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The Wilson loop/amplitude duality for N=4 SYM states that planar n-point MHV amplitudes
are equivalent to n-gon lightlike Wilson loops. This has been proved analytically for all
n at one loop. At two loops it has been shown numerically up to 6 points. We have
recently computed two-loop corrections to arbitrary n-gon lightlike Wilson loops in N=4
supersymmetric Yang-Mills theory, using efficient numerical methods. If the correspondence
with amplitudes continues to hold, we have thus computed all planar n-point two-loop MHV
amplitudes in the N=4 theory.

This talk is based on work done with Babis Anastasiou, Andi Brandhuber, Valya Khoze, Bill
Spence and Gabriele Travaglini [1, 2]

1 Gluon amplitudes in N=4 SYM

There has been a huge amount of theoretical work on scattering amplitudes in gauge theories
over the past few years. There are two main motivations for this, firstly and of ever-increasing
urgency is the need to subtract background standard-model processes from the results coming
out of the LHC in order to correctly isolate new physics. This requires ever simpler/faster
ways to compute the relevant amplitudes. The second motivation, of a more theoretical nature,
is that of obtaining a fuller understanding of quantum field theory by, for example, finding
relations/dualities between different theories and finding new hidden structures/symmetries in
quantum field theory, etc.

In this talk we discuss one of the most recent outcomes of recent studies in scattering
amplitudes, the remarkable amplitude/Wilson loop duality [1, 3, 4]. We will see that as well as
its clear theoretic interest, it has enormous potential practical interest. This duality between
two objects in N=4 super Yang-Mills - has the potential to provide huge simplifications in the
computation of scattering amplitudes in the theory. In this talk we give one example of such a
simplification by outlining the computation in [1,2] of planar MHV 1- and 2-loop gluon scattering
amplitudes for any number of scattered particles n by assuming the conjectured duality.

For the purposes of the Wilson loop/amplitude duality, we consider planar “Maximally
Helicity Violating (MHV)” amplitudes. In any supersymmetric theory supersymmetry Ward
identities dictate that amplitudes with no negative helicities, and those with just one negative
helicity vanish. Thus amplitudes with two negative helicities are dubbed “Maximally Helicity
Violating” or “MHV”.InN=4 SYM the planar all-loop n-point MHV amplitude can be factorised
as follows

An = Atree
n Mn ,



where the amplitude Mn is independent of the helicities of the particles and depends only on
the outgoing momenta pi, i = 1 . . . n.

We will focus on the amplitudeMn for the remainder of the talk. For now we mention that
a beautiful all-loop conjecture for the amplitudes Mn - the BDS conjecture - was developed
in [5,6]. This conjecture is believed to hold at 4- and 5-points but as we will see was later found
to require modification starting with 6-points. The BDS conjecture has been instrumental to
the development of the Wilson loop/amplitude duality.

2 The Amplitude/Wilson loop duality

The Wilson loop/amplitude duality states that the planar MHV amplitude Mn defined in the
previous section is equivalent to the expectation value of a Wilson loop over a closed contour
defined as follows. Take the n out-going momenta pi of the scattering particles and lie them
“end-to-end” as four-vectors. This defines a light-like polygonal contour. The contour is closed
simply by virtue of momentum conservation

∑
pi = 0 (see figure 2).
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Figure 1: The Wilson loop/ Amplitude duality

Recall that a Wilson loop W [C] over a contour C parametrised by xµ(τ) is a gauge invariant
operator defined as W [C] := 1

N TrP exp
[
ig
∮
Cdτ
(
Aµ(x(τ))ẋµ(τ)

)]
.

2.1 Evidence so far...

So what is the evidence for this conjectured duality between Wilson loops and amplitudes?
The first sign of the duality came at strong coupling. In [3] scattering amplitudes in strongly

coupled N=4 SYM were computed for the first time in string theory using the AdS/CFT
correspondence and found to be equivalent to the AdS/CFT description of Wilson loops over
the light-lie polygonal contour described above.

