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FIG. 8: (Color online) Comparison of hydrodynamic models to experimental data on charged
hadron integrated (left) and minimum bias (right) elliptic flow by PHOBOS [85] and STAR [87],
respectively. STAR event plane data has been reduced by 20 percent to estimate the removal

of non-flow contributions [87, 88]. The line thickness for the hydrodynamic model curves is an
estimate of the accumulated numerical error (due to e.g. finite grid spacing). The integrated v2

coe!cient from the hydrodynamic models (full lines) is well reproduced by 1
2ep (dots); indeed, the

di"erence between the full lines and dots gives an estimate of the systematic uncertainty of the
freeze-out prescription.

experimental data from STAR with the hydrodynamic model is shown in Fig. 8.
For Glauber-type initial conditions, the data on minimum-bias v2 for charged hadrons

is consistent with the hydrodynamic model for viscosities in the range !/s ! [0, 0.1], while
for the CGC case the respective range is !/s ! [0.08, 0.2]. It is interesting to note that
for Glauber-type initial conditions, experimental data for both the integrated as well as the
minimum-bias elliptic flow coe!cient (corrected for non-flow e"ects) seem to be reproduced
best7 by a hydrodynamic model with !/s = 0.08 " 1

4! . This number has first appeared in the

7 In Ref. [22] a lower value of !/s for the Glauber model was reported. The results for viscous hydrodynamics
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• Collectivity: anisotropy in space is transferred to momentum

• It is well described by (almost) ideal hydrodynamics. 
Deviations from ideal are parameterized by the viscosity.

• This is one of the most important results of the RHIC 
program.
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• The spacial information of the nucleus is reflected in the 
momentum distribution.
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Flow Systematics

• The eccentricity scaled v2 is a function of the 
transverse density.

• At large densities, it must saturate (hydro)
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We show that the centrality and system-size dependence of elliptic flow measured at RHIC are
fully described by a simple model based on eccentricity scaling and incomplete thermalization. We
argue that the elliptic flow is at least 25% below the (ideal) “hydrodynamic limit”, even for the
most central Au-Au collisions. This lack of perfect equilibration allows for estimates of the e!ective
parton cross section in the Quark-Gluon Plasma and of its viscosity to entropy density ratio. We
also show how the initial conditions a!ect the transport coe"cients and thermodynamic quantities
extracted from the data, in particular the viscosity and the speed of sound.

PACS numbers: 12.38.Mh,24.85.+p,25.75.Ld,25.75.-q

When two ultrarelativistic nuclei collide at non-zero
impact parameter, their overlap area in the transverse
plane has a short axis, parallel to the impact parameter,
and a long axis perpendicular to it. This almond shape
of the initial profile is converted by the pressure gradient
into a momentum asymmetry, so that more particles are
emitted along the short axis [1]. The magnitude of this
e!ect is characterized by elliptic flow, defined as

v2 ! "cos 2(! # "R)$, (1)

where ! is the azimuthal angle of an outgoing particle,
"R is the azimuthal angle of the impact parameter, and
angular brackets denote an average over many particles
and many events. The unexpected large magnitude of
elliptic flow at RHIC [2] has generated a lot of activity
in recent years.

Elliptic flow results from the interactions between the
produced particles, and can be used to probe local ther-
modynamic equilibrium. If the produced matter equili-
brates, it behaves as an ideal fluid. Hydrodynamics pre-
dicts that at a given energy, v2 scales like the eccentricity
" of the almond [1, 3]. It is independent of its transverse
size R, as a consequence of the scale invariance of ideal-
fluid dynamics. If, on the other hand, equilibration is
incomplete, then eccentricity scaling is broken and v2/"
also depends on the Knudsen number K = #/R, where
# is the length scale over which a parton is deflected by
a large angle.

Here, we show that the centrality dependence of v2/",
for both Au+Au and Cu+Cu collisions, can be described
by the following simple formula [4]:

v2

"
=

vhydro
2

"

1

1 + K/K0
. (2)

v2/" is largest in the hydrodynamic limit K % 0. The
first order corrections to this limit, corresponding to vis-
cous e!ects, are linear in K. For large mean-free path,

far from the hydrodynamic limit, v2/" & 1/K vanishes
like the number of collisions per particle. One expects
the transition between these two regimes to occur when
# ' R, hence that K0 ' 1. A recent transport cal-
culation [5] in two spatial dimensions indeed obtained
K0 ' 0.7.

Elliptic flow develops gradually during the early stages
of the collision. Due to the strong longitudinal expansion,
the thermodynamic properties of the medium depend on
the time $ , of course. The average particle density, for
instance, decreases like 1/$ (if their number is approxi-
mately conserved, see recent discussion in [6]):

%($) =
1

$S

dN

dy
, (3)

where dN/dy denotes the total (charged + neutral) mul-
tiplicity per unit rapidity, and S is the transverse overlap
area between the two nuclei. The quantities that we shall
extract from v2 should be intepreted as averages over the
transverse area S, and over some time interval around
R/cs, which is the typical time scale for the build-up of
v2 in hydrodynamics [4]. cs denotes the velocity of sound.

