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The propagation of uncertainties from the measured experimental data to the partond dis-
tribution functions using Monte Caro methods is discussed. We briefly present a comparison
with other methods.

1 Introduction

The accuracy of current and forthcoming experiments requires a precise determination of the
parton distribution functions (PDFs) and a robust estimate of the associated uncertainty, which
should have a small theoretical bias, and can be associated with a genuine statistical confidence
level.

In a series of recent papers 1,2,3,4 the NNPDF collaboration has developed a method based
on a Monte Carlo (MC) estimate of the errors that allows the propagation of uncertainties from
the experimental data to the fitted PDFs, and to any other quantity that depends on them.

We summarize in this note the main features of the NNPDF approach. Each PDF at the
reference scale f(x,Q2

0) is parametrized using a neural network, and therefore the space of
functions V (f) is mapped into the space of parameters that define the net. We shall not present
the details of the neural network parametrization here, since the statistical considerations that
we discuss apply equally well to any parametrization which is flexible enough not to introduce
a functional bias. The MC method aims at determining the probability distribution in V (f).

2 The Monte Carlo approach

2.1 Methodology

As pointed out in Ref. 5 a faithful determination of the PDFs is achieved by computing the
probability measure in the functional space V (f) of possible functions describing the PDFs at
some reference scale. Note that the PDFs are defined, and can be extracted from experimental
data, only within a well–defined theoretical framework, e.g. using perturbative QCD in a given
scheme and at a given order of perturbation theory. These choices, together with any other
theoretical assumption determine the priors for the probability measure.

In the NNPDF approach this measure is represented by a MC ensemble, which is obtained
in two steps, as first proposed in Ref. 1.



First we generate an ensemble of artificial data, i.e. we generate Nrep replicas of the whole
data set, such that the statistical distribution of the replicas reproduces the statistical distri-
bution of the experimental data. A detailed description of this procedure is presented below in
Sect. 2.2.

In the second step we perform a fit to each replica of the data, thereby obtaining an ensemble
of functions {fk; k = 1, . . . , Nrep}. This ensemble of fitted functions yields a representation of
the density measure in V (f), which can be used to compute the probability distribution of any
quantity that depends on the PDFs. It is important to realize that the MC ensemble is not a
random exploration, but rather an importance sampling of V (f).

2.2 Experimental errors and correlations

Artificial data are generated following Refs. 1,2,3,4. In order to facilitate the comparison with
recent NNPDF fits, we follow the notation introduced in Ref. 4, where the reader can find
a more detailed description of the procedure. Let us denote by Fp a generic data point, by
σp,l the correlated uncertainties, σp,n the normalization uncertainties, and σp,s the statistical
uncertainties. For each given data point F

(exp)
p we generate k = 1, . . . , Nrep artificial points

F
(art)(k)
p as follows

F (art)(k)
p = S

(k)
p,NF (exp)

p

(
1 +

Nc∑
l=1

r
(k)
p,l σp,l + r(k)

p σp,s

)
, k = 1, . . . , Nrep , (1)

where

S
(k)
p,N =

Na∏
n=1

(
1 + r(k)

p,nσp,n

) Nr∏
n=1

√
1 + r

(k)
p,nσp,n . (2)

The variables r
(k)
p,l , r

(k)
p , r

(k)
p,n are all univariate gaussian random numbers that model the fluctua-

tions of the artificial data around the central value given by the experiments. For each replica
k, if two experimental points p and p′ have correlated systematic uncertainties, then r

(k)
p,l = r

(k)
p′,l,

i.e. the fluctuations due to the correlated systematic uncertainties are the same for both points.
A similar condition on r

(k)
p,n ensures that correlations between normalization uncertainties are

properly taken into account.
The treatment of normalization uncertainties needs some care in order to avoid a fit result

which is systematically biased to lie below the data 6. Our treatment of the normalization errors
is spelled in detail in Ref. 4.

Figure 1 shows scatter plots for the central values and the errors of the data. On the
horizontal axes we report the experimental data and their errors as given by the experimental
collaborations, while the vertical axes show the central values and errors obtained by averaging
over our set of replicas. Each data point included in the fit corresponds to one point on the scatter
plots. It is clear from the figure that the replicas reproduce the experimental data and their
errors to a very good accuracy already with a set of 100 replicas. A quantitative assessment of the
accuracy of the replica set can be obtained by monitoring the statistical estimators introduced
in Ref. 2. These estimators have been used to assess the accuracy of the MC sampling of the
experimental data in all the subsequent NNPDF analyses, and we refer the interested reader to
Refs. 2,3,4 for a more detailed discussion.

