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Summary 

Objectives
Nuclear physics (NPLQCD)
Hadronic structure from LQCD (LHPC)

What does it take?

Hybrid action lattice calculations

Some  preliminary results 

Scattering on the Lattice   



Goal: Compute scattering lengths
Nucleon-Nucleon scattering: light nuclei
Neutron star equation of state:

Miani-Testa no-go theorem

Finite volume (Luscher) saves the day

Problem: Large scattering lengths 
3S1 ~ 5.4fm              1S0 ~ -24fm

Scattering
(NPLQCD)
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Experimentally challenging  
questions

Hyperon axial charges

Hyperon-nucleon, Hyperon-Hyperon scattering

Diquarks (KO LAT ‘05)   

gΛΣ ~ 0.60     gΣΣ ,gΞΞ   not known experimentally 

Inferred from hyper-nuclear properties  

Cannot be isolated  



• 2+1 Dynamical flavors 

• 2 light (up down) 1 heavy (strange) 

• charm bottom top (treated in HQET as extrernal)

• Light quark masses              m  < 400MeV

• Chiral extrapolations

• Finite volume corrections

• Numerical algorithm slows down  (algorithm scaling            )

• Continuum extrapolations

• compute at several lattice spacings  (algorithm scaling        )
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Recent Developments
• Cheap dynamical fermions (Kogut-Susskind)

• “Taste” breaking

• Improved KS action (Asqtad                 )  [KO, Sugar, Toussaint ‘99]

• MILC has generated lattices: Ready to milk the MILC

• Chiral symmetry on the lattice (         errors)

• Domain wall fermions                    [Kaplan -- Shamir]

• Overlap fermions                           [Neuberger,  Narayanan]

• Costly for dynamical: RBC now starting

• Improvements: 

• Improved gauge actions             [KO with RBC ‘02]

• Mobius fermions                        [Brower, Neff, KO ‘04]

• Big Computers!

Recent Developments

• Cheap dynamical fermions (Kogut-Susskind)
Improved KS action (Asqtad) [KO,Sugar,Toussaint, ’99]
O(a4, g2a2) errors
Significant reduction in flavor breaking
Very good scaling [MILC, ’00]
MILC has generated lattices: Ready to milk the MILC

• Chiral symmetry on the Lattice
Domain Wall Fermions [Kaplan,Shamir]
Overlap Fermions [Neuberger,Narayanan]
Improved scaling: O(a2) errors, full flavor symmetry

Renormalization and mixing
Costly for dynamical: Now starting =! RBC

• Big Computers!

Very promising for the next few years
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3M! ! MN

2MBs ! M"

!(1P ! 1S)
!(1D ! 1S)
!(2P ! 1S)
!(3S ! 1S)
!(1P ! 1S)

LQCD/Exp’t (nf = 0)
1.110.9

LQCD/Exp’t (nf = 3)
1.110.9

MILC, HPQCD, UKQCD

Quenched vs Dynamical
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• Domain wall fermions for valence (with hyp smeared links)
• Chiral symmetry (O(a2) errors better scaling)
• Ward Identities (renormalization, power divergent mixing)

• Kogut-Susskind 2+1 Dynamical flavors 

• Improved KS action (Asqtad: O(a4, g2a2))  [KO, Sugar, Toussaint ‘99]

• MILC has generated lattices: Ready to milk the MILC

• Light quark masses:  Lightest pion         mπ ~ 250MeV

• Volumes: 2.6 to 3.2 fm

• Future:  Continuum extrapolation
• MILC lattice spacings: a=0.125fm, 0.09fm
• a=0.06fm in 1 - 2 years

The hybrid action program



Pion decay constant

Fit the lower 4 points

Scale used a = 0.125 fm

One loop χPT extrapolation:                          
130.6(1.8)MeV

Systematic error: 
chiral extr. 3 MeV  
2% from scale setting

χ2/d.o.f. ~ 2 

Need mixed  χPT of Baer et.al.
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Cascade - Nucleon mass 
splitting

Mild quark mass 
dependence

Small systematic error due 
to chiral extrapolation

Other systematice errors 
cancel 

Scale used a = 1588 MeV

Latt./Exp. = 1.006(8)                 Prel
im

inary



Lambda-Sigma MASS splitting

Data point towards 
experimental result

Linear fit is good

Need χPT

Exper.: 77.47MeV

Lat.: 78(8)MeV

Scale used a = 1588 
MeV



Nucleon Axial charge

Non-perturbatively renormalized

gA(mπ=140MeV) =  1.22(8)
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FIG. 1: Nucleon axial charge gA as a function of the pion
mass. Lattice data are denoted by squares (smaller volume)
and a triangle (larger volume), the lowest smaller volume
point is displaced slightly to the right for clarity, and ex-
periment is denoted by the circle. The heavy solid line and
shaded error band show the !PT fit to the finite volume data
evaluated in the infinite volume limit, and the lines below it
show the behavior of this chiral fit in boxes of finite volume
L3, as L is reduced to 3.5, 2.5, and 1.6 fm respectively.

tween two nucleons, two Deltas, or a nucleon and Delta,
respectively), and a counterterm C.

Figure 1 shows the lattice data and our fit to it using
finite volume !PT. The !PT function was fit to each
data point at the corresponding mass and finite volume,
and the parameters of the fit were then used to determine
the infinite volume axial charge. In the absence of lattice
calculations of gA at still lower pion masses, it is not
presently possible to do a complete extrapolation from
lattice measurements alone. Hence, following Ref. [20],
we performed a constrained fit and the heavy solid curve
is determined by setting f!, m! !mN , and gN! to their
physical values[20] and performing a least squares fit for
gA, g!!, and C. The error band arising from this three
parameter fit is shown in Fig. 1 and the resulting value
for the axial charge at the physical pion mass is gA(m! =
140 MeV) = 1.212±0.084. Given the smooth behavior of
the chiral fit and the small magnitude of the chiral logs,
it is clear that the extrapolation for the axial charge is
quite benign, and that the lattice data is extrapolating
convincingly towards experiment.