The Knudsen number K is defined by evaluating the
mean free path # = 1/&% (& is a partonic cross section)
at $ = R/cs. Thus,

1

K
=

&

S

dN

dy
cs . (4)

The purpose of this Letter is to show that the centrality
and system-size dependence of the data for v2 at RHIC
is described very well by Eqs. (2) and (4). This provides
three important pieces of information. First, such a fit
allows us to “measure” the Knudsen number correspond-
ing to a given centrality, which quantifies how close the
dense matter produced in heavy-ion collisions at RHIC
is to perfect fluidity. Second, the extrapolation to K = 0

• Since flow is due to final state interactions, we assume 
that this formula applies to all hadronic systems.
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FIG. 6: Participant-eccentricity-scaled elliptic flow versus
transverse charged particle area density at mid-rapidity for
Cu + Cu and Au + Au collisions at

!
sNN = 62.4 and!

sNN = 200 GeV. The horizontal and vertical error bars orig-
inate from the combined statistical and systematic errors of
the data (90% C.L.). The shaded boxes are the result of the
systematic errors assigned to !part{2} and S by the variation
of the MCG parameters (90% C.L.).

quadrature to obtain total 90% C.L., and b) systematic
errors (90% C.L.) assigned to the MC quantities obtained
by the variation of Glauber parameters with respect to
the individual baseline values (cp. Table II). As reported
earlier [24, 30], we find a common scaling between the dif-
ferent systems. However, within the errors, it is di!cult
to tell whether the almost linear rise of the eccentricity-
scaled elliptic flow breaks down at larger values of the
area density which might indicate that the hydrodynamic
limit is being reached at the top RHIC energy.

C. Cumulants and Correlations

As mentioned above, it is suggested [29] that higher
order cumulant moments of v2 should be proportional to
analogously defined higher order cumulant moments of
the eccentricity, including:

!{2}2 !
!

!2
"

!{4}4 ! 2
!

!2
"2 "

!

!4
"

. (8)

In Ref. [23] Bhalerao and Ollitrault (B&O) attempted
to derive expressions for !part{2} and !part{4} semi-
analytically, making use of two strong approximations.
First, the paper contains an implicit assumption that
all of the participant positions are independent samples
of some underlying distribution, or at least that any
correlations between participants do not a"ect the ec-
centricity fluctuations [47]. Second, the expressions in
Ref. [23] were obtained using a Taylor expansion, leading
to a power series in 1/Npart which is then truncated at
1/Npart. Based on these approximations, they concluded

FIG. 7: Schematic of densities for the di!erent approaches:
a) optical limit, b) full MCG with correlated participants orig-
inating from each of the two nuclei in one MCG event and
c) mixed-event MCG with uncorrelated participants where ev-
ery participant originates from an individual nucleon–nucleon
collision obtained in a di!erent MCG event.

that !part{4} is numerically equal to the standard eccen-
tricity !s, vanishing for central (b = 0) collisions. This
would in turn imply that higher order cumulants of the
flow such as v2{4} are insensitive to fluctuations in the
participant distribution. In this section we show that
B&O’s assumptions are too strong and that !part{4} for
Cu + Cu collisions di"ers significantly from !s when bet-
ter approximations are made, especially when the role
of correlations is taken into account, e.g. for the usual
PHOBOS MCG calculations.

1. Correlations of Nucleons in the Initial State

The first approximation in Ref. [23] is to ignore the
correlations between nucleon participant positions, even
though we know that there are at least three sources for
such correlations.

First, in order to contribute to the produced matter,
the participating nucleons must hit each other, which
causes a correlation. For instance, in the case of a pe-

• In particular, it should apply to p-p. For other  
manifestations of flow in p-p see the talk by T. Pierog

!
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(Bhalerao et al 05)



Multiplicity in p+p

• Event generators predict long tails in the multiplicity 
distribution of p+p
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Charged Particle  Multiplicity (generator-level)

14 TeV p+p Inelastic, Non-Diffractive

Pythia 6.421

Perugia 0 <72.0>

Pro-pT0 <80.5>

Pro-Q20 <84.1>

DW <77.4>

• The largest values are comparable to semi-peripheral Cu
+Cu where flow effects have been measured

• These extreme values are not entirely due to geometry 
(impact parameter). But occur mostly in “central” collisions



Why High Multiplicity? 2

tion plane, than orthogonal to it (v2(pT ! 2 GeV) >
0.2). The transverse momentum integrated v2 reaches
v2 " O(0.1). Remarkably, the experimental praxis of v2-
measurements indicates that the parametric bounds on
v2{2}, v2{4}, ... v2{n} given above provide realistic nu-
merical estimates for the feasibility of v2 measurements
if one uses for nmult values of order of the charge mul-
tiplicity per unit rapidity dNch/dy. We summarize this
information in Table I for nmult = 30, 50 and 80. These
values of nmult are smaller than dNch/dy in su!ciently
central heavy (Au) collisions, but they are comparable
to the values in semi-peripheral collisions of lighter (Cu)
nuclei.

np = 2 np = 4
v2 (nmult = 30) > 0.18 > 0.09
v2 (nmult = 50) > 0.14 > 0.05
v2 (nmult = 80) > 0.11 > 0.04

TABLE I: Estimates of the minimal signal strength v2{np},
which can be discriminated from non-flow e!ects in an np-
cumulant analysis based on nmult particles.