The important feature in this first stage is that the fluctuations of the replicas in the MC
sampling of data do reflect the true errors in the data as quoted by the experimental collabora-
tions, i.e. there is no rescaling of the error bars in the MC procedure.
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Figure 1: Scatter plots of experimental vs. Monte Carlo central values (left panel) and errors (right panel).

2.3 Fitted replicas

In order to propagate the density measure to the fitted quantities, we perform a standard
bootstrap analysis, as explained e.g. in Ref. 7.

A set of parton distributions is obtained by fitting each replica of the data. The fit is
performed by minimizing for each replica the error function:

E(k)[ω] =
1

Ndat

Ndat∑
i,j=1

(
F

(art)(k)
i − F

(net)(k)
i

) (
(cov)−1

)
ij

(
F

(art)(k)
j − F

(net)(k)
j

)
, (3)

where F
(net)(k)
i is the predicted value for the i-th data point, which depends on the parameters

ω that define the neural networks. Note that the covariance matrix is included in the figure
of merit for the minimization, and therefore correlations are fully taken into account. Further
details can be found in Ref. 4.

The MC set of fitted parton distributions provides a faithful representation of the density
measure in V (f) that is induced by the data included in the fit, for the given priors specified in
defining the PDFs, the kinematical cuts, and the physical constraints imposed during the fitting
procedure.

Any observable O that is constructed from the PDFs can be computed as an average on the
replica ensemble:

〈O[f ]〉 =
1

Nrep

Nrep∑
k=1

O[fk] , (4)

while the set {Ok ≡ O[fk]} provides a representation of the probability distribution for the
observable O. Therefore the uncertainty of any quantity constructed using the PDFs is obtained
as the central 68% percentile of the replica distribution. In this respect there is no difference
between computing the uncertainty on the PDFs or on a derived quantity. The uncertainty
computed in this way corresponds to a genuine 68% confidence region, provided the replica
ensemble is large enough to yield a faithful representation of the probability distribution. Finally
let us remark that for a Gaussian distribution the central 68% percentile coincides with the
variance of the ensemble, while the two quantities differ if the distribution is skewed. Once
again a quantitative description of the density measure is provided the statistical estimators
introduced in Ref. 2.

It is worthwhile stressing again that the set of PDF replicas obtained in this way is not a
random sampling of parameter space. On the contrary a best fit is generated for each replica,
and therefore the fluctuations of the fits truly reflect the fluctuations in the PDFs induced by
the fluctuations in the data. Likewise potential flat directions in parameter space are sampled
in the set of fitted replicas.



3 Comments

There are currently different methods to determine the uncertainty on a given observable O.
In the Hessian matrix (HM) method, a tolerance region is defined in parameter space by

setting a “tolerated increase” T 2 in the value of χ2 above the best–fit value. This region can be
mapped into a sphere

∑
i z

2
i ≤ T 2 by choosing a set of orthonormal PDF parameters {z1, . . . , zN}.

The 1σ error for an observable X is obtained by linear error propagation:

(δO)HM ≈ 1
2

√√√√ N∑
i=1

(
O(z+

i )−O(z−i )
)2

, (5)

where O(z±i ) are the values of O corresponding to the extreme positive/negative values of the
parameter zi on the spere obtained for T = 1, with the other parameters fixed at their best–fit
value zj = z0

j for j 6= i.
The HM method yields the same result as the MC method for Gaussian–distributed com-

patible datasets. A comparison of the two methods based on the same datasets and with the
same theoretical assumptions has been presented in Sect. 3 of the Summary Report for the
HERA–LHC workshop proceedings8. The introduction of a tolerance parameter T ≥ 1 to define
the 1σ contours amounts to rescaling all errors by a constant factor, and obscures the statistical
meaning of the error bands.

A recent publication 9 has introduced a PDF uncertainty on a variable O as the envelope
of the values {Ok; k = 1, . . . , Nsam} obtained by sampling the (N − 1)–dimensional spherical
boundary of the 1σ tolerance region with a flat probability. The uncertainty is defined as:

(δO)env = max {O1, . . . , ONsam} −min {O1, . . . , ONsam} . (6)

Even though this procedure is correct in principle, the convergence of the envelope error to the
actual error, as obtained from the MC or HM methods, is very slow. It can be shown in a simple
example that the envelope method systematically underestimates the correct error for a finite
number Nsam of elements chosen on the tolerance boundary. This is due to the fact that this
method explores the boundary of the tolerance region with a uniform probability, and therefore
becomes less and less efficient as the dimension of the parameter space is increased. Note that
this does not correspond to the MC method adopted by the NNPDF collaboration: as noted
above the MC method performs an importance sampling of the parameter space.
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