Although there has been concern that gA is particu-
larly sensitive to finite volume e!ects[6, 7, 22], Fig. 1
shows these e!ects are well under control and introduce
negligible errors for our volumes. The light curves show
the behavior expected from !PT in volumes L3 with L of
3.5, 2.5, and 1.6 fm. Note that at the lightest mass, our
3.5 and 2.5 fm results are statistically indistinguishable,
consistent with the !PT change of less than 1 %, and
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FIG. 2: Comparison of all full QCD calculations of gA, as
described in the text. The solid line and error band denote
the infinite volume !PT fit of Fig. 1 and its continuation to
higher masses is indicated by the dotted line.

that the corrections applied in correcting our data from
2.5 or 3.5 fm to infinity in the !PT fit are quite small. At
heavier masses, although the truncated !PT expansion is
not quantitatively reliable, the finite volume e!ects are
physically suppressed. The order of magnitude of the
corrections from 1.6 to 2.5 fm is also consistent with the
fact that quenched calculations[6] have shown that in-
creasing the box length from 1.2 fm to 2.4 fm increases
gA by the order of 10% for pion masses ranging from 550
to 870 MeV, and unquenched calculations for 770 MeV
pions[7] have shown that increasing L from 1.1 to 2.2 fm
increases gA by 20%.

In addition to the statistical error arising from fitting
the parameters gA, g!!, and C, several systematic errors
may be estimated. The three constrained parameters can
be calculated directly on the lattice and the linear re-
sponse of our chiral fit to varying each of of them shows
very weak dependence. Calculation of f! on our lattices
yields 92.4 MeV ± 3%, corresponding to an error in gA

of 0.10%, and a rough calculation of m! ! mN , (which
can be improved) with 18% uncertainty corresponds to
an error of 0.29%. Although we have not yet calculated
gN!, it should be calculable to 20%, corresponding to
an error in gA of 0.13 %. Thus the total error from the
constrained parameters is much less than a percent. The
error in the lattice scale, which can shift all masses by 2%,
will induce a negligible e!ect since the curve in Fig. 1 is so
flat. An alternative lattice renormalzation method based
on calculating the ratio of the axial and vector charges,
which should have the same renormalization constant in
the chiral limit, yields discrepancies less than 2% for the
heaviest masses and statistically indistinguishable results
at lighter masses, suggesting that the renormalization er-

LHPC



Scattering on the lattice

Miani-Testa no-go theorem

Infinite Volume:                                          

Euclidean                     Minkowski 



Spectrum

Correlation functions 

J an interpolating field for some state

C(t) = !J(t)J̄(0)"

Particle Masses

We can measure the function describing the propagation of a particle
from point A to point B:

CAB = !JAJ̄B"
where J is an appropriate combination of quarks that make a particle
(e.g. proton)

For large time t

C(t) = Ze#Mt

26

Particle Masses

We can measure the function describing the propagation of a particle
from point A to point B:

CAB = !JAJ̄B"
where J is an appropriate combination of quarks that make a particle
(e.g. proton)

For large time t

C(t) = Ze#Mt
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C(t) = Z0e
!M0t + · · ·

Proton



Scattering on the Lattice

Scattering amplitude:

A(p) =
4!
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domain-wall [22–25] propagators generated by LHPC 1 at the Thomas Je!erson National
Laboratory (JLab).

This paper is organized as follows. In Section II we discuss Lüscher’s finite-volume method
for extracting hadron-hadron scattering parameters from energy levels calculated on the
lattice. In Section III we describe the details of our mixed-action lattice QCD calculation.
We also discuss the relevant correlation functions and outline our fitting procedures. In
Section IV we present the results of our lattice calculation, and the analysis of the lattice
data with !-PT. In Section V we conclude.

II. FINITE-VOLUME CALCULATION OF SCATTERING AMPLITUDES

The s-wave scattering amplitude for two particles below inelastic thresholds can be deter-
mined using Lüscher’s method [2], which entails a measurement of one or more energy levels
of the two-particle system in a finite volume. For two particles of identical mass, m, in
an s-wave, with zero total three momentum, and in a finite volume, the di!erence between
the energy levels and those of two non-interacting particles can be related to the inverse
scattering amplitude via the eigenvalue equation [2]

p cot "(p) =
1
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The sum in eq. (2) is over all triplets of integers j such that |j| < " and the limit " # $
is implicit [26]. This definition is equivalent to the analytic continuation of zeta-functions
presented by Lüscher [2]. In eq. (1), L is the length of the spatial dimension in a cubically-
symmetric lattice. The energy eigenvalue En and its deviation from twice the rest mass of
the particle, #En, are related to the center-of-mass momentum pn, a solution of eq. (1), by

#En ! En " 2m = 2
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p2
n + m2 " 2m . (3)

In the absence of interactions between the particles, |p cot "| = $, and the energy levels
occur at momenta p = 2#j/L, corresponding to single-particle modes in a cubic cavity.
Expanding eq. (1) about zero momenta, p % 0, one obtains the familiar relation 2

#E0 = " 4#a

mL3

%

1 + c1
a

L
+ c2

&
a

L

'2
(

+ O
&

1

L6

'
, (4)

1 We thank the MILC and LHP collaborations for very kindly allowing us to use their gauge configurations
and light-quark propagators for this project.

2 We have chosen to use the “particle physics” definition of the scattering length, as opposed to the “nuclear
physics” definition, which is opposite in sign.
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Effective range expansion:

Luscher

p cot !(p) =
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a is the scattering length 
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data with !-PT. In Section V we conclude.