The interpretation of elliptic flow measurements in
heavy ion collisions relies on the observation that v2 is
correlated with the initial spatial eccentricity ! of the
transverse overlap region of the two projectiles [1] ,

! =

!

y!2
"

#
!

x!2
"

$y!2% + $x!2%
. (3)

Here, averages are performed with respect to the matter
distribution right after the collision, and x! and y! denote
the lengths along the main axis of an ellipsoid describing
this distribution. For su!ciently central heavy (Au) and
lighter (Cu) ion collisions, it is found that v2 & ! [10, 11].
Remarkably, this is a generic expectation of fluid dy-
namic simulations of heavy ion collisions. Models of ideal
dissipation-free hydrodynamics, which by construction
describe collision scenarios of maximal collective flow,
can account quantitatively for the size of the elliptic flow
measured at RHIC [12, 13, 14] and the expected dissi-
pative corrections are anomalously small [15, 16, 17, 18].
In conjuction with this interpretation, the observation of
very large v2-signals [5, 6, 7] is arguably one of the most
far reaching discoveries of the RHIC heavy ion program.

We now turn to the question whether elliptic flow may
be measurable in p-p collisions at the LHC. In p-p col-
lisions studied so far, one may explain the apparent ab-
sence of an elliptic flow signal by pointing to the fact
that the dNch/dy in these collisions is too low to make v2

measurable (see Table I). However, while Monte Carlo
simulations for minimum bias dNch/dy distributions in'

s = 14 TeV p-p collisions peak at low values < 10 for
the non-di"ractive contribution, they show a pronounced
high-multiplicity tail, typically reaching values as high as

y
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FIG. 1: Schematic view of region of hadron production may
be located in the transverse overlap region of a central proton-
proton and central nucleus-nucleus collision respectively. De-
pending on the number and size of hadronically active regions,
large eccentricities can result even in central collisions.

dNch/dy ! 60. Despite their model dependence, these
simulations strongly indicate that abundant samples of
high-multiplicity p-p events with dNch/dy ( 50 will be
measured at the LHC. Such a multiplicity is comparable
to that reached in semi-peripheral (centrality class 40 -
60 %) Cu-Cu collisions at

'
sNN = 62.4 GeV at RHIC,

and for these latter collisions elliptic flow has been mea-
sured. Whether elliptic flow is also measurable in high-
multiplicity p-p event sample at the LHC then depends
on the signal strength v2 and on the relative strength of
non-flow corrections in p-p collisions.

To estimate the strength of the elliptic flow signal
v2, we now discuss the initial spatial eccentricity ! of
hadronic collisions. In the collisions of heavy (Au or Pb)
ions, this eccentricity is determined solely by the trans-
verse spatial overlap. More precisely, in a nucleus-nucleus
collisions dNch/dy scales approximately with the average
number Npart of participant nucleons, which scales with
the area of the nuclear overlap. Therefore, selecting a
multiplicity class in A-A amounts to selecting on impact
parameter and determines the shape of the nuclear over-
lap region. For large Npart, it is reasonable to make the
smoothness assumption that the interactions between the
Npart nucleons result in a homogeneous density distribu-
tion within the area of the nuclear overlap (for illustra-
tion, see right hand side of Fig. 1). If this assumption
would carry over to p-p collisions, then the highest mul-
tiplicity p-p collisions would be the most central ones,
their spatial eccentricity would be close to zero, and so
would be the flow signal v2 & !. Previous estimates of
the magnitude of v2 were based on this smoothness as-
sumption [19, 20] or on other methods [21] and reported
small, non-measurable values.

However, sizable deviations from the smoothness as-
sumption have been found in modeling lighter (Cu) ion
collisions [10, 11]. In these systems, the relatively small
number of nucleon-nucleon interactions results in event-
by-event fluctuations of the density distribution which
can increase the initial spatial eccentricity significantly

(2nd cumulant) (4nd cumulant)
• dN/dy sets the relevant nmult 

• Flow is not the only source of particle correlations
9
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FIG. 6: Participant-eccentricity-scaled elliptic flow versus
transverse charged particle area density at mid-rapidity for
Cu + Cu and Au + Au collisions at

!
sNN = 62.4 and!

sNN = 200 GeV. The horizontal and vertical error bars orig-
inate from the combined statistical and systematic errors of
the data (90% C.L.). The shaded boxes are the result of the
systematic errors assigned to !part{2} and S by the variation
of the MCG parameters (90% C.L.).

quadrature to obtain total 90% C.L., and b) systematic
errors (90% C.L.) assigned to the MC quantities obtained
by the variation of Glauber parameters with respect to
the individual baseline values (cp. Table II). As reported
earlier [24, 30], we find a common scaling between the dif-
ferent systems. However, within the errors, it is di!cult
to tell whether the almost linear rise of the eccentricity-
scaled elliptic flow breaks down at larger values of the
area density which might indicate that the hydrodynamic
limit is being reached at the top RHIC energy.

C. Cumulants and Correlations

As mentioned above, it is suggested [29] that higher
order cumulant moments of v2 should be proportional to
analogously defined higher order cumulant moments of
the eccentricity, including:

!{2}2 !
!

!2
"

!{4}4 ! 2
!

!2
"2 "

!