Inspired by this result, the Wilson loop was then calculated perturbatively at one-loop for
four- [4] and n-points [1] and then at two-loops at four- and then five-points [7, 8]. In all cases
agreement was found with the corresponding perturbative scattering amplitudes.

Next came an argument from symmetry as to why the duality should hod at 4- and 5-points.
The Wilson loop over a smooth contour is conformally invariant. For polygonal Wilson loops
this conformal invariance is broken at the cusps. In [8] the precise breaking of this symmetry was
understood and it was observed that the four-, five-point Wilson loop is completely determined
by this broken conformal invariance. Up to 4 undetermined constants at each loop order they
are determined to be precisely of the form given by the BDS conjecture.

Now this symmetry suggests a corresponding ‘dual conformal symmetry’ for the scattering
amplitude which in turn would completely determines the 4-,5-point amplitude to also be given
by the BDS conjecture.



So the matching between Wilson loop and amplitude at two loops and at four- and five-points
could be understood purely from the point of view of symmetry - dual conformal symmetry.

Beyond 5-points however there can non-zero conformally invariant “remainder functions”
which we denote RW (pi), RA(pi) respectively for the Wilson loop or the amplitude. These can
be added to the BDS-form without changing the dual conformal properties. The BDS conjecture
thus requires RA = RW = 0, the Wilson loop/amplitude duality requires RA = RW (but both
can be non-zero), whereas dual conformal invariance itself puts no restrictions on RA and RW
beyond the fact that they are dual conformally invariant functions of the momenta.

Remarkably it was shown in [9, 10] that the remainder functions are indeed non-zero a and
also that RA = RW . This is a highly non-trivial check of the duality.

3 Computing the Wilson loop

Having summarised our reasons for believing the duality, in this section we briefly review the
computation of the light-like polygonal Wilson loop at one and two loops. In particular we
wish to emphasise the relative simplicity of the calculation as compared with the amplitude
calculation.

3.1 1-loop n-point Wilson loop

A 1-loop Wilson loop is obtained by simply taking a gluon propagator and integrating the two
edges around the contour. In the case of a polygonal Wilson loop the integral naturally splits
into a sum of integrals in which the end-points of the propagator are integrated along two edges
of the polygon. In figure 2 such an integral is illustrated diagrammatically. There two edges

Figure 2: A one loop Wilson loop integral.

have been chosen, with momentum p and q. The corresponding integral using Feynman gauge
in D = 4 + 2ε dimensions is∫ 1

0
dτpdτq

u

[−
(
P 2 + (s− P 2)τp + (t− P 2)τq + uτpτq

)
]1+ε

where s := (P + p)2, t := (P + q)2 and u := −s− t+P 2 +Q2. This is equal to the finite part of
a two-mass easy box function, and the sum of all diagrams is equal to the one-loop amplitude.

Note that there is only one type of integrand for all n and that the corresponding integral
is straightforward to evaluate analytically.

3.2 2-loop n-point Wilson loop

Even in the case of the two loop Wilson loop there are still only four new “master” integrals to
be computed for all n as illustrated in figure 3.2 .

aIndeed this had been previously shown by considering a Wilson loop in the limit n→∞ [11].



Figure 3: The four new integrals for the two loop Wilson loop

Using recently developed numerical techniques [12–14] we have computed these 4 master
integrals and are thus able to compute all n-sided polygonal light-like Wilson loops at two
loops [2].

Assuming the amplitude/Wilson loop duality we can therefore compute two-loop (ie NNLO)
planar MHV amplitudes for any number of points n.

We have explicitly computed these for 6,7,8 points for arbitrary momenta and have shown
that the Wilson loop passes some non-trivial tests of the amplitude (collinear limits and dual
conformal invariance.) For a special symmetric configuration we have also computed the Wilson
loop up to n = 30.

This situation should be compared with the direct amplitude computation. The integrands
making up the parity even part of the amplitude have been computed up to n = 7. At 7-points
there are 26 different types of integral. Furthermore each individual integral is much harder to
calculate than the Wilson loop integrals.
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