II. FINITE-VOLUME CALCULATION OF SCATTERING AMPLITUDES

The s-wave scattering amplitude for two particles below inelastic thresholds can be deter-
mined using Lüscher’s method [2], which entails a measurement of one or more energy levels
of the two-particle system in a finite volume. For two particles of identical mass, m, in
an s-wave, with zero total three momentum, and in a finite volume, the di!erence between
the energy levels and those of two non-interacting particles can be related to the inverse
scattering amplitude via the eigenvalue equation [2]
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where "(p) is the elastic-scattering phase shift, and the regulated three-dimensional sum is
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The sum in eq. (2) is over all triplets of integers j such that |j| < " and the limit " # $
is implicit [26]. This definition is equivalent to the analytic continuation of zeta-functions
presented by Lüscher [2]. In eq. (1), L is the length of the spatial dimension in a cubically-
symmetric lattice. The energy eigenvalue En and its deviation from twice the rest mass of
the particle, #En, are related to the center-of-mass momentum pn, a solution of eq. (1), by
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In the absence of interactions between the particles, |p cot "| = $, and the energy levels
occur at momenta p = 2#j/L, corresponding to single-particle modes in a cubic cavity.
Expanding eq. (1) about zero momenta, p % 0, one obtains the familiar relation 2
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1 We thank the MILC and LHP collaborations for very kindly allowing us to use their gauge configurations
and light-quark propagators for this project.

2 We have chosen to use the “particle physics” definition of the scattering length, as opposed to the “nuclear
physics” definition, which is opposite in sign.
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the midpoint of the time direction (t = 32) has been used in generating the LHPC propa-
gators in order to reduce the cost of nucleon matrix-element calculations without a!ecting
their accuracy4. Unfortunately, this is not the case for light-pseudoscalar mesons where the
signal is sustained for longer time intervals, and hence both the systematic errors and the
statistical errors can be improved using correlators of longer time extent.

B. Correlators, Projections and Fitting Methods

In order to perform our calculations of the !! correlation functions we used the programs
Chroma and QDP++ written at JLab under the auspices of SciDAC [38]. In this program-
ming environment, a few lines of c++ code were required to construct the two distinct
propagator contractions that contribute to !! interactions in the I = 2 channel. As it is
the di!erence in the energy between two interacting pions and two non-interacting pions
that provides the scattering amplitude, we computed both the one-pion correlation func-
tion, C!(t), and the two-pion correlation function C!!(p, t), where t denotes the number of
time-slices between the hadronic-sink and the hadronic-source, and p denotes the magnitude
of the (equal and opposite) momentum of each pion.

The single-pion correlation function is

C!+(t) =
!

x

!!!(t,x) !+(0, 0)" , (7)

where the summation over x corresponds to summing over all the spatial lattice sites, thereby
projecting onto the momentum p = 0 state. A !+!+ correlation function that projects onto
the s-wave state in the continuum limit is

C!+!+(p, t) =
!

|p|=p

!

x,y

eip·(x!y)!!!(t,x) !!(t,y) !+(0, 0) !+(0, 0)" , (8)

where, in eqs. (7) and (8), !+(t,x) = ū(t,x)"5d(t,x) is an interpolating field for the !+.
Steps were taken to optimize the overlap between the interpolating fields and the one- and

two-pion hadronic states. First, the propagators calculated by LHPC, which all have sources
centered about x = 0, were smeared [30, 39] in the neighborhood of x = 0 to maximize
overlap with the single-hadron states. Therefore, in eq. (7) and eq. (8), !+(0, 0) denotes
an interpolating field constructed from smeared-source light-quark propagators. Second,
we projected onto two-pion states that are perturbatively close to the energy eigenstates
of interest. The two-pion states with zero total momentum that transform in the A1 rep-
resentation of the cubic group are, in general, linear combinations of the non-interacting
finite-volume eigenstates,

|!+!+" = d0 |!+(p = 0)!+(p = 0)" + d1

!

pL
2! =x̂,ŷ,ẑ

|!+(p)!+(#p)" + ... (9)

where d0 and d1 are complex coe"cients. In the absence of interactions, the ground state is
given by the first term in eq. (9), the first excited state by the second term, and so on. In

4 Note that the source of each propagator was placed on the t = 10 time slice, which led to a maximum of
!t = 22 usable time slices.

5

the midpoint of the time direction (t = 32) has been used in generating the LHPC propa-
gators in order to reduce the cost of nucleon matrix-element calculations without a!ecting
their accuracy4. Unfortunately, this is not the case for light-pseudoscalar mesons where the
signal is sustained for longer time intervals, and hence both the systematic errors and the
statistical errors can be improved using correlators of longer time extent.

B. Correlators, Projections and Fitting Methods

In order to perform our calculations of the !! correlation functions we used the programs
Chroma and QDP++ written at JLab under the auspices of SciDAC [38]. In this program-
ming environment, a few lines of c++ code were required to construct the two distinct
propagator contractions that contribute to !! interactions in the I = 2 channel. As it is
the di!erence in the energy between two interacting pions and two non-interacting pions
that provides the scattering amplitude, we computed both the one-pion correlation func-
tion, C!(t), and the two-pion correlation function C!!(p, t), where t denotes the number of
time-slices between the hadronic-sink and the hadronic-source, and p denotes the magnitude
of the (equal and opposite) momentum of each pion.

The single-pion correlation function is

C!+(t) =
!

x

!!!(t,x) !+(0, 0)" , (7)

where the summation over x corresponds to summing over all the spatial lattice sites, thereby
projecting onto the momentum p = 0 state. A !+!+ correlation function that projects onto
the s-wave state in the continuum limit is

C!+!+(p, t) =
!

|p|=p

!

x,y

eip·(x!y)!!!(t,x) !!(t,y) !+(0, 0) !+(0, 0)" , (8)
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smeared-smeared correlator was used only in the determination of the pion decay constant,
f! (see below).

