to first order in Pw is given by

�
3

(k, q, q0) ! �(k + q + q0)
k · q
q2

✓
Pw(k + q)� Pw(q)

Ps(k)2

◆
. (1.1)

In the limit q ! 0 the two power spectra in the enumerator tend to cancel the 1/q enhance-

ment from the vertex, as required by the equivalence principle. However, as emphasized

recently in [8], the Taylor expansion of Pw(k + q) becomes unreliable for kosc ⌧ q ⌧ k.

This means that non-linear corrections to the power spectrum at scale k receive large cor-

rections from IR modes q within this range. In this work we identify these contributions

for all �n vertices, and establish a power counting scheme to compute corrections to the

most enhanced terms. The leading contributions to the oscillatory part of the power spec-

trum are given by so-called daisy diagrams, and their resummation can be represented

diagrammatically in the following form (cf. Sec. 3 for details),

P IR res,LO
w (⌘; k) = +

�̄w
4

(1.2)

+
�̄w
6

+
�̄w
8

+ + ...

– 3 –

P dressed
w =



BAO wavelength
P (k) = Ps(k) + e�k2�2

LPw(k)

�2
L =

4�

3

� kL

0
dq Ps(q)

�
1� j0(qrs) + 2j2(qrs)

�

Baldauf, Mirbabayi, Simonovic, Zaldarriaga (2015)

Step III: add the smooth part

Further developments: 

• take into account NLO IR corrections

• IR resummation of higher-point correlation functions
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In the following we show results for the correlation function, because it exhibits a clear

separation between the BAO peak and the small-distance part of the correlations, and

allows to visualize the e↵ects on the BAO feature in a transparent way. In Fig. 5, we show

the leading-order IR resummed result for three di↵erent choices of kL (blue lines). The

damping of the BAO oscillations described by ⌃L gives already a relatively good description

of the N -body result (red line), especially when compared to the linear prediction (dashed

lines). Nevertheless, there are some di↵erences, and the dependence on kL is not negligible.
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Figure 5. Infra-red resummed matter correlation function at LO in the hard loop expansion and infig:Pirres
⇤/k obtained in TSPT for three di↵erent values of the IR cuto↵ ⇤, and two di↵erent redshifts (left:
z = 0, right: z = 0.375). Also shown is the linear result (dashed) and the result obtained from a
large-scale N-body simulation [51]. The parameters are INSERT, and we used 1/k

osc

= 110Mpc/h.
db:recall that we chose k

L

and not ⇤

Let us next discuss the next-to leading order result, (6.21). After adding the contri-

bution from the smooth part one gets

P IR res,NLO(⌘, k) = D(z)2Ps(k) + (1 + g2SL)e
�g2S

LPw(⌘, k)

+D(z)4P 1loop[Ps + e�g2S
LPw] + g4(Cd

L + Cz
L)e

�g2S
LPw(⌘, k) . (7.4)

– 22 –

Comparison with N-body: 
Leading Order

--- the IR separation scalekL



80 90 100 110 120 130 140
-0.0005

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

x @MpcêhD

xHx,
z=

0L

1-loop IR resummed, z=0

linear
kL=0.05 hêMpc
kL=0.1 hêMpc
kL=0.2 hêMpc

N-body

80 90 100 110 120 130 140
-0.0010

-0.0005

0.0000

0.0005

0.0010

0.0015

0.0020

x @MpcêhD

xHx,
z=

0.
37

5L

1-loop IR resummed, z=0.375

linear
kL=0.05 hêMpc
kL=0.1 hêMpc
kL=0.2 hêMpc

N-body

Figure 6. As Fig 5, but showing the infra-red resummed matter correlation function at NLO in thefig:Pirres1L
hard loop expansion and in ⇤/k obtained in TSPT (blue lines) compared to N-body data (red line).
Note that the three lines for the three values of the infrared cuto↵ ⇤ are almost indistinguishable.

Notice that the NLO contribution from SL cancels in this expression and it is enough to

evaluated it at LO,

g2SL ! k2D(z)2⌃2

L. (7.5)

The last term in the first line of (7.4) is simply corresponds to the standard SPT one-

loop result, but computed not with the linear spectrum as an input but with the LO IR

resummed one. This means in practice that one can use the formula P 1loop
SPT = 2P

13

+ P
22

,

but replacing all linear spectra accordingly. Finally, the operators in the last line can be

evaluated at LO similarly as for SL.The evaluation is simplified after using that at LO

Cz
L = �Ca

Lk
2⌃2

L, (7.6)

where Ca
L is defined in (6.5). After some lengthy but straightforward calculation, the

expression (7.4) can be written as in our formula (2.3).

The comparison of our results for the matter correlation function at NLO with N -

body simulation [51] are shown in Fig 6. One observes that the agreement is considerably

improved compared to the LO. Furthermore, the dependence on the infrared cuto↵ kL is

reduced. This is consistent with the expectation that the dependence on kL is an estimate

of the uncertainty, and vanishes in principle in the exact result. We conclude that the

systematic IR resummation gives a very accurate description of the correlation function at

BAO scales. The slight discrepancies at smaller scales are expected, since in this regime

the IR resummation does not a↵ect the perturbative result and one is more sensitive to

other UV e↵ects.

7.1 Shift and distortion of the BAO peak
sec:shift

The agreement of our results non-linear evolution of the BAO peak measured in N -body

data can be read from fig. 6. By comparing with fig. 5, it is clear that even if the main e↵ect

is the damping of the peak by the quantity ⌃L, the NLO results are crucial to reproduce

– 23 –
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UV renormalization in TSPT

Introduce a hard cutoff:

P̂ (k) �� P̂�(k) =

�
P̂ (k), k < �
0, k > �

�n �� ��
n

Wilsonian RG:
d��

n

d�
= Fn[P̂�,��]

Boundary conditions = counterterms encapsulating the effects 
of short modes

under development
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Comparison with EFT of  LSS

+ the cutoff dependence is treated systematically

+ counterterms are manifestly local in time

+ stochastic contributions are at the same footing as the 
   dynamical ones

- spatial locality is not manifest

exploit symmetries in momentum space 
+ factorization ???
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Summary and Outlook   

time-sliced perturbation theory (TSPT) is a promising 
approach to LSS in the mildly non-linear regime 
20 Mpc < l < 100 Mpc

free from IR divergences 

UV renormalization à la Wilsonian RG

biases

diagrammatic resummation of IR-enhanced contributions 
into the BAO feature

classification of UV counterterms

redshift space

inclusion of baryons


