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COSMOLOGICAL INFLATION

• A period of accelerated quasi dS expansion in the very 
early universe (solving flatness, horizon and relic problems), 
driven by a scalar field, whose quantum fluctuations 
seeded the LSS 

[Guth ’81, Linde ’82, Albrecht-Steinhardt ’82]
[Mukhanov-Chibisov ’81]
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• Cosmological observables are encoded in the generalised 
slow-roll parameters
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INFLATIONARY SCALE AND THE FIELD RANGE
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Tensor to scalar ratio r is related to

[Lyth, ’96; Boubekeur-Lyth, ’05]
‣ The inflaton field excursion

‣ The scale of inflation
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[Garcia-Bellido, Roest, Scalisi, IZ ’14]
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INFLATION NEEDS FUNDAMENTAL THEORY

• (Large field) inflationary models (              ) are sensitive 
to all Planck suppressed interactions unless a symmetry 
protects the potential

• Inflation is sensitive to Planck scale physics. Higher order 
corrections to V(  ) 
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Inflaton is an axion (PNGB) with continuous global 
shift symmetry

Axion inflation in string theory (at leading order)

• Natural Inflation,                      . Axions abound in string 
theory, but to realise                is hard 

[Freese-Frieman-Linto, ’90]

 [Kaloper-Sorbo ’08]
• Chaotic Inflation (monomial) inflation

� ! �+ a

V = V0(1� cos(�/f))

(f & 7MPl)

f � MPl [Banks, Dine, Fox & Gorbatov, ’03]
[Kim-Nilles-Peloso, ’04; Dimopoulos et al ’05; 

Avgoustidis, IZ, ’08, Kenton-Thomas, ’14, 
Kooner, Parameswaran, IZ, ’15]

(�� ⇠ 15MPl)V ⇠ V0�
n

[Westphal-Silverstein, ’08, ’14]

[Croon-Sanz, ’14-15]

16 Planck Collaboration: Constraints on inflation

Fig. 11. Marginalized joint 68 % and 95 % CL regions for (✏1 , ✏2 , ✏3) (top panels) and (✏V , ⌘V , ⇠2V ) (bottom panels) for Planck
TT+lowP (red contours), Planck TT,TE,EE+lowP (blue contours), and compared with the Planck 2013 results (grey contours).

Fig. 12. Marginalized joint 68 % and 95 % CL regions for ns and r0.002 from Planck in combination with other data sets, compared
to the theoretical predictions of selected inflationary models.

Axion monodromy
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INFLATION IN STRING THEORY

• For a 4D effective field theory description to be valid 
during inflation, we require the hierarchy:

• The string scale in regimes of perturbative control is

Ms =
gsp
4⇡Vw

6

MPl . 1017GeV

• Otherwise we cannot neglect massive string excitations, 
Kaluza-Klein modes and extra dimensions 

String theory models of inflation relay on 4D LEEFT, weakly 
coupled, perturbative string expansion (gs < 1 , L/`s > 1)

Minf . Mkk . Ms . MPl



‣ Subleading instanton effects give contributions to 
effective potential: 

‣ Effect on inflaton dynamics depends on the size of 
corrections, their frequency and amplitude

‣ If corrections dominate ⇒ new minima are introduced. 
Inflaton trapped in local minimum and slow-roll inflation 
stops.

Subleading Corrections to Axion Potentials

[Banks-Dine-Fox-Gorbatov, ’03]
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Subleading Corrections to Axion Potentials

I Leading contributions to axion potentials are non-trivial vevs e.g.
fluxes (chaotic inflation) or non-perturbative effects e.g.
instantons (natural inflation).

I Subleading instanton effects give contributions:
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to effective potential.
I Affect on inflaton dynamics depends on the size of corrections,

their frequency and amplitude.
I Corrections dominate ) new minima introduced – inflaton

trapped in local minimum and slow roll inflation stops.
Banks, Dine, Fox & Gorbatov ’03
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‣ Subleading tiny modulations ⇒ inflaton’s background 
trajectory is hardly affected, but imprints seen in CMB – 
large, possibly oscillating, running of scalar spectral index.
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[Westphal-Silverstein-McAllister, ’08;
Kobayashi-Takahashi, ’10;

Kappl-Nilles-Winkler, ’15;
Choi-Kim, ’15]
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to effective potential.
I Affect on inflaton dynamics depends on the size of corrections,

their frequency and amplitude.
I Tiny modulations ) inflaton’s background trajectory is hardly

affected, but imprints seen in CMB – large, possibly oscillating,
running of scalar spectral index.

