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An effective theory for energetic processes

• Large momentum transfers Q2, small invariant masses: 
MX2 << Q2. Expansion in MX2/Q2.

• Typical momentum regions / relevant scales:

• In SCET, QCD fields are split into soft and collinear 
fields. Hard part is absorbed into Wilson coefficient.
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An effective theory for energetic processes

• SCET provides Lagrangian framework to study 
interplay of soft and collinear emissions
• Scale separation

• Physics associated with large scales is 
absorbed into Wilson coefficients.

• Factorization
• In some cases soft interactions are absent at 

leading power. 
• Sudakov resummation

• RG-evolution in effective theory
• Power corrections



• Exclusive B-decays 

• Factorization theorems
• Inclusive B-decays: B→Xs γ, B→Xu l ν

• Experimental cuts enforce small MX

• Some recent results
• Precision results for inclusive decays

• Determination of |Vub|
• NNLO calculation of photon cut effects in B→Xs γ

• Fact. theorems for semi-inclusive decays

Many B-physics applications
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TB, Neubert ‘06
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Complete factorization for exclusive B-decays to light mesons?

• Factorization theorems for B-decays contain a 
form factor piece which is usually left 
unfactorized. Involves
• Non-factorizable “messenger” interactions 

between B and light mesons.
• Divergent convolution integrals of hard scattering 

kernels with LCDAs (“wave functions”).
• Manohar and Stewart, hep-ph/0605001, claim 

that this part can be factorized using “rapidity 
space factorization” with “zero-bin subtraction”
• Note: form factor is also factorized in pQCD 

framework.

TB, Hill, Neubert ‘03



Complete factorization for exclusive B-decays to light mesons?

• Claims:
• Confinement will eliminate non-factorizable 

interactions.
• Divergencies in convolution integrals are UV 

and can be renormalized away.
• If true, this result would be quite 

spectacular, but many open questions
• Renormalizability? RG evolution? 
• Gauge invariance? They use a gluon mass to 

eliminate nonfactorizable interactions.
• Hadronic input?



Collider physics applications
• Natural habitat of large momentum 

transfers are high-energy collisions...
• Growing number of non-B SCET papers in 

last year
• What should you expect from SCET in 

collider physics?
• Miracles!? Maybe not.

• A prediction of the PDFs? A calculation of the 
fragmentation of quarks and gluons into 
hadrons?

• No. Non-perturbative, with or without EFT ...

• 8-point two-loop amplitudes?
• No. A complicated perturbative problem, with or without EFT ...



SCET in collider physics
• Recent application 

• Resummations by RG evolution
• Threshold resummation 

• DIS            Manohar ‘03; Idilbi, Ji ‘05; TB, Neubert, Pecjak ‘06

• DY and Higgs production        Idilbi, Ji , Ma, Yuan ‘05 ‘06 
• in momentum space

• pT-resummation for DY, Higgs 

• Parton shower using SCET
• Universality of non-perturbative effects in 

event shapes 
• Mass factorization

• Bhabha scattering in the limit me2 →0 at NNLO

TB, Pecjak, Neubert ‘06

Bauer and Schwartz ‘06

Lee and Sterman ‘06

TB and Melnikov ‘07

Gao, Li, Liu ‘05; Idilbi, Ji, Yuan ‘06



Threshold resummation in 
momentum space

TB, M. Neubert ‘06
TB, M. Neubert, B. Pecjak ‘06



Resummation
• Fixed order perturbation theory problematic for 

problems with widely separated scales Q1 >> Q2.
• Large logarithms αsn Logn(Q1/Q2) and αsn Log2n(Q1/Q2).
• Scale in coupling? αs(Q1) or αs(Q2)?

• Many situations with scale hierarchies in collider 
processes. Simplest example: DIS for x→1

Sudakov logarithms

Q2 = !q2

MX =
1! x

x
Q2 " Q2



Factorization theorem

• Any choice of the scale µ will lead to large perturbative 
logarithms. Hard function H and jet-function J are Wilson 
coefficients in SCET, fulfill RG equations.

• Evaluate each part at its characteristic scale. Solve RG for 
individual parts, evolve to next scale:

• Evolution sums up large log’s!

1 Introduction

It is well known that fixed-order perturbation theory is not reliable for quantities involving
several disparate scales. In such cases, higher-order corrections are enhanced by large loga-
rithms of scale ratios. The standard solution to this problem is to split the calculation into a
series of single-scale problems by successively integrating out the physics associated with the
largest remaining scale. Perturbative logarithms are then resummed by renormalization-group
(RG) evolution from the larger scales to the smaller ones. For collider processes, resummation
is traditionally performed by other means, since it was not always clear how to systematically
integrate out the physics associated with high scales in such cases.