!4
"

. (8)

In Ref. [23] Bhalerao and Ollitrault (B&O) attempted
to derive expressions for !part{2} and !part{4} semi-
analytically, making use of two strong approximations.
First, the paper contains an implicit assumption that
all of the participant positions are independent samples
of some underlying distribution, or at least that any
correlations between participants do not a"ect the ec-
centricity fluctuations [47]. Second, the expressions in
Ref. [23] were obtained using a Taylor expansion, leading
to a power series in 1/Npart which is then truncated at
1/Npart. Based on these approximations, they concluded

FIG. 7: Schematic of densities for the di!erent approaches:
a) optical limit, b) full MCG with correlated participants orig-
inating from each of the two nuclei in one MCG event and
c) mixed-event MCG with uncorrelated participants where ev-
ery participant originates from an individual nucleon–nucleon
collision obtained in a di!erent MCG event.

that !part{4} is numerically equal to the standard eccen-
tricity !s, vanishing for central (b = 0) collisions. This
would in turn imply that higher order cumulants of the
flow such as v2{4} are insensitive to fluctuations in the
participant distribution. In this section we show that
B&O’s assumptions are too strong and that !part{4} for
Cu + Cu collisions di"ers significantly from !s when bet-
ter approximations are made, especially when the role
of correlations is taken into account, e.g. for the usual
PHOBOS MCG calculations.

1. Correlations of Nucleons in the Initial State

The first approximation in Ref. [23] is to ignore the
correlations between nucleon participant positions, even
though we know that there are at least three sources for
such correlations.

First, in order to contribute to the produced matter,
the participating nucleons must hit each other, which
causes a correlation. For instance, in the case of a pe-

ϕ-ϕR
Correlations of all particles 
w.r.t. reaction plane (flow)

Few particle 
correlations (non-flow)

• Only if nmult is large flow and non-flow can be disentangled 

• Cumulants allow to disentangle these 

!
ei2(!1!!2)

"
= v2

2 {2} + !2 (0.1)

1

!
ei2(!1!!2)

"
= v2

2 {2} + !2 (0.1)

!
ei2(!1+!2!!3!!4)

"
= 2v2

2 {2} +
!!

ei2(!1+!2!!3!!4)
""

(0.2)

!!
ei2(!1+!2!!3!!4)

""
= v4

2 {4} + !4 (0.3)

1

1/nmult 1/n3mult

(Borghini et al 01)



Homogenous Approach

• Assumption:  the role of the nucleons is played by the 
partons (or strings)

and 0.0085 for the Fermi-II, Fermi-I, and Fermi-Au-Au respectively), the smaller the impact-parameter at which !

changes sign. In any case, the small magnitude of the p-p eccentricities for the Fermi-I (about five times smaller than

Fermi-AuAu) and Fermi-II (very close to zero) profiles and the large impact-parameters where the sign change takes

place, likely preclude to see any such effect in the elliptic flow data. Also, as aforementioned, it is easy to show that

the overlap of two Gaussian distributions for the colliding protons, has zero eccentricity at any impact parameter.
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Figure 3: Eccentricity ! in p-p collisions at
√
s = 14 TeV as a function of scaled impact parameter b/2R (left) and

centrality C (right) for the different proton density distributions considered in this work (Table 1). For comparison,

the results for Au-Au at RHIC energies are shown as a dotted line.

Overlap area: Figure 4 shows the p-p transverse overlap area as a function of scaled impact parameter. The left

plot shows the absolute A⊥(b) value, and the right plot presents the overlap-area normalised to the maximum value
for a “head-on” collision at zero impact-parameter, A⊥(b)/A⊥(b= 0 fm). The overlap area for central p-p collisions
is largest for the Fermi-II density (A⊥ ≈ 4 fm2) and smallest for the exponential distribution (A⊥ ≈ 0.6 fm2). Again,
as for the eccentricity, the hard-sphere and exponential distribution have opposite behaviours as a function of central-

ity: A⊥(b) decreases (increases) for the former (for the latter). On the other hand, there is only a small dependence
of the transverse area on impact-parameter for the overlap of two Fermi densities with diffuse edges. Compared to

Au-Au, the obtained values of A⊥ in p-p collisions, for the Fermi and hard-sphere densities (A⊥ ≈ 1 fm2), are about

two orders of magnitude smaller.

Hadron multiplicity: The third ingredient of the incomplete thermalisation model, Eq. (4), is the particle multi-

plicity per unit rapidity at midrapidity, dN/dy, obtained via Eqs. (12) – (13). The results are shown in Fig. 5 for a
value9 of dN0/dy chosen in Eq. (13) so as to reproduce the expected dNMB/dy = 10 multiplicity in minimum-bias

p-p collisions at the LHC. All proton densities yield similar values of dN/dy in a wide range of centralitiesC in p-p
collisions. The 20% most central collisions result in 2–3 times larger multiplicities than in minimum bias p-p (or

Au-Au) collisions for all considered densities. For the comparison Au-Au data, we take dN/dy= 600.

As we see from our elliptic-flow “ansatz”, Eq. (4), the v2 parameter depends on the particle multiplicity but only

after normalisation by the size of the system. Figure 6 shows the transverse density multiplicity, namely the ratio

of the hadron multiplicity over the transverse overlap area (dN/dy)/A⊥, for different forms of the proton matter

9Note that, given our absolute normalisation based on dNMB/dy, the actual Ng and "gg values do not play practically any role in the final
determination of the hadron multiplicity.