In the relatively large lattice volumes that we are using, the energy di!erence between
the interacting and non-interacting two-pion states is a small fraction of the total energy,
which is dominated by the mass of the pions. In order to extract this energy di!erence we
followed Ref. [4] and formed the ratio of correlation functions, G!!(p, t), where

G!!(p, t) ! C!!(p, t)

C!(t)2
"

!!

n=0

An e"!En t , (10)

and the arrow becomes an equality in the limit of an infinite number of gauge configura-
tions. In G!!(p, t), some of the fluctuations that contribute to both the one- and two-pion
correlation functions cancel, thereby improving the quality of the extraction of the energy
di!erence beyond what we are able to achieve from an analysis of the individual correlation
functions.

In the p = 0 case, where we project perturbatively close to the ground state, the correlator
G!!(0, t), shown in Fig. 1, can be fit by a single exponential beyond the first few time slices,
and the ground-state energy di!erence, "E0, can be determined quite cleanly. For the
first excited level, with p = 2!/L, the momentum projection in eq. (8) eliminates all but
approximately 10% (in amplitude) of the ground state contribution, which contributes with
opposite sign, as shown in Fig. 1. We analyzed this correlator in two ways. First, by
fitting a single exponential to what remains after subtracting the ground-state contribution
determined at a distant time slice. Second, by fitting two exponentials, either keeping the
value of the ground state energy fixed (three parameter fit) or letting that vary also (four
parameter fit). The di!erence between these procedures, as well and the di!erence coming
from the somewhat arbitrary choice of fitting ranges, is significant only in the value of the
two-pion energies and is incorporated in the estimated systematic error. The results of
our analysis and the quantities relevant to the determination of the scattering length are
summarized in Table II.

IV. ANALYSIS

A main focus of the analysis of lattice data is the extrapolation of the lattice values of var-
ious physical and unphysical parameters that hadronic quantities computed on the lattice
depend on, in order to make direct comparison with experimental hadronic quantities. Ex-
trapolations in the light-quark masses, the finite lattice spacing and the lattice volume are
currently required. For small enough quark masses and lattice spacings, and large enough
volumes, one can rigorously perform such extrapolations using low-energy e!ective field the-
ories. What defines small enough are the dimensionless quantities b#" # 1, m!/#" # 1
and m!L $ 1. The low-energy e!ective field theory that can be used to describe the !!
scattering length is "-PT supplemented to include the finite lattice spacing, based on the
Symanzik action [40, 41].

Our calculations have generated pions with masses that are less than % 500 MeV, which is
likely an upper limit to the range of applicability of the chiral expansion. We are confident
that the results of the calculations at the lightest two pion masses fall within the chiral
regime and can be analyzed with "-PT, while the results of the largest mass point is at the
edge of applicability of "-PT.
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the regime a2 ! L, the e!ect of the interaction is small, as is clear from eq. (4), and each
of the terms in eq. (9) are approximate eigenstates. The momentum projection in eq. (8)
makes it significantly easier to extract the energies of the interacting eigenstates.

In order to determine the amplitudes and energies of the eigenstates that our correlation
functions contain, we used a variety of fitting methods. These include standard covari-
ant fitting, non-covariant fitting, the e!ective-mass method, singular-value decomposition,
single-exponential fits, and multiple-exponential fits. Table II provides a summary of the
results of our calculation. For each light quark mass we have chosen to extract the neces-
sary quantities by fitting the correlation functions over the fitting interval given in Table II.
Using a covariance-matrix, !2 fitting procedure, along with Jackknifing over the lattice con-
figurations, we obtain the central values and statistical errors (the first error quoted for each
quantity) shown in Table II. Varying the fitting interval over reasonable ranges provides an
estimate of one of the systematic errors associated with the determination of these quanti-
ties. The range of central values from a small number of di!erent fitting intervals is used
to determine the second error associated with m!, f!, m!/f!, "E0, a2 , m!a2 and "E1,
given in Table II. In the calculation of the remaining quantities in Table II, their associated
systematic error was estimated by combining statistical and systematic errors of the input
quantities in quadrature. For m!, f! and |p| given in units of MeV, there is an additional
systematic error arising from the scale setting, which we estimate from the uncertainty in
the counterterm, l4, contributing to f!, which is discussed subsequently.
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FIG. 1: Log plots of the ratio of correlation functions, G!!, defined in eq. (10). The left panel
shows the correlation function G!!(0, t) for the three sets of MILC configurations, each of which is
dominated by the !! ground-state. The right panel shows the logarithm of the absolute value of
G!!(2!/L, t) for the heaviest quark-mass with and without subtraction of the (small) ground-state
component.

The pion mass was determined by fitting a single exponential to the pion correlation
function, eq. (7). The point-smeared correlator (point-sink and smeared-source) was found
to be statistically superior to the smeared-smeared correlator (where the sink is smeared with
the same smearing function as the source) both for the one- and two-pion correlators. The
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FIG. 2: The results of this lattice QCD calculation of m!a2 as a function of m!/f! (ovals) with
statistical (dark bars) and systematic (light bars) uncertainties. Also shown are the experimental
value from Ref. [56] (diamond) and the lowest quark mass result of the dynamical calculation of
CP-PACS [21] (square). The gray band corresponds to a weighted fit to our three data points
using the one-loop !-PT formula in eq. (14) (the shaded region corresponds only to the statistical
error).

light-quark masses, which we find to be

m!a2 = !0.0426 ± 0.0006 ± 0.0003 ± 0.0018 . (15)

The last uncertainty, ±0.0018, is the largest and is an estimate of the systematic error
resulting from truncation of the chiral expansion of the scattering length. The two-loop
expression for the scattering length [52, 55] is given by

m!a2 = ! m2
!

8!f 2
!

!

1 +
3m2

!

16!2f 2
!

"

log
m2

!

µ2
+ l!!(µ)

#

+
m4

!

64!4f 4
!

$

% 31

6

&

log
m2

!