The simplest example of a high-energy process with a scale hierarchy which necessitates
resummation is deep-inelastic scattering (DIS) in the threshold region. As the Bjorken scaling
variable x ! 1, the invariant mass of the hadronic system produced in the decay, MX =

Q
!

1!x
x (neglecting the nucleon mass), becomes much smaller than the momentum transfer

Q. The presence of the two scales is manifest in the QCD factorization theorem [1, 2, 3]
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for the non-singlet part of the structure function F2(x, Q2). The result (1) is valid in the
threshold region at leading power in M2

X/Q2 # (1 " x) and !2
QCD/M2

X . As long as MX $
!QCD, both the jet function J(M2

X , µ) and the hard function H(Q2, µ) can be evaluated in
perturbation theory, whereas the parton distribution function !ns

q (", µ) is a non-perturbative
object. The result for the hard function involves single and (Sudakov) double logarithms of the
form #n

s lnm(Q/µ), with m % 2n, while the integral over the jet function produces logarithms
#n

s lnm(MX/µ). Irrespective of the value of the renormalization scale µ, the fixed-order result
contains large logarithms.

Traditionally, the resummation of these logarithms is performed in moment space. The
threshold region of small MX is probed by large-N moments. The relevant scale in Mellin
space is Q/

&
N , so that the large perturbative logarithms depend on the moment parameter

N . In [1, 2] it was shown that these logarithms can be absorbed into a resummation exponent
GN , defined by integrals over two radiation functions Aq(#s) and Bq(#s),
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The functions Aq and Bq are determined by matching with results from fixed-order perturba-
tion theory and are currently known at three-loop order, enabling a nearly complete threshold
resummation to next-to-next-to-next-to-leading logarithmic (N3LL) accuracy [4]. The re-
summed momentum-space structure function F2(x, Q2) is obtained from the moment-space
expression by an inverse Mellin transformation.

This approach to threshold resummation has several drawbacks. The first is related to
integrations over the Landau pole in the running coupling. These occur twice: once in the
integrals over the functions Aq and Bq in the resummation exponent, and once again when
the inverse Mellin transform is taken to obtain results in momentum space. To perform the

1

!

! M
2

X
Sterman ‘87

H(µh) ! U1(µh, µi) ! J(µi) " U2(µi, µf ) " !(µf )
match  →       run   →  match   →    run



Result for resummed structure function

• Simple, analytic results for resummed structure function 
in momentum space. 

• U, η : (known) functions of anomalous dim’s. 
• j : Laplace transform of J 

• Resummed result obtained after plugging in fixed order 
results for coefficient CV,  jet-function and anom. 
dimensions.

IV. MOMENTUM-SPACE RESUMMATION

We are now ready to write down a resummed expres-
sion for the structure function F ns

2 (x,Q2) valid to all
orders in perturbation theory and at leading power in
(1 ! x) and !2

QCD/M2
X . When combining the results

(??) and (??) the Sudakov exponents can be simplified.
Introducing the short-hand notation a!! = a!J !a!V , we
find after a straightforward calculation
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where
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and as before " = 2a!(µi, µf ). The remaining integral
can be performed noting that, on general grounds, the
behavior of the parton distribution function near the end-
point can be parameterized as
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where b(µf ) > 0. This leads to the final expression

F ns
2 (x,Q2),

q e2
q x$ns

q (x, µf )
= |CV (Q2, µh)|2 U(Q,µh, µi, µf )

"(1! x)" !j
"

ln
Q2(1! x)

µ2
i

+ !", µi

#

"e!!E" "(1 + b(µf ))
"(1 + b(µf ) + ")

. (7)

The exact all-order results (??) and (??) are independent
of the scales µh and µi, at which the matching coe#cient
CV and the associated jet function !j are calculated. The
answers simplify further if we choose the “natural” val-
ues µh = Q and µi = Q

#
1! x (for fixed x). In practi-

cal calculations the residual dependence on these scales
introduced by the truncation of the perturbative expan-
sions of the various objects can be used as an estimator
of yet unknown higher-order corrections.

Above we have accomplished the resummation of
threshold logarithms for F2 directly in momentum space.
The resulting formulae are simpler than corresponding
expressions in the literature (see e.g. [?]) in that they
do not require a Mellin inversion and in that the de-
pendence on x and Q is explicit. The right-hand sides
of (??) and (??) can be evaluated at any desired or-
der in resummed perturbation theory. Using currently
available results, it is possible to include terms at NNLO
[?], which is equivalent to the so-called next-to-next-to-
next-to-leading double-logarithmic (N3LL) approxima-
tion. The resummation is under perturbative control as

long as (1!x)$ !2
QCD/Q2, since only then the interme-

diate scale µi % Q
#

1! x is a short-distance scale. While
the theoretical description thus breaks down very close
to the endpoint, we note that weighted integrals of the
structure function over an interval x0 & x & 1 can be
calculated as long as Q