9

• The multiplicity is correlated with geometry: 

• Integrated v2<0.03: hard to disentangle from non-flow 
effects.
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FIG. 6: Participant-eccentricity-scaled elliptic flow versus
transverse charged particle area density at mid-rapidity for
Cu + Cu and Au + Au collisions at

!
sNN = 62.4 and!

sNN = 200 GeV. The horizontal and vertical error bars orig-
inate from the combined statistical and systematic errors of
the data (90% C.L.). The shaded boxes are the result of the
systematic errors assigned to !part{2} and S by the variation
of the MCG parameters (90% C.L.).

quadrature to obtain total 90% C.L., and b) systematic
errors (90% C.L.) assigned to the MC quantities obtained
by the variation of Glauber parameters with respect to
the individual baseline values (cp. Table II). As reported
earlier [24, 30], we find a common scaling between the dif-
ferent systems. However, within the errors, it is di!cult
to tell whether the almost linear rise of the eccentricity-
scaled elliptic flow breaks down at larger values of the
area density which might indicate that the hydrodynamic
limit is being reached at the top RHIC energy.

C. Cumulants and Correlations

As mentioned above, it is suggested [29] that higher
order cumulant moments of v2 should be proportional to
analogously defined higher order cumulant moments of
the eccentricity, including:

!{2}2 !
!

!2
"

!{4}4 ! 2
!

!2
"2 "

!

!4
"

. (8)

In Ref. [23] Bhalerao and Ollitrault (B&O) attempted
to derive expressions for !part{2} and !part{4} semi-
analytically, making use of two strong approximations.
First, the paper contains an implicit assumption that
all of the participant positions are independent samples
of some underlying distribution, or at least that any
correlations between participants do not a"ect the ec-
centricity fluctuations [47]. Second, the expressions in
Ref. [23] were obtained using a Taylor expansion, leading
to a power series in 1/Npart which is then truncated at
1/Npart. Based on these approximations, they concluded

FIG. 7: Schematic of densities for the di!erent approaches:
a) optical limit, b) full MCG with correlated participants orig-
inating from each of the two nuclei in one MCG event and
c) mixed-event MCG with uncorrelated participants where ev-
ery participant originates from an individual nucleon–nucleon
collision obtained in a di!erent MCG event.

that !part{4} is numerically equal to the standard eccen-
tricity !s, vanishing for central (b = 0) collisions. This
would in turn imply that higher order cumulants of the
flow such as v2{4} are insensitive to fluctuations in the
participant distribution. In this section we show that
B&O’s assumptions are too strong and that !part{4} for
Cu + Cu collisions di"ers significantly from !s when bet-
ter approximations are made, especially when the role
of correlations is taken into account, e.g. for the usual
PHOBOS MCG calculations.

1. Correlations of Nucleons in the Initial State

The first approximation in Ref. [23] is to ignore the
correlations between nucleon participant positions, even
though we know that there are at least three sources for
such correlations.

First, in order to contribute to the produced matter,
the participating nucleons must hit each other, which
causes a correlation. For instance, in the case of a pe-

d’Enterria et al 09 Bautista et al 09

• Central collisions: highest multiplicity, small eccentricity

• Semi-peripheral collisions: larger eccentricities, smaller 
multiplicity (larger non-flow and viscous effects)
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Figure 11: pp predictions at
!

s = 14 TeV.

surprising, given the high density partonic structure obtained in pp at LHC
which is similar, see table 1, to Cu-Cu collisions The high density partonic
structure of pp at LHC can give rise to other e!ects observed in AA collisions
at RHIC as the high pT particles and the existence of large rapidity long range
correlation even at very large intervals of rapidity [53][54][55].

5 Conclusions.

In the framework of the clustering of color sources, the elliptic flow, v2, and
the dependence of the nuclear modified factor on the azimuthal angle have
been evaluated.

The comparison with RHIC experimental data for pT < 1.5 GeV/c shows
a reasonable agreement. In particular, the observed mass ordering is repro-
duced. In the model, is obtained an analytical expression for the observed
scaling of the elliptic flow normalized to the participant eccentricity on the ra-
tio 1

S
dN
dy The analytical expression indicates that above a determined density

! = 2.7 elliptical flow decreases slowly. This density is reached in Au-Au cen-

21
• Similar conclusions were reached in a hydro-analysis by 

Luzum & Romatschke (09) 
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Figure 1.10: An illustration showing the standard eccentricity and the participant ec-
centricity (see text for details).

However even at fixed impact parameter, the number of individual nucleons partic-
ipating in the collision as well as their positions in the transverse plane could fluctuate
from event to event. As a consequence, the center of the overlap zone can be shifted and
the orientation of the principal axes of the interaction zone can be rotated with respect
to the conventional coordinate system. To correct for this the participant eccentricity is
defined by

!part =
!y!2 " x

!2#
!y!2 + x!2# (1.8)

where the eccentricity is calculated relative to the new coordinate system defined by the
major axis of the initial system (see Fig. 1.10). The eccentricity determined like this is
called !part.

The average values of !std and !part are rather similar for all but the most peripheral
collisions for interactions of heavy nuclei like Au+Au. For smaller systems, however,
fluctuations in the nucleon positions become quite important for all centralities and the
average eccentricity can vary significantly depending on how it is calculated [17].

1.4 Model description

In this section a brief description will be given of the theory and phenomenological
models used in comparison with the measurements.