µ2

'2

+ l(2)!! (µ) log
m2

!

µ2
+ l(3)!! (µ)

(

)

*
+

, , (16)

where l(2)!! and l(3)!! are linear combinations of undetermined constants that appear in the
O(p4) and O(p6) chiral lagrangians [51, 55] (see Appendix A). It is not possible to provide
a meaningful fit of these three undetermined constants from the few data points we have
calculated. While there are estimates of these low-energy constants from a variety of sources,
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where ASP is the amplitude of the one-pion correlation function resulting from a smeared-
source and point-sink, and ASS is the amplitude which results from a smeared-source and
smeared-sink. The values of mdwf and mres used in this work can be found in Table I.

The chiral expansion of f! is [51]

f! = f
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1 +
m2

8!2f 2
l4 + O(m4)

"

, (12)

where f is the chiral-limit value of the decay constant, m is the pion mass at leading order
in the chiral expansion; li = log !2

i /m
2
! with !i an intrinsic scale that is not determined by

chiral symmetry. In what follows we will denote the physical values of the various parameters
with a phy-superscript. One can use eq. (12) to find
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as well as other variants of this formula that di"er only by terms of higher order in the
chiral expansion. By determining m!/f! in a lattice calculation, and using the experimental
values of m! and f! (and l4), the pion-decay constant in the lattice calculation at the value
of the pion mass, f!(m!), is determined at a given order (in this case next-to-leading order)
in the chiral expansion. Higher order corrections to this scale setting can be determined
systematically in the chiral expansion. The uncertainty in the scale-independent parameter

l
phy
4 = 4.4 ± 0.2 [51, 52] introduces a source of systematic error of less than 2% in both the
pion mass and decay constant.

B. The Scattering Length

With small quark masses and momenta, !! scattering can be reliably computed in "-PT.
The leading-order result (equivalent to current algebra) was computed in Ref. [53], and the
one-loop !! amplitude was computed in Ref. [51]. While this amplitude is now known at
the two-loop level [54, 55], given our current lattice data, we choose to analyze our lattice
results at one-loop level. The one-loop expression for the I = 2 !! scattering length is

m!a2 = ! m2
!

8!f 2
!

!

1 +
3m2

!

16!2f 2
!

%

log
m2

!

µ2
+ l!!(µ)

&"

, (14)

where l!!(µ) is a linear combination of scale-dependent low-energy constants that appear
in the O(p4) chiral lagrangian [51] (see Appendix A). We define l!! " l!!(µ = 4!f!),
and therefore we can simply use the ratio m!/f! computed on the lattice to determine the
scattering length using eq. (14). The di"erence between using the lattice f! and a fixed f!

in the argument of the logarithm modifies the scattering length only at higher orders in the
chiral expansion.

The lowest-lying energy eigenvalues in the lattice volume, shown in Table II, allow us to
determine the I = 2 !! scattering lengths at the di"erent light-quark masses via eq. (4). Our
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The lowest-lying energy eigenvalues in the lattice volume, shown in Table II, allow us to
determine the I = 2 !! scattering lengths at the di"erent light-quark masses via eq. (4). Our
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χPT:

results of the lattice calculation gives: l!! = 3.3± 0.6± 0.2, consistent with the fit to m!a2.
The gray band in Fig. (3) shows the 1! region for C. The extrapolated value of the scattering
length is obviously the same as in the direct fit to m!a2.

The value of l!! favored by the fits are such that there is an almost perfect cancellation
between the counterterm and the logarithm in eq. (14) in the range of m! considered. This
cancellation may be an unfortunate coincidence in this channel. A more refined lattice QCD
calculation is required in order to detect the predicted chiral curvature.

The best experimental determination of the I = 2 scattering length is obtained through
an analysis of K(e4) decays [56], which gives m!a2 = !0.0454 ± 0.0031 ± 0.0010 ± 0.0008
where the first error is statistical, the second is systematic and the third is theoretical. This
data point is plotted in Fig. (2) and in Fig. (3). The two-loop "-PT “prediction” [52] is
m!a2 = !0.0444± 0.0010. Our result is in very good agreement with these determinations.

C. The Phase Shift

We are only able to extract the phase-shift at one non-zero value of the pion momentum,
and only at the heaviest pion mass, despite having a relatively clean signal for the first
excited state in the lattice volume for all three sets of MILC configurations. The reason for
this is that the pion masses are su!ciently light that the first excited state is at an energy
above the four-pion inelastic threshold on the two sets of configurations with the lightest
pion masses. At m! " 484 MeV, and for pion momentum |p| " 544 MeV, the phase-shift is
found to be # = !43 ± 10 ± 5 degrees.

V. CONCLUSIONS

In this paper we have presented the results of a lattice QCD calculation of the I = 2 $$
scattering length performed with domain-wall valence quarks on asqtad-improved MILC
configurations with 2+1 dynamical staggered quarks. The calculations were performed at
three values of the light quark masses, corresponding to pion masses of m! " 294, 348, and
484 MeV. We have also presented the phase-shift at the heavier quark mass.

