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We discuss recent unquenched “2+1” flavor lattice QCD calculations of hadronic weak matrix
elements involving b-quarks. We present results for the B → D∗ℓν form factor and |Vcb|, the
B → πℓν form factor and |Vub|, and the neutral B-meson mixing matrix elements and their
SU(3)-breaking ratio ξ. All of these results are new since Moriond QCD 2008

1 Introduction

Although the bottom and charm quark factories and the Tevatron have been pouring out data
in order to pin down the elements of the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix,
lattice QCD calculations are needed to interpret may of their results. This is because, in order
to accurately describe weak interactions involving quarks, one must include effects of confining
quarks into hadrons. Typically the non-perturbative QCD effects are absorbed into quantities
such as decay constants, form factors, and bag-parameters. Currently, the only way to cal-
culate these hadronic weak matrix elements with all systematic uncertainties under control is
numerically using lattice QCD.

In the Standard Model, the CKM matrix is unitary. This leads to relationships among ma-
trix elements that can be expressed as the CKM unitarity triangle. Many models of new physics
predict the presence of new quark flavor-changing interactions and CP -violating phases. Exper-
imentally, these would manifest themselves as apparent inconsistencies between measurements
that are predicted to be the same within the Standard Model framework. Thus one of the key
goals in flavor physics is to over-constrain the CKM unitarity triangle.

Schematically, experimental quantities such as branching fractions and oscillation frequencies
can be expressed as the product of a CKM factor times a hadronic weak matrix element times
kinematic and other factors that can be computed in perturbation theory:

expt. = CKM × lattice × known factors. (1)

Thus, in order to test the Standard Model and observe new physics, we need precise lattice QCD
calculations of weak matrix elements with an accuracy of a few % or better.

1.1 Systematics in Lattice QCD Calculations

Lattice calculations typically quote the following sources of error:

1. monte carlo statistics & fitting

2. tuning the lattice spacing, a, and quark masses

3. matching lattice gauge theory to continuum QCD



4. chiral extrapolation to the physical up and down quark masses

5. extrapolation to the continuum (this is often combined with the chiral extrapolation).

In order to verify understanding and control of systematic uncertainties in lattice calculations,
we compare the results of lattice calculations of known quantities with experiment. Two such ex-
amples are the pion decay constant,1 which has been computed to ∼2% accuracy and agrees with
experiment, and the D → Kℓν form factor,2 whose shape and normalization were successfully
predicted before they was measured accurately by the FOCUS experiment.

1.2 Lattice Calculations of B-meson quantities

Currently there are two groups calculating heavy-light meson quantities with three dynamical
light quark flavors: Fermilab/MILC and HPQCD. Both use the publicly available “2+1 flavor”
MILC configurations 3 which have three flavors of improved staggered quarks, two degenerate
light quarks and one heavy quark with a mass close to that of the physical strange quark.
The light quark masses range from ms/10 ≤ ml ≤ ms; this corresponds to a minimum mπ

of approximately 240-330 MeV. All of the calculations presented in this review are computed
on two or more lattice spacings with minimum of a ≈ 0.09 fm. The two lattice collaborations
use different heavy quark discretizations: Fermilab/MILC uses Fermilab quarks,4 while HPQCD
uses nonrelativistic (NRQCD) heavy quarks.5
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Figure 1: Recent determinations of |Vcb|. The top (blue) point shows
the inclusive determination, while the lower (red and black) points
show exclusive determinations from different semileptonic decays.

Because the experimental B →
D∗ℓν branching fraction is propor-
tional to the product of the form fac-
tor, F (q2), times |Vcb|, lattice QCD
calculations are needed to determine
the form factor normalization and
extract |Vcb|.

The CKM matrix element |Vcb|
is critical to unitarity triangle fits
because, in order to make the base
of the CKM unitarity triangle have
unit length, the convention is to divide everything by |VcdV

∗

cb
|. Thus |Vcb| enters all constraints

on the apex of the unitarity triangle except for those from angles and ratios. For example, the
∼ 2% error in |Vcb| already limits the constraint from neutral kaon mixing (the ǫK band), and
will ultimately limit other constraints if unimproved.

Recently, the Fermilab Lattice and MILC Collaborations have published the first unquenched
determination of the B → D∗ℓν for factor at zero recoil. They find: 6

F (1) = 0.921 ± 0.013stat. ± 0.020sys.. (2)

The largest uncertainties in this result are from statistics and discretization errors, and can
be reduced in a straightforward manner. The MILC Collaboration has recently generated four
times the configurations on the a ≈ 0.12 fm lattices, and the use of these lattices will reduce the
statistical errors. Configurations with smaller lattice spacings of a ≈ 0.06 fm and a ≈ 0.045 fm
also have yet to be analyzed, and will reduce the discretization errors. Using the most recent
experimental value of F (1) × |Vcb| from the Heavy Flavor Averaging Group and applying an
0.7% QED correction gives

|Vcb| × 103 = 38.2 ± 0.6exp. ± 1.0theo.. (3)



Figure 1 shows the above result compared with other determinations of |Vcb|. Currently, the
exclusive determinations of |Vcb| are approximately 2-σ lower than the inclusive determination.
We note, however, that the confidence level of the global fit that leads to the inclusive value is
0.01%; thus the experimental data are not consistent for B → D∗ℓν. A future calculation of the
B → D∗ℓν form factor at non-zero recoil may shed some light on this discrepancy.
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Figure 2: Recent determinations of |Vub|. The upper two (blue)
points are representative inclusive determinations and the next two
(red) points are earlier exclusive determinations from lattice QCD.
The bottom (black) point shows the newest lattice QCD result.