1.4.1 Hydrodynamics

Hydrodynamics is a macroscopic approach to describe the dynamical evolution of the ex-
pansion stage of a heavy-ion collision. In the model, it is assumed that shortly after the

• Cu is smaller than Au: deviations from the homogeneous 
limit are much more important

• These lead to fluctuations in the eccentricity. The average 
eccentricity is larger than in the homogeneous limit

• Only after this correction, flow measurements become 
system independent

• In particular, fluctuations lead to a non-vanishing v2 in 
“central” collisions.



Granularity in p-p

• There is only a finite number of interaction within the proton 
Ns ≈14 (for most central collision)

0 0.2 0.4 0.6 0.8 1
!

0

0.5

1

1.5

2

2.5

3

P
(!
!

N
s
=10 r

0
=0.2 fm

• Each collisions produces particles in a region 
of transverse radius   r0=0.2 fm

• They are distributed in the proton according to its 
density profile

• We study “central” collisions (maximum overlap) only.
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• We take into account fluctuations by assuming that:



A more extreme model

• We assume that the collisions are 
not homogeneously distributed in 
the proton.

3

above its geometric estimate. The predicted eccentric-
ity scaling of v2 is only confirmed in Cu-Cu collisions, if
these fluctuations are taken into account [10, 11].

For p-p collisions, the Npart-scaling of event multiplic-
ity used in A-A does not apply. It remains a priori un-
clear to what extent a cut on event multiplicity amounts
to a cut on impact parameter. MC simulations of the
underlying event in p-p do assume indeed a correlation
between impact parameter and the number of indepen-
dent partonic interactions NMPI, which determines event
multiplicity and, depending on model assumptions, may
be as large as Nmax

MPI ! 30 " 80 [22]. However, the spa-
tial distribution of hadronic activity does not enter the
dynamics of these simulations. It is conceivable that all
hadronic activity, even if emerging from a large num-
ber NMPI of partonic interactions, is located in few ’hot
spots’ in the transverse plane. Such a picture has been
advocated previously in several contexts. For instance,
models which view the proton as a collection of three
black disks of diameter d result in a total p-p cross sec-
tion, which matches experimental data for a surprisingly
small diameter of d # 0.2 fm. Such simple constituent
quark models account well for gross features of hadronic
collisions, such as the ratios of hadronic cross sections
(e.g. !! p/!pp # 2/3) over a wide range of

$
s. A more

field theoretic motivation of a picture of hot spots may be
based on the fact that a large value of NMPI requires high
parton densities in the proton. In QCD evolution equa-
tions such densities can arise from multiple branching of
a few partonic components of high momentum fraction -
and to the extent to which these branchings are collinear,
partons within the proton wave function will be located
indeed in few ’hot spots’.

Irrespective of a specific dynamical picture, these con-
siderations prompt us to consider scenarios for which the
entire hadronic activity in a proton-proton collision is lo-
calized in Ns interactions regions of radius r0. Within
each interaction region, density is distributed homoge-
nous with Gaussian profile, and the regions are dis-
tributed randomly according to the density profile of the
proton (see left panel of Fig. 1 for Ns = 3). To calcu-
late the eccentricity for this class of models, we take into
account that for finite Ns the relevant eccentricity is the
”participant eccentricity” [11]

" =

!

"

!2
y " !2

x

#2
+ 4!2

xy

!2
y + !2

x
. (4)

Here !2
x =

$

x2
%

"{x}2, !2
y =

$

y2
%

"{y}2, !xy = {xy}"
{x} {y} and the event-by-event average {...} is taken over
the distribution of interaction. This coincides with the
definitions Eq. (3) in the limit of a homogeneous density.
The resulting probability distribution for di!erent sizes
and di!erent numbers of interaction regions is shown in
Fig. 2. While the eccentricity vanishes indeed in the limit
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FIG. 2: Eccentricity distribution of central high multiplic-
ity p-p collisions (central) for di!erent number of interaction
regions Ns (top) of di!erent size r0 (bottom).

of a homogeneous distribution (Ns % &), we find that
it is sizable for a wide parameter range.

Elliptic flow develops on an event-by-event basis. How-
ever, the experimental determination of v2 demands av-
eraging over events and thus over distributions of geo-
metric shapes. This averaging procedure is subtle; the
relevant moment of the distribution P (") is di!erent for
di!erent methods of extracting v2 [23]. We will focus on
extracting v2 from 4-particle cumulants, v2{4}, for which
" scales with [23]

"{4} '
&

2
'

"2
(2 "

'

"4
(

)1/4
. (5)

Here, the average is performed over the P (") shown in
Fig. 2. For Ns = 3 our model yields the values of "{4} =
0.69, 0.54, 0.40 for the di!erent values of the spot size in
a zero impact parameter collision.

The precise transfer of spatial anisotropy "{4} to mo-
mentum anisotropy v2{4} requires a full dynamical cal-
culation, but its magnitude can be estimated on general
grounds [24]. For dilute systems, there is experimental
evidence [8] that the ratio v2/" depends linearly on the
transverse matter density, v2/" ( (dNch/dy) / )S* [25].

Here, )S* = 4#
!