#
1! x0 is in the short-distance

domain.
It is instructive to compare our result (??) with the

conventional approach to threshold resummation in DIS,
which proceeds via moment space [?,?]. One defines
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where the moments of $ns
q (#, µ) are defined in analogy

with those of F ns
2 (x,Q2). For large values of N the inte-

gral is dominated by the endpoint region (1! x) % 1/N .
The short-distance coe#cient CN is decomposed as

CN (Q2, µf ) = g0(Q2, µf ) exp
'
GN (Q2, µf )

(
,

where the prefactor g0 collects all N -independent terms,
and the exponent is written in the form (see [?] for the
most up-to-date discussion)
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The resummation for the momentum-space structure
function F2(x,Q2) itself is obtained from that for the
moments F2,N (Q2) by an inverse Mellin transformation.
It is possible to show (see [?] for details) that the out-
come of this procedure is equivalent, at any finite or-
der in the perturbative expansion, to the result (??)
derived from e$ective field theory, provided we identify
Aq(%s) = "cusp(%s) and

%
1 +
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12
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12
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3
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&
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where ' = d/d lnµ2. It follows from this relation that
the quantities Bq and 'J agree at first order in %s (as
observed in [?]), but they di$er starting from two-loop
order.

There are a few unpleasant features of the conven-
tional approach which are worth pointing out. First, note
that the integrals over the functions Aq and Bq in (??)
run over the Landau pole of the running coupling %s(µ),
introducing an infrared renormalon ambiguity of order
!2

QCD/M2
X . No such problem arises for the integrals (??)
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Comparison with traditional method 
• Traditionally, resummation for hard processes is 

performed in moment space.
• Landau pole ambiguities (in Sudakov exponent and 

Mellin inversion)
• Mellin inversion only numerically

• By solving RG equations in SCET, one obtains 
resummed expressions directly in momentum space.
• Clear scale separation. No Landau pole ambiguities.
• Simple analytic expressions.
• Trivial connection with fixed order expressions.
• Freedom to choose matching scales

• Note: using the appropriate scale setting, we can 
rederive the standard resummation formulas from 
SCET.



slightly massive

Bhabha scattering
at NNLO

TB, K. Melnikov, to appear



Bhabha scattering
• Used to measure luminosity at e+ e− colliders

• Large angle scattering at low energy meson 
factories 

• Babar, Belle, BEPC-BES, CLEO-C, Daphne, 
VEPP-2M, ...

• Small angle scattering at high-energy 
machines 

• LEP, SLD, ILC, ...
• New physics search at large angles!

L =
dN

dtd!

!!
measured

d!
d!

!!
theory precise prediction crucial



QED theory status
• State-of-the art: MC generators that 

implement NLO and resum logarithmically 
enhanced higher order corrections.

• NNLO:
• Massless result calculated

• Ongoing work on massive NNLO
• Fermion loop contribution known.

• Leading term for                    known                       
• inferred from massless result
• sufficient for phenomenology

Bern, Dixon, Ghinculov ‘01

Bonciani et al. ‘04

Penin ‘05
m2

e ! s, |t|



• Penin’s derivation of the                   result is 
somewhat complicated 

• uses photon mass as IR regulator
• depends on non-renormalization of leading Sudakov log’s

• Have much simpler method to restore logarithmic 
mass dependence of amplitudes
• Mass effects appear as wave function renormalization on 

external legs of massless amplitude 

•   
• this relation also works for QCD
• Note: relation is more complicated for diagrams with 

massive fermion loops. 

“Mass from no mass”
m2

e ! s, |t|

4

somewhat formal decoupling transformation. The lead-
ing term of the expansion of the massive Dirac form F
factor is thus just given by the massless form factor mul-
tiplied by the square of the jet-function.

F (Q2,m) = Zj(m2)F (Q2, 0) +O(m2/Q2) . (16)

There are a number of subtleties that need mentioning:
while it is easy to see that the soft contribution is scale-
less, the above factorization theorem does not hold in a
theory with scalar fields in the same kinematics. As was
pointed out by Smirnov [14], the form factor integrals
receive contributions from nonstandard momentum re-
gions which he calls ultra-collinear which induce induce
Q2 dependence not associated with the hard region. We
show in Appendix ?? that these ultra-collinear regions
only contribute at subleading power in gauge theories.
Another di!culty is that in massive theories the individ-
ual collinear contributions are not regulated dimension-
ally and additional analytic regulators have to be used at
intermediate stages [15].