We have used one-loop "-PT to fit the combination of counterterms contributing to $$
scattering at next-to-leading order to the lattice data and extrapolated in the light-quark
masses down to the physical point. At the one-loop level we are able to make a prediction
for the value of the scattering length, m!a2 = !0.0426 ± 0.0006 ± 0.0003 ± 0.0018, which
agrees within errors with the experimental value.
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FIG. 2: The results of this lattice QCD calculation of m!a2 as a function of m!/f! (ovals) with
statistical (dark bars) and systematic (light bars) uncertainties. Also shown are the experimental
value from Ref. [56] (diamond) and the lowest quark mass result of the dynamical calculation of
CP-PACS [21] (square). The gray band corresponds to a weighted fit to our three data points
using the one-loop !-PT formula in eq. (14) (the shaded region corresponds only to the statistical
error).
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where l(2)!! and l(3)!! are linear combinations of undetermined constants that appear in the
O(p4) and O(p6) chiral lagrangians [51, 55] (see Appendix A). It is not possible to provide
a meaningful fit of these three undetermined constants from the few data points we have
calculated. While there are estimates of these low-energy constants from a variety of sources,
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results for the scattering lengths, and other parameters are presented in the summary table,
Table II. The location of the first excited state in the lattice volume allows, in general, for a
determination of the phase-shift at non-zero values of the pion momentum via eq. (1). For
the lattice parameters in these calculations we were able to extract the I = 2 !! phase-shift
at one (large) momentum at the largest quark mass, which is shown in Table II. For the
two lighter quark masses, the first excited state is above the four-pion inelastic threshold,
and a simple extraction of the !! phase-shift is not possible.

TABLE II: The summary table. The central value for each quantity is determined by fitting the
appropriate correlation function over the indicated “Fit Range”. The first uncertainty is statistical.
The second is an estimate of the systematic error in the fitting process (including varying the fitting
range). For quantities with units of MeV, the third uncertainty is theoretical, and is due to the
uncertainty in the low-energy constant, l

phy
4 , originating from scale-setting. The chi-square test of

fit refers to the extraction of !E0.
Quantity ml = 0.007 ml = 0.010 ml = 0.020
Fit Range 6 ! 13 5 ! 15 7 ! 15
m! (l.u.) 0.1900 ± 0.0021 ± 0.002 0.2243 ± 0.0010 ± 0.0005 0.3131 ± 0.0012 ± 0.0017
f! (l.u.) 0.0937 ± 0.0012 ± 0.001 0.0959 ± 0.0007 ± 0.0002 0.1021 ± 0.0007 ± 0.0012
m!/f! 2.030 ± 0.040 ± 0.03 2.338 ± 0.022 ± 0.005 3.065 ± 0.024 ± 0.030

!2/d.o.f. 0.19 0.84 1.03
!E0 (l.u.) 0.0109 ± 0.0013 ± 0.0003 0.0080 ± 0.0005 ± 0.0003 0.0073 ± 0.0007 ± 0.0004
a2 (l.u.) !1.12 ± 0.12 ± 0.02 !0.99 ± 0.06 ± 0.04 !1.22 ± 0.09 ± 0.07
m!a2 !0.212 ± 0.024 ± 0.004 !0.222 ± 0.014 ± 0.009 !0.38 ± 0.03 ± 0.02
C 0.29 ± 0.16 ± 0.05 0.021 ± 0.067 ± 0.041 0.017 ± 0.082 ± 0.057

f! (MeV) 144.7 ± 0.5 ± 0.4 ± 1.0 148.8 ± 0.3 ± 0.1 ± 1.5 158.0 ± 0.3 ± 0.4 ± 2.8
m! (MeV) 293.7 ± 5.9 ± 4.4 ± 2.0 347.9 ± 3.3 ± 0.8 ± 3.4 484.4 ± 3.9 ± 4.9 ± 8.5
!E1 (l.u.) – – 0.308 ± 0.009 ± 0.005
|p| (MeV) – – 544 ± 14 ± 12 ± 10

"(p) (degrees) – – !43 ± 10 ± 5

The results of our calculation of the product m!a2 are shown as a function of m!/f! in
Fig. (2). In addition, we have shown the lowest pion mass datum from the dynamical calcu-
lations of the CP-PACS collaboration [21] 7. The uncertainty in the CP-PACS measurement
is significantly smaller than that of our calculation and the agreement is very encouraging.
In order to extrapolate m!a2 to the physical value of m!/f!, we performed a weighted fit of
eq. (14) to the three data points in Table II and extracted a value of the counterterm l!!.
As both quantities, m!a2 and m!/f!, are dimensionless there is no systematic uncertainty
arising from the scale setting (l4). We determined that l!! = 3.3 ± 0.6 ± 0.3, where the
first error is statistical and the second is an estimate of the systematic error. This fit of l!!

allows, through eq. (14), a prediction of the scattering length at the physical value of the

7 We have shown the CP-PACS data point at the lightest pion mass, and at the smallest lattice spacing,
# = 2.10, and have not attempted to extrapolate their result to the continuum. This lattice spacing is
comparable to the one used in this work.
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Nucleon-Nucleon scattering

Problem for Lattice (L ~ 2-3fm)

At heavier quark masses the sattering length is much smaller

New limit: Ła << 1          (Beane et al. Phys. Let. B585 ‘04)

Use exact formula: no expansion in a/L or Ł/a.

First Lattice calculation (quenched) (Fukugita et al. ‘95)

3S1 ~ 5.4fm              1S0 ~ -24fm

!E0 =
4!2

mL2

!

d1 ! d2

L

a
+ · · ·

"

a is the scattering length 



Baryon-Baryon interactions

Such states cannot be generated at any order in perturbation theory, and require the non-
perturbative resummation of at least one operator in the theory. Physically speaking, such
states result from a fine-tuning between kinetic and potential energy, and imply that the
EFT is in the proximity of an unstable infrared fixed point [26] (and thus implies that QCD
has an infrared unstable fixed point).

There is no reason to suppose that the hyperon-nucleon sector is near an infrared fixed
point. That is to say, while the bounds of eq. (1) do not preclude unnaturally large scat-
tering lengths, we would expect the scattering lengths to be of natural size, and for there
to be no !N bound states near threshold. Therefore, one expects the EFT that describes
the interaction between hyperons and nucleons to have a power-counting based on the en-
gineering dimensions of the operators that appear in the e"ective Lagrange density, and
hence to be precisely the power-counting of Weinberg [17, 18] 3. As a well-defined procedure
exists, due to Lüscher [27, 28], for extracting the low-energy elastic scattering parameters
from finite-volume lattice QCD calculations, we set-up the low-energy EFT describing !N
scattering in Weinberg power-counting4. Given the Lüscher framework, we use the EFT to
compute the scattering length and e"ective range for elastic !N scattering to NLO in the
EFT expansion 5. These parameters will be su#cient to describe !N scattering for energies
below that necessary for inelastic processes !N ! $N and !N ! !N!. (See also Ref. [6].)
Our results contain the leading light-quark mass dependence of low-energy !N scattering
and can be used to extrapolate from lattice-quark mass values to nature.