�

V(�)

Westphal, Silverstein & McAllister ’08
Kobayashi & Takahashi ’10

. . .
Kappl, Nilles & Winkler ’15

Choi & Kim ’15
Susha Parameswaran Axion Inflation in String Theory 12/19



BUMPY CHAOTIC INFLATION
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Axionic chaotic inflation with non-perturbative correction, e.g.

➡ smooth monomial chaotic inflation for                  ,

[Westphal, Silverstein, ’08;
Kobayashi, Oikawa, Otsuka, ’15;

Cabo-Bizet, Loaiza-Btito, IZ, to appear]

� = A = 0

N ⇠ 60 �� ⇠ 15MPl r ⇠ 0.12 , Minf ⇠ 1016 GeVgiving for              ,                       
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Axionic chaotic inflation with non-perturbative correction, e.g.

➡ Consider                 : corrections lead to sharp cliffs and 
gentle plateaus in potential    

[Westphal, Silverstein, ’08;
Kobayashi, Oikawa, Otsuka, ’15;

Cabo-Bizet, Loaiza-Btito, IZ, to appear]

�/f < m2

6

and therefore an inflationary scale of around the GUT scale. While it gives a consistent value for
the spectral index n

s

⇠ 0.966, this model is basically excluded by the latest results on r. We now
see how this can change when we take into account subleading modulation e↵ects due to higher
order corrections such as non-perturbative terms in string theory constructions.

The physics of the potential (17) turns out to be qualitatively di↵erent depending on whether
or not the oscillations parameterised by � and f introduce new stationary points into the chaotic
potential. Stationary points are given by the solutions to:

c� sinx = �cosx

x
, where c =

m2f

�
and x =

�

f
. (18)

If �

f

> m2, there is an infinite number of stationary points, and classically a rolling scalar field will
stop in some local minimum, depending on its initial conditions [20]. With su�cient initial velocity
the endpoint could be the global minimum. Otherwise, such a potential could provide a background
for the “chain inflation” [33] realisation of old inflation, where inflation proceeds through the
successive tunneling of the inflaton between local minimum down to the global minimum.

Our focus will instead be on smaller (but not much smaller) values of �

m

2
f

, such that no new
stationary points are introduced, and inflation is realised as the scalar field rolls down its bumpy
potential, and settles at the minimum. As an example, take m2/d4 = 10M2

P l

, f = 1/3M
P l

, and
tune5 �/d4 = 3.3M3

P l

to ensure that the turning points in the bumps are very close to stationary
points (where we have scaled the parameters by d2 = 9.3 ⇥ 10�8 to match the normalisation of
scale perturbations (see below) and for convenience with the numerics, also t ! t/d2). We draw
the potential in Fig. 2, together with the corresponding smooth chaotic model with � = 0. Note
that several steps are introduced into the potential, each one including a very flat region; our
inflationary trajectories will experience a few of these steps.

-15 -10 -5 5 10 15
�
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1.×10-11
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FIG. 2: The bumpy chaotic potential (17) with m2/d4 = 10M2
Pl, �/d

4 = 3.3M3
Pl, f = 1/3MPl, A/d4 =

0.35M4
Pl (blue, solid), along with the smooth chaotic potential with m2/d4 = 10M2

Pl, � = 0 and A = 0 (red,
dotted), where d2 = 9.3⇥ 10�8. Figure 1 plots the same potentials for the field range � 2 [�5MPl, 5MPl].

5 For the given m, f and a field range �� ⇠ 3MPl during inflation, we will need �/d4 = 3.3M3
Pl to obtain a su�cient

number of e-folds. Decreasing f increases the level of fine-tuning needed in � and widens the necessary field range.
The small modulation models in the literature [23–26, 32] have considered smaller axion decay constants, so more
frequent modulations. E.g. axion monodromy models take f ⇠ 10�2 � 10�6MPl, which leads to resonances in the
perturbations and oscillations in ns [32]. Interestingly, axions in string theory tend to have large decay constants
between around the GUT scale and reduced Planck mass [34].

m ⇠ 3⇥ 10�7MPl , f = 1/3MPl , � ⇠ (3⇥ 10�5MPl)
3

- Friedmann/KG equations can 
  be solved numerically 

�̈+ 3H + V 0(�) = 0

H2 =
1

3MPl

✓
1

2
�̇2 + V (�)

◆



BUMPY CHAOTIC INFLATION 

Reducing the Field Range
I Might expect overshoot problem but Hubble drag is very effective.