!2
x!2

y " !2
xy denotes the mean trans-

verse area. For denser systems, the hydrodynamic limit
is reached and the ratio becomes independent of the sys-
tem size. In [24] the following interpolation formula was

2

tion plane, than orthogonal to it (v2(pT ! 2 GeV) >
0.2). The transverse momentum integrated v2 reaches
v2 " O(0.1). Remarkably, the experimental praxis of v2-
measurements indicates that the parametric bounds on
v2{2}, v2{4}, ... v2{n} given above provide realistic nu-
merical estimates for the feasibility of v2 measurements
if one uses for nmult values of order of the charge mul-
tiplicity per unit rapidity dNch/dy. We summarize this
information in Table I for nmult = 30, 50 and 80. These
values of nmult are smaller than dNch/dy in su!ciently
central heavy (Au) collisions, but they are comparable
to the values in semi-peripheral collisions of lighter (Cu)
nuclei.

np = 2 np = 4
v2 (nmult = 30) > 0.18 > 0.09
v2 (nmult = 50) > 0.14 > 0.05
v2 (nmult = 80) > 0.11 > 0.04

TABLE I: Estimates of the minimal signal strength v2{np},
which can be discriminated from non-flow e!ects in an np-
cumulant analysis based on nmult particles.

The interpretation of elliptic flow measurements in
heavy ion collisions relies on the observation that v2 is
correlated with the initial spatial eccentricity ! of the
transverse overlap region of the two projectiles [1] ,

! =

!

y!2
"

#
!

x!2
"

$y!2% + $x!2%
. (3)

Here, averages are performed with respect to the matter
distribution right after the collision, and x! and y! denote
the lengths along the main axis of an ellipsoid describing
this distribution. For su!ciently central heavy (Au) and
lighter (Cu) ion collisions, it is found that v2 & ! [10, 11].
Remarkably, this is a generic expectation of fluid dy-
namic simulations of heavy ion collisions. Models of ideal
dissipation-free hydrodynamics, which by construction
describe collision scenarios of maximal collective flow,
can account quantitatively for the size of the elliptic flow
measured at RHIC [12, 13, 14] and the expected dissi-
pative corrections are anomalously small [15, 16, 17, 18].
In conjuction with this interpretation, the observation of
very large v2-signals [5, 6, 7] is arguably one of the most
far reaching discoveries of the RHIC heavy ion program.

We now turn to the question whether elliptic flow may
be measurable in p-p collisions at the LHC. In p-p col-
lisions studied so far, one may explain the apparent ab-
sence of an elliptic flow signal by pointing to the fact
that the dNch/dy in these collisions is too low to make v2

measurable (see Table I). However, while Monte Carlo
simulations for minimum bias dNch/dy distributions in'

s = 14 TeV p-p collisions peak at low values < 10 for
the non-di"ractive contribution, they show a pronounced
high-multiplicity tail, typically reaching values as high as
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FIG. 1: Schematic view of region of hadron production may
be located in the transverse overlap region of a central proton-
proton and central nucleus-nucleus collision respectively. De-
pending on the number and size of hadronically active regions,
large eccentricities can result even in central collisions.

dNch/dy ! 60. Despite their model dependence, these
simulations strongly indicate that abundant samples of
high-multiplicity p-p events with dNch/dy ( 50 will be
measured at the LHC. Such a multiplicity is comparable
to that reached in semi-peripheral (centrality class 40 -
60 %) Cu-Cu collisions at

'
sNN = 62.4 GeV at RHIC,

and for these latter collisions elliptic flow has been mea-
sured. Whether elliptic flow is also measurable in high-
multiplicity p-p event sample at the LHC then depends
on the signal strength v2 and on the relative strength of
non-flow corrections in p-p collisions.

To estimate the strength of the elliptic flow signal
v2, we now discuss the initial spatial eccentricity ! of
hadronic collisions. In the collisions of heavy (Au or Pb)
ions, this eccentricity is determined solely by the trans-
verse spatial overlap. More precisely, in a nucleus-nucleus
collisions dNch/dy scales approximately with the average
number Npart of participant nucleons, which scales with
the area of the nuclear overlap. Therefore, selecting a
multiplicity class in A-A amounts to selecting on impact
parameter and determines the shape of the nuclear over-
lap region. For large Npart, it is reasonable to make the
smoothness assumption that the interactions between the
Npart nucleons result in a homogeneous density distribu-
tion within the area of the nuclear overlap (for illustra-
tion, see right hand side of Fig. 1). If this assumption
would carry over to p-p collisions, then the highest mul-
tiplicity p-p collisions would be the most central ones,
their spatial eccentricity would be close to zero, and so
would be the flow signal v2 & !. Previous estimates of
the magnitude of v2 were based on this smoothness as-
sumption [19, 20] or on other methods [21] and reported
small, non-measurable values.

However, sizable deviations from the smoothness as-
sumption have been found in modeling lighter (Cu) ion
collisions [10, 11]. In these systems, the relatively small
number of nucleon-nucleon interactions results in event-
by-event fluctuations of the density distribution which
can increase the initial spatial eccentricity significantly

• We assume that they are concentrated within Ns “hot spots”

• A physically motivated choice is Ns=3 (but we explore other 
possibilities).