A. !N ! !N in QCD

If one could perform a lattice QCD simulation at the physical values of the quark masses,
then, barring the advent of new experiments, there would be no need to construct the EFT
for the !N ! !N S-matrix at low energies. However, near-future lattice simulations will
be partially-quenched with unphysically large values of the sea-quark masses. Therefore, at
least in the short term, the EFT construction will be needed to extrapolate to QCD.

In defining the nonrelativistic fields appropriate for computing the strong interactions
between the ! and the nucleon we remove the nucleon classical trajectory from the nucleon
field, and the ! classical trajectory from the ! field 6. We can perform these redefinitions
as we will work with an SU(2)L "SU(2)R chirally-invariant theory, as opposed to its three-
flavor analog. The Lagrange density describing the free-field dynamics of the nucleon, ! and
$ is

L = N †
!

i"0 +
#2

2MN

"

N + !†
!

i"0 +
#2

2M!

"

! + $†
!

i"0 +
#2

2M!
$ %"!

"

$ , (2)

3 Weinberg’s power-counting does not, in general, require resummation of interactions.
4 Note, however, that we power-count the amplitude directly, rather than the potential.
5 The three-body system with one !-hyperon has been investigated in an EFT without pions [29].
6 Usually, one removes only the classical trajectory associated with one of the heavy-hadron fields. However,

we will work with two-flavor !PT in which strange-baryon number is conserved at each interaction, and

hence the !N residual mass term, "!N can be removed from the theory by a phase redefinition, leaving

only the #! residual mass term.

5

Heavy baryons (no-pions): 

Lint = !C0(B
†
B)2 ! C2(B

†
"

2
B)(B†

B)

!/

p ! m! ="

p
m!

L = ! C0 (N†N)2 ! C2 (N†"2N)(N†N) + h.c. + . . .

V (p) = C0 + C2 p2 + . . . #

A(p) = + + ...+
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Nucleon-Nucleon

2

quarks. The two light quarks in the three sets of configu-
rations are degenerate (isospin-symmetric), with masses
bml = 0.010, 0.020 and 0.030. Some of the domain-
wall valence propagators were previously generated by
LHPC on each of these sets of lattices. The domain-wall
height is m = 1.7 and the extent of the extra dimen-
sion is L5 = 16. The parameters used to generate the
light-quark propagators have been “tuned” so that the
mass of the pion computed with the domain-wall propa-
gators is equal (to few-percent precision) to that of the
lightest staggered pion computed with the same parame-
ters as the gauge configurations [16]. The MILC lattices
were HYP-blocked [17] and Dirichlet boundary condi-
tions were used to reduce the time extent of the MILC
lattices from 64 to 32 time-slices in order to save time in
propagator generation. Various parts of the lattice were
employed to generate multiple sets of propagators on each
lattice. We analyzed one set of correlation functions on
564 lattices with bml = 0.030, three sets of correlation
functions on 486 lattices with bml = 0.020, and one set
of correlation functions on 658 lattices with bml = 0.010.
The lattice calculations were performed with the Chroma

software suite [18, 19] on the high-performance comput-
ing systems at the Je!erson Laboratory (JLab).

The contractions necessary to produce the required
correlation functions were performed in two stages. First,
three propagators were contracted together at a sink with
the quantum numbers of the nucleon, and Fourier trans-
formed on each time slice to produce a non-lattice object
with multiple Dirac and isospin indices (on the initial
time slice). Second, two of these objects were contracted
together to produce the two-nucleon correlation functions
as a function of time-slice. For an arbitrary nucleus (or
bound and continuum nucleons), of atomic number A
and charge Z, there are (A + Z)! (2A !Z)! contractions
that must be performed to produce the nuclear correla-
tion function. Therefore, in the 1S0 channel there are
48 contractions, while in the 3S1 !3D1 coupled channels
system there are 36. The cleanest quantity from which
to extract the energy-di!erence between the two-nucleon
state(s) and the mass of two noninteracting nucleons was
found to be the ratio of correlation functions

GIS(t) = CIS
NN (t)/ (CN (t))2 , (3)

where I denotes the isospin of the NN system and S
denotes its spin. The single-nucleon correlator is

CN (t) =
!

x

"N(t,x) N †(0,0)# , (4)

and the two-nucleon correlator that projects onto the s-
wave state in the continuum limit is

CIS
NN (t) = X ijkl

!"#$
!

x,y

"N!
i (t,x)N"

j (t,y)N#†
k (0,0)N$†

l (0,0)# , (5)

where !, ", #, $ are isospin-indices and i, j, k, l are Dirac-
indices. The tensor X ijkl

!"#$ has elements that pro-
duce the correct spin-isospin quantum numbers of two-
nucleons in an s-wave. The summation over x (and
y) corresponds to summing over all the spatial lattice
sites, thereby projecting onto the momentum p = 0

state. The interpolating field for the proton is pi(t,x) =
%abcua

i (t,x)
"

ubT (t,x)C&5dc(t,x)
#

, and similarly for the
neutron. The ratio of correlation functions that we ob-
tain in the1S0 channel and the 3S1!3D1 coupled channels,
at the three di!erent pion masses, are shown in fig. 1 and
fig. 2, respectively.
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FIG. 1: The logarithm of the ratio of correlation functions
in the 1S0 channel (G10) as a function of time-slice. Each has
been o!-set vertically for display purposes.
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FIG. 2: The logarithm of the ratio of correlation functions
in the 3S1 !