I For �(0) = 5 Mpl , �̇(0) = 0 and a(0) = 1:

I Inflation occurs for as long as ✏ ⌘ �Ḣ/H2 < 1
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Ntot = 6.8 for smooth model, Ntot = 54.2 for bumpy model.
Susha Parameswaran Axion Inflation in String Theory 14/19

‣ Slow roll last longer (wrt smooth case for 
same i.c.)   
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�(0) = 5MPl , �̇(0) = 0 , a(0) = 1



BUMPY CHAOTIC INFLATION 

‣ Slow roll last longer (wrt smooth case for same i.c.)   

‣ Almost all inflation occurs on the plateaus8

FIG. 4: Solution to the Friedmann equations with the bumpy �2 potential (2) with A/d4 = 0.35M4
Pl,

f = 1/3MPl and �/d4 = 0.331M3
Pl and initial conditions �(0) = 5MPl, �̇(0) = 0 and a(0) = 1.

FIG. 5: Hubble slow-roll parameters with respect to the number of e-folds before the end of inflation, for
the bumpy �2 model solution, Fig. 4.

observable today up to the end of inflation), the Hubble slow-roll parameters undergo strong
oscillations, when the inflaton rolls down the steep slopes of the bumps. However, during the
shorter range of e-folds which can be probed observationally by the CMB, (⇠10 e-folds around
N = 50�60), all the slow-roll parameters are small and smoothly varying. This implies that we do
not expect consequent features in the power spectrum or non-Gaussian observables (like the ones
explored for example in [21, 38]), since they can occur only at scales not probed by current CMB
observations.

One can now easily compute the CMB observables from the slow-roll parameters at horizon
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For a given choice of initial conditions it is straightforward to solve the Friedmann and Klein-
Gordon equations (8) or Hamilton-Jacobi equations (9) numerically. For example, taking �(0) =
5M

P l

, �̇(0) = 0 and a(0) = 1, we plot the solutions to (8) along with those of the smooth chaotic
model in Fig. 3. Independently of where the inflaton starts, the plateaus in the potential slow down

0 2 4 6 8 10 12 14

0

1
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3

4

5

t

�(
t)

FIG. 3: Representation of the solution to the Friedmann equations with the bumpy chaotic potential (2)
(blue, solid) and the smooth chaotic potential (2) (red, dotted), for initial conditions �(0) = 5MPl, �̇(0) = 0
and a(0) = 1 and time units (d2MPl)�1.

the inflaton’s progress down the potential, and keep the Hubble expansion rate H higher for longer.
Indeed, we note empirically that, whilst the inflaton accelerates quickly down the steep cli↵s, the
Hubble friction (or drag) towards the end of this fast roll is su�cient to avoid an overshoot problem
for a wide range of initial velocities6, and the inflaton’s roll over the subsequent plateau is slow.
Thus the plateaus provide regions of enhanced slow-roll (see also Fig. 4 and discussion below, as
well as the analytic model developed in the appendix).

Inflation ends when ✏ ' 1. As mentioned above, the smooth chaotic model yields su�cient
e-folds for field range �� ⇠ 15M

P l

. Indeed, numerically integrating the above solutions with
�(0) = 5M

P l

up to the time that inflation ends, we find only N
tot

⇠ 7 for the smooth chaotic
model, whereas N

tot

⇠ 54 for the bumpy model. Thus we see that, for the same initial conditions,
the period of inflation is much prolonged in the bumpy chaotic model compared to the smooth
one, and the number of e-folds much enhanced. The field range from the beginning to the end of
inflation for the bumpy model is therefore reduced compared to 60 e-fold smooth chaotic model
and in the solution above is �� = 3.4M

P l

. Notice that although ✏ stays smaller than 1 for longer,
it has small, localised peaks throughout the phase of inflation, when the inflaton reaches the steep
slopes of the steps, leading to large fluctuations for the slow-roll parameters �, ⇠ and � (see Fig. 5
and discussion below).