To determine the jet-function Zj(m2) to NNLO in
QED, we now divide the dimensionally regularized mas-
sive form factor by the massless one. The O(!2

s) result
for expansion of the massive vector form factor in the
limit Q2 ! m2 is given in Ref. [16]. The massless result
can be obtained from [17]. Taking the ratio we obtain
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Corrections: added 1 in first line. 2"(3)
2 # 2"(3)

3 in
fourth line. The fact that the result is independent of
Q2 is an explicit demonstration of the mass factorization
to two loop order.

IV. BHABHA SCATTERING

In this Section we apply the factorization formula es-
tablished for the form factor in the previous Section to
Bhabha scattering. To get the scattering amplitudeM in
which electron mass is used as a regulator of the collinear
singularities, all we need to do is to multiply M̃ by a
suitable wave function renormalization constant for each
electron and positron leg. We write

M({pi},m) = Zj(m)n/2M̃({pi}) +O(m2/Q2), (18)

where n = 4 is the number of external massive particles
for the Bhabha scattering.

We can now use the two-loop result for the Bhabha
scattering amplitude computed in the massless limit [2]
and employ Eqs.(18,17) to obtain the scattering ampli-
tude in which collinear divergences are regularized by the
electron mass and the infra-red divergences are regular-
ized dimensionally.

With the massive scattering amplitude at hand,
the computation of the two-loop QED corrections to
the large-angle Bhabha scattering cross-section becomes
straightforward. We write the perturbative expansion of
the scattering cross-section as
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2
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%
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In this formula, Zj is the renormalization factor given in
Eq.(17), Fsoft refers to the soft radiation which, in case of
QED, is known to factorize and exponentiate and d%v

1,2
denote contributions to the cross-section that originate
from virtual radiative corrections. We denote the two-
loop virtual correction due to the interference of the two-
loop amplitude with the tree-level amplitude by d%v,2l

2
and the two-loop virtual correction due to the interfer-
ence of the one-loop amplitude with itself by d%v,1l2

2 .
The massless cross-sections d%v

1 and d%v,2l
2 can be

found in Ref. [2], while d%v,1l2 can be obtained from
Ref. [18], as we explain below.

In Ref. [18] the result for the interference of the one-
loop amplitude with itself was published for quark-quark
scattering in QCD. To extract the QED piece, relevant
for Bhabha scattering, from these results, we need to
analyse the color algebra; such an analysis shows that
d%v,1l2 can be obtained from the computation of Ref. [18]
by taking the N # 0 limit of the QCD result, where N
is the number of colors, and subtracting from it suit-
ably weighted products of the one-loop Bhabha scatter-
ing cross-section d%v

1 and the electron Dirac form fac-
tors in the massless approximation. Note that the di-
vergent terms in d%v,1l2 can be obtained from Catani’s
decomposition [19] of the one-loop scattering amplitude
for e+e! # e+e! and the O(!) correction to the Bhabha
scattering cross-section in dimensional regularization pre-
sented in Ref. [2]. For this reason we only present the
finite part of d%v,1l2; it is explicitely given in the Ap-
pendix.

Finally, the description of soft radiation in Eq.(19) is
encapsulated in the functions Fsoft; this function has to
be computed for massive electron-positron scattering. It
is well-known that in QED the emission of soft photons
exponentiates. The function Fsoft, Eq.(19), is determined
by the integral

Fsoft = "4"2

)

k0"wcut

ddk

(2")d!12k0
JµJµ, (20)

M̃({pi})



Form factor in dimensional regularization

off-shell on-shell
massless

on-shell 
massive

H≡H(Q2) same in all 
three cases!
IR finite.

Jet and soft function 
scaleless!

Soft and collinear 
divergencies for d→ 4

Jet function J≡J(m2)
Soft function scaleless!
Soft divergencies for 

d→ 4

H

J
S

J

H H

J J



Massive Bhabha
• Determine Zj (=J2) by taking ratio of 

massive to massless form factor

• Multiply massless Bhabha amplitude with 
Zj2. Add soft radiation with Eγ < ω ≪ me

Q2 independent ✓
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see also Moch and Mitov ‘06



Result

• Input
• 1-loop to O(ε2) 
• 2-loop virtual
• (1-loop) x (1-loop) 
• Fsoft to O(ε) 

• Result:
• Complete agreement with result of Penin!!
• First independent check of his result.

Bern, Dixon, Ghinculov ‘01

Bern, Dixon, Ghinculov ‘01

inferred from Anastasiou et al. ‘00
our own evaluation



Summary
• Effective theory methods provide an efficient, 

powerful language to study factorization, 
resummation and power corrections to hard 
processes. 

• Increased number of SCET application to 
collider physics problems during last year.

• No miracles, but a novel perspective and a 
number of promising results
• new technique for resummation
• proposal for improved parton showers
• new factorization theorem for massive 

amplitudes 
• Just the beginning, much room for future work!