3D1 coupled-channels (G01) as a function of time-
slice. Each has been o!-set vertically for display purposes.

The results of our calculations are shown in Table I.
The scale is set via the quark-mass dependence of f%,
which gives b = 0.127 ± 0.001 fm [20] (consistent with
the Sommer scale-setting procedure used by MILC [16]).
At the pion masses used in these calculations the NN
scattering lengths are found to be of natural size in both
channels, and are much smaller than the L $ 2.5 fm lat-
tice spatial extent. It is noteworthy that our scattering
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The results of our calculations are shown in Table I.
The scale is set via the quark-mass dependence of f%,
which gives b = 0.127 ± 0.001 fm [20] (consistent with
the Sommer scale-setting procedure used by MILC [16]).
At the pion masses used in these calculations the NN
scattering lengths are found to be of natural size in both
channels, and are much smaller than the L $ 2.5 fm lat-
tice spatial extent. It is noteworthy that our scattering
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NuclEon-Nucleon

3

m! (MeV ) a(1S0) (fm) a(3S1) (fm)

353.7 ± 2.1 0.63 ± 0.50 (5-10) 0.63 ± 0.74 (5-9)

492.5 ± 1.1 0.65 ± 0.18 (6-9) 0.41 ± 0.28 (6-9)

593.0 ± 1.6 0.0 ± 0.5 (7-12) !0.2 ± 1.3 (7-12)

TABLE I: Scattering lengths in the 1S0 channel and in the
3S1 !

3D1 coupled channels. The uncertainty is statistical and
the fitting ranges are in parentheses. There is a systematic
error of " 0.1 fm on each scattering length associated with the
truncation of the e!ective range expansion; i.e. the numbers
exhibited are for !1/p cot ! at the measured energy-splitting.

lengths at the heaviest pion mass are not inconsistent
with the lightest-mass quenched values of Ref. [1]. How-
ever, one should keep in mind the e!ects of quenching on
the infrared properties of the theory [21].

The lowest pion mass at which we have calculated is
at the upper limit of where we expect the EFT describ-
ing NN interactions to be valid [22, 23, 24, 25, 26, 27].
While some controversy remains regarding the details
of the NN EFT, in our present analysis, we have con-
strained the chiral extrapolation using BBSvK power-
counting [27] (!KSW power-counting [25, 26]) and W
power-counting [22, 23, 24] in the 1S0-channel and BB-
SvK power-counting in the 3S1 "3D1 coupled channels.
The recent lattice QCD determinations of the light-quark
axial-matrix element in the nucleon by LHPC [28] and
its physical value are used to constrain the chiral expan-
sion of gA. Our lattice calculations of the nucleon mass
and pion decay constant [20] —as well as their physi-
cal values— are used to constrain their respective chi-
ral expansions. In addition to the quark-mass depen-
dence these three quantities contribute to the NN sys-
tems, there is dependence on the quark masses at next-
to-leading order (NLO) from pion exchange, and from
local four-nucleon operators that involve a single inser-
tion of the light-quark mass matrix, described by the
“D2” coe"cients [6, 7, 8]. The results of this lattice
QCD calculation constrain the range of allowed values
for the D2’s, and consequently the scattering lengths in
the region between m! # 350 MeV and the chiral limit,
as shown in fig. 3 and fig. 4. With only one lattice point
at the edge of the regime of applicability of the EFT, a
prediction for the scattering lengths at the physical pion
mass is not possible: the experimental values of the scat-
tering lengths are still required for an extrapolation to
the chiral limit and naive dimensional analysis (NDA)
is still required to select only those operator coe"cients
that are consistent with perturbation theory. The regions
plotted in the figures correspond to values of C0 – the
coe"cient of the leading-order quark-mass independent
local operator – and D2 that fit the lattice datum and
the physical value, and are consistent with NDA; indeed
we have D2(#)m2

!/C0(#) # ±0.10 in both channels (at

physical m!), at a renormalization scale # # 350 MeV.
In both channels the lightest lattice datum constrains the
chiral extrapolation to two distinct bands which are sen-
sitive to both the quark mass dependence of gA and the
sign of the D2 coe"cient. As the lattice point used to
constrain the EFT is at the upper limits of applicabil-
ity of the EFT, we expect non-negligible corrections to
these regions from higher orders in the EFT expansion.
It is clear from fig. 3 and fig. 4 that even a qualitative
understanding of the chiral limit will require lattice cal-
culations at lighter quark masses.

FIG. 3: Allowed regions for the scattering length in the 1S0

channel as a function of the pion mass. The experimental
value of the scattering length and NDA have been used to
constrain the extrapolation in both BBSvK [25, 26, 27] and
W [22, 23, 24] power-countings at NLO.

FIG. 4: Allowed regions for the scattering length in the
3S1 !

3D1 coupled-channels as a function of the pion mass.
The experimental value of the scattering length and NDA
have been used to constrain the extrapolation in BBSvK [27]
power-counting at NLO. (W counting gives essentially iden-
tical results.)

Without the resources to perform similar lattice QCD
calculations in di!erent volumes, and observing that
most energy-splitting are positive, we have assumed that
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Future

These calculations are the begining of the beginning!

K-π  and Κ-Κ in the works

Meson baryon channels: (K-n, K-Σ ...)

Need lighter pion masses, multiple volume sizes, and lattice spacings

Higher statistics

Need to make lattices designed for this project

Turn to Wilson fermions (exact chiral symmetry not important)

Find a big computer!



Conclusions

• We have the means to perform high precision calculations 
relevant to hadronic physics

• Recent theoretical, algorithmic and computer technology 
developments are key factors for future contributions

• A careful study of systematic errors is still needed

• Opportunities for new calculations are now arising

• In the next few years precision calculations  together with 
experiment will play key role in our understanding of hadronic 
physics