In order to have the first four HJ slow-roll parameters (11) small around 55 e-folds before the
end of inflation, so as to lead to acceptable inflationary observables, we increase the level of fine-
tuning, choosing �/d4 = 0.331M3

P l

. With the same initial conditions, the total number of e-folds
from the beginning to the end of inflation becomes then7 N

tot

⇠ 80. The solutions are plotted with
respect to the number of e-folds before the end of inflation in Fig. 4. Thus we see that almost
all the e-folds of inflation occur while the inflaton is slowly rolling down the flat plateaus in the
bumps.

6 Even if the initial velocity is so large as to overshoot the first plateau, since the inflaton will eventually slow down
to its terminal velocity, it su�ces to start higher up in the potential to achieve slow-roll through the plateaus.

7 We thus have to confront the generic conceptual Transplanckian problem of inflation, that if inflation lasts more
than 70 e-folds, then all scales observed today were subPlanckian at the beginning of inflation [35].



BUMPY CHAOTIC INFLATION 

‣ Slow roll last longer (wrt smooth case for same i.c.)   

‣ Almost all inflation occurs on the plateaus

‣ CMB observables at horizon crossing 

ns = 0.9667 , r = 3.1⇥ 10�5 , ↵s = �0.015

N ⇠ 50

‣ Reduced field range (wrt smooth case                  )

�� ⇠ 3.2MPl

�� ⇠ 15MPl

‣ Reduced inflationary scale (wrt smooth case                            )

Minf ⇠ 2.4⇥ 1015GeV

Minf ⇠ 1.8⇥ 1016GeV



BUMPY CHAOTIC INFLATION 

‣ Slow roll last longer (wrt smooth case for same i.c.)   

‣ Almost all inflation occurs on the plateaus

‣ CMB observables at horizon crossing 

ns = 0.9667 , r = 3.1⇥ 10�5 , ↵s = �0.015

N ⇠ 50

‣ Reduced field range (wrt smooth case                  )

�� ⇠ 3.2MPl

�� ⇠ 15MPl

‣ Reduced inflationary scale (wrt smooth case                            )

Minf ⇠ 2.4⇥ 1015GeV

Minf ⇠ 1.8⇥ 1016GeV

Possible to embed in string theory; back to favoured region 



BUMPY NATURAL INFLATION

Natural inflation with subleading non-perturbative corrections 

➡ smooth natural inflation for          , gives for 

[Banks-Dine-Fox-Gorbatov, ’03; 
Kappl-Nilles-Winkler, ’15]
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3.2M
P l

, and the scale of inflation at horizon crossing is:

(V
inf

)1/4 = 9.9⇥ 10�4M
P l

. (21)

Thus, non-perturbative corrections can modify a large field chaotic model of inflation to one with
intermediate field range and inflationary scale, making a consistent perturbative string theory
realisation of the model possible. The distinctive signature of such a scenario is a suppressed
tensor mode and a large negative running of the spectral index.

B. Bumpy Natural Inflation

We now consider a single field modulated natural potential9, which is generically predicted by
string theory models. As we will show, similar results can be found as for the single field bumpy
chaotic potential. A simple model that encapsulates the physics we are interested in is:

V (�) = A+ ⇤4
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(22)

where ⇤̃ < ⇤ and f̃ < f parameterise the bumps. Stationary points in the potential are given by
the solutions to:

sinx = �b sin c x where b =
⇤̃4

⇤4

f

f̃
and c =

f

f̃
, (23)

where x is defined as before. For example, choosing ⇤4/d4 = 1M4
P l

, f = 1M
P l

and f̃ = 1/3M
P l

,
we tune10 ⇤̃4/d4 = 0.3329M4

P l

(where now d2 = 9.1 ⇥ 10�8) to ensure the turns in the potential
are close to stationary points. The potential is plotted below, along with that of smooth natural
inflation. The bumpy model again has a step-like shape, with steep regions connected by a plateau.
The solutions to the corresponding Friedmann equations are given in Fig. 9, for initial conditions

1 2 3 4 5 6
�

5.×10-15

1.×10-14

1.5 ×10-14
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FIG. 8: The bumpy natural potential (22) with ⇤4/d4 = 1M4
Pl, f = 1MPl, ⇤̃4/d4 = 0.3329M4

Pl, f =
1/3MPl, A = 0 (blue, solid), along with the smooth natural potential with ⇤4/d4 = 1M4

Pl, f = 1MPl,
⇤̃4 = 0, A = 0 (red, dotted), where now d2 = 9.1⇥ 10�8.