The experimental branching fraction
for B → πℓν semileptonic decay
is proportional to the product of
the form factor, f+(q2), times |Vub|.
Hence a lattice calculation of f+(q2)
is needed to extract |Vub|. A precise
determination of |Vub| from exclusive
B → πℓν decay is difficult, however,
because the errors in experimental
branching fraction are smallest at
low q2, whereas the errors in lat-
tice form factor determinations are
smallest at high q2.

The ratio |Vub|/|Vcb| constrains
the apex of the unitarity triangle.
The constraint, which is limited by
the large uncertainty in |Vub|, is ap-
proximately parallel to the one from
the angle β. Because sin(2β) constrains the height of the unitarity triangle to better than 4%
and is still improving, a precise determination of |Vub| will allow a strong test of CKM unitarity.

The Fermilab Lattice and MILC Collaborations have recently computed the B → πℓν form
factor at 12 q2 values from ≈ 18 GeV2 to q2

max = 26.5 GeV2. 8 They find that the shape and
normalization are consistent with other 2+1 flavor determinations. The errors, however, are
smaller and more reliable due to the use of a second lattice spacing. The largest uncertainties in
the form factor are from statistics and the chiral extrapolation, and can be reduced by analyzing
the additional configurations on the a ≈ 0.12 fm lattices and analyzing configurations with larger
spatial volumes that allow simulations at lighter pion masses.

In order to extract |Vub|, Fermilab and MILC combine their numerical lattice form factor
data with the experimentally-measured branching fraction from the BABAR experiment.9 They
fit lattice and BABAR data together to a model-independent function based on analyticity, uni-
tarity, and crossing-symmetry10 leaving |Vub| as a free parameter. The simultaneous fit procedure
optimizes the extraction and minimizes the resulting error in |Vub|. They obtain

|Vub| × 103 = 3.38 ± 0.36. (4)

Figure 2 shows the above result compared with other determinations of |Vub|. The new exclusive
|Vub| is approximately 1-2-σ lower than inclusive determinations, but is consistent with the
preferred values from Standard Model unitarity triangle fits.

4 Neutral B-meson mixing

The ratio of Bs-to-Bd oscillation frequencies is proportional to |Vtd|/|Vts|. In combination with
a lattice calculation of the neutral Bs- and Bd-mixing matrix elements, this ratio constrains the



apex of the CKM unitarity triangle. Because the oscillation frequencies are measured to better
than 1% accuracy, the dominant error in this constraint is currently from the uncertainty in the

lattice QCD determination of the SU(3)-breaking ratio ξ ≡ fBs
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Figure 3: Recent determinations of ξ. The upper (red) point shows
the preliminary result of the Fermilab Lattice and MILC Collabo-
rations, while the lower (black) point shows the result of HPQCD.

Recently the HPQCD Collabo-
ration has completed the first un-
quenched 2+1 flavor determination
the neutral B-meson mixing matrix
elements and their ratio ξ: 11

ξ = 1.258(33) (5)

fBd

√

B̂Bd
= 216(15) MeV (6)

fBs

√

B̂Bs
= 266(18) MeV. (7)

The largest uncertainty in ξ is from
statistics and chiral extrapolation and can be reduced by analyzing more configurations on the
a ≈ 0.12 fm lattices and using configurations with larger spatial volumes in order to access lighter
pion masses. Figure 3 shows the above result compared with other determinations of ξ. The
value is consistent with the preliminary 2+1 flavor determination of the Fermilab Lattice and
MILC Collaborations.12 Combining it with current experimental measurements of the oscillation
frequencies leads to the ratio of CKM matrix elements |Vtd|/|Vts| = 0.214(1)exp.(5)theo..

5 Summary and Outlook

Lattice QCD calculations of B-meson decays and mixing now allow reliable determinations of
CKM matrix elements. In the past year, lattice QCD has produced:

• the first 2+1 flavor calculation of the B → D∗ℓν form factor and |Vcb| exclusive

• the best 2+1 flavor calculation of the B → πℓν form factor and |Vub| exclusive

• the first 2+1 flavor calculation of neutral B-meson mixing parameters and their ratio ξ.

Lattice QCD results will continue to improve with higher statistics, finer lattice spacings, im-
proved heavy-quark actions, and improved form factor data at nonzero q2. Lattice QCD will soon
allow percent-level tests of the Standard Model in the quark flavor sector and may eventually
reveal new physics.
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