�(0) = 0.001M
P l

, �̇(0) = 0 and a(0) = 1. Just as in the chaotic case, for a wide range of

9 Multifield modulated natural inflation models have been discussed recently in [25, 26].
10 We need to fine-tune ⇤̃4 to 4 decimal points to obtain su�cient number of e-folds. Decreasing f̃ , increases the

level of fine-tuning required.

➡ Platteau gives sufficient efolds for single
     field with                 ! f = 1MPl

,

⇤̃ = 0

11

initial conditions11 the plateau slows down the overall progress of the inflaton to its minimum,
and prolongs the phase of inflation defined by ✏ < 1. The number of e-folds achieved during the
inflationary phase is N

tot

⇠ 62 (compared with N
tot

⇠ 18 for the smooth model), and the field
range is only �� = 2.6M

P l

. Remarkably, a su�cient number of e-folds has been achieved from a
single inflaton with Planckian axion decay constant and moderate inflaton field range.
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FIG. 9: Solution to the Friedmann equations with the bumpy natural potential (8) (blue, solid) and the
smooth natural potential (8) (red, dotted), for initial conditions �(0) = 0.001MPl, �̇(0) = 0 and a(0) = 1,
in units of time (d2MPl)�1.

To obtain acceptable values for the inflationary observables, we increase the level of fine-tuning,
taking ⇤̃4/d4 = 0.33325M4

P l

. For initial conditions we use again �(0) = 0.001M
P l

, �̇(0) = 0 and
a(0) = 1. The total number of e-folds from the beginning to the end of inflation is N

tot

⇠ 136. By
plotting the inflaton and Hubble parameter with respect to the number of e-folds before the end of
inflation in Fig. 10, we see that almost all the inflation occurs while the inflaton is on the plateau.

FIG. 10: Solution to the Friedmann equations as functions of N with the bumpy natural potential (8)
with A = 0, f = 1/3MPl and �/d4 = 0.33325M4

Pl and initial conditions �(0) = 0.001MPl, �̇(0) = 0 and
a(0) = 1.

The Hubble slow-roll parameters are given in Fig. 11. Almost all the inflation proceeds in
a slow-roll fashion, although there are large fluctuations in the slow-roll parameters when rolling
down the steep slopes of the steps. In particular, as the Hubble slow-roll parameters are all small
during horizon crossing epoch around N

e

= 50� 60 e-folds before the end of inflation, we can use

11 For an initial velocity so high that the inflaton overshoots the plateau, an increase in f and the field range would
give the Hubble friction su�cient time to slow down the inflaton to its terminal velocity and prevent overshoot.
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Possible to embed in string theory; back to favoured region 



Non-perturbative corrections can introduce smooth step-
like structures to leading order axion potential, whose 
plateaus give enhanced efolds of inflation 

Sufficient inflation can be obtained for (sub)-Plackian 
field ranges & lower inflationary scales: possible to 
embed in string theory (Minf < Ms , f . MPl)

Can bumpy potentials and parameters emerge from 
concrete string theory constructions? 

Features in potential give distinctive signatures in CMB 
(large negative running                             )↵s ' �10�2,�10�3

Tensor2Scalar r two to four orders of magnitude below 
future bounds (r . 10�3)

CONCLUSIONS



[Cabo-Bizet, Loaiza-Btito, IZ, to appear]

maybe: from complex structure 
inflation in type IIB
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Figure 4: IZ: could we show a much higher order case? The 1 and 4th order look
almost the same! For a flux configuration with a Minkowski vacuum with fluxes F1 = 20,
H3 = 8, H4 = 1, we show the scalar potential as a function of ✓ with the rest of the moduli fixed at
their vev’s. Values for the other moduli? The figures show the scalar potential approximations
to order 0, 1 and 4th in z from left to right and up to down. The last plot indicates the di↵erence
between order 4th and the 1st order calculation.
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Can bumpy potent ia l s and 
parameters emerge from concrete 
string theory constructions? 

Sufficient inflation can be obtained for (sub)-Plackian 
field ranges & lower inflationary scales: possible to 
embed in string theory (Minf < Ms , f . MPl)

Features in potential give distinctive signatures in CMB 
(large negative running                             )↵s ' �10�2,�10�3

Tensor2Scalar r two to four orders of magnitude below 
future bounds (r . 10�3)

CONCLUSIONS

Non-perturbative corrections can introduce smooth step-
like structures to leading order axion potential, whose 
plateaus give enhanced efolds of inflation 