• Fluctuations lead to large eccentricities for central collisions



From ε to v2

• We assume that the same scaling as in A-A holds in p-p
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FIG. 3: The flow signal v2{4} as a function of multiplicity in
most central p-p collisions, for models of Ns = 3 interaction
regions of radius r0 = 0.1 (top 3 curves), r0 = 0.2 (middle
curves), and r0 = 0.3 fm (bottom curves). Signals calculated
for !̄/K0 = 0, 5.8 and 11.6 fm!2 are displayed by solid, dashed
and dotted lines, respectively.

suggested

v2{4} = !{4}
!v2

!

"hydro 1

1 + !̄
K0

!S"
dN
dy

(6)

where (v2/!)hydro denotes the hydrodynamic limit, and
K0 and "̄ are constants which depend on the microscopic
dynamics. The combination S"̄/dN/dy can be under-
stood as the Knudsen number of the system [24].

To estimate v2 for p-p at the LHC, we assume that
one can use Eq. (6) with the input (v2/!)hydro = 0.3 and
"̄/K0 = 5.8 fm#2 extracted from the analysis of heavy
ion collisions at RHIC [25]. This may be motivated by
observing that many collective features depend mainly on
event multiplicity and that the multiplicity of the p-p col-
lisions considered here is comparable to that in peripheral
lighter (Cu) ion collisions at RHIC, for which (6) applies.
Under this assumption, we find for Ns = 3 ’hot spots’ the
large elliptic flow values v2{4} displayed in Fig. 3. Also
for Ns = 6 su!ciently small ’hot spots’, the resulting
v2{4} is found to be measurable (data not shown). To il-
lustrate e"ects of theoretical uncertainties on deviations
from equilibrium, we have varied in Fig. 3 the value
of "̄/K0 between its hydrodynamic limit "̄/K0 ! 0 and
twice the fitted value quoted above.

Not measuring v2 in p-p collisions can have several rea-
sons, such as a small spatial eccentricity of the interac-
tion region, or viscous e"ects larger than expected from
Eq. (6). However, combining the results shown in Fig. 3
and Table I, we conclude that strong but physically con-
ceivable density fluctuations in the proton can lead to
large values of the elliptic flow parameter v2 in high mul-
tiplicity p-p collisions. These can be distinguished exper-
imentally from non-flow e"ects as long as the latter are
not much larger in p-p than in A-A. We mention as an
aside that it may be possible to select event samples with

reduced non-flow e"ects, for instance by requiring the ab-
sence of high-pT jets. Measuring v2 in high-multiplicity
p-p would demonstrate that flow coe!cients depend on
multiplicity and are independent of the colliding system,
confirming that these observables characterize collectiv-
ity in hadronic interactions.

Note added. While preparing this letter, Ref. [26] ap-
peared. By studying the eccentricity for a model of two
flux tubes in a p-p collision, this work arrives at similar
conclusions about the measurability of v2.
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where (v2/!)hydro denotes the hydrodynamic limit, and
K0 and "̄ are constants which depend on the microscopic
dynamics. The combination S"̄/dN/dy can be under-
stood as the Knudsen number of the system [24].

To estimate v2 for p-p at the LHC, we assume that
one can use Eq. (6) with the input (v2/!)hydro = 0.3 and
"̄/K0 = 5.8 fm#2 extracted from the analysis of heavy
ion collisions at RHIC [25]. This may be motivated by
observing that many collective features depend mainly on
event multiplicity and that the multiplicity of the p-p col-
lisions considered here is comparable to that in peripheral
lighter (Cu) ion collisions at RHIC, for which (6) applies.
Under this assumption, we find for Ns = 3 ’hot spots’ the
large elliptic flow values v2{4} displayed in Fig. 3. Also
for Ns = 6 su!ciently small ’hot spots’, the resulting
v2{4} is found to be measurable (data not shown). To il-
lustrate e"ects of theoretical uncertainties on deviations
from equilibrium, we have varied in Fig. 3 the value
of "̄/K0 between its hydrodynamic limit "̄/K0 ! 0 and
twice the fitted value quoted above.

Not measuring v2 in p-p collisions can have several rea-
sons, such as a small spatial eccentricity of the interac-
tion region, or viscous e"ects larger than expected from
Eq. (6). However, combining the results shown in Fig. 3
and Table I, we conclude that strong but physically con-
ceivable density fluctuations in the proton can lead to
large values of the elliptic flow parameter v2 in high mul-
tiplicity p-p collisions. These can be distinguished exper-
imentally from non-flow e"ects as long as the latter are
not much larger in p-p than in A-A. We mention as an
aside that it may be possible to select event samples with

reduced non-flow e"ects, for instance by requiring the ab-
sence of high-pT jets. Measuring v2 in high-multiplicity
p-p would demonstrate that flow coe!cients depend on
multiplicity and are independent of the colliding system,
confirming that these observables characterize collectiv-
ity in hadronic interactions.

Note added. While preparing this letter, Ref. [26] ap-
peared. By studying the eccentricity for a model of two
flux tubes in a p-p collision, this work arrives at similar
conclusions about the measurability of v2.
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Ns=14

(Drescher et al 05)

• Similar ideas by P. Bozek 09.  A hydro analysis of  was 
performed by Chaudhuri 09 , Ortona et al. 09



Conclusions
• The Strong collective behavior of QCD matter  is one of 

the principal conclusions of the RHIC heavy ion collision. 
It is important to establish its system independence

• High multiplicity p-p allows to measure flow in an 
elementary collision provided that v2 is sufficiently large

• Eccentricity fluctuations will play an essential role for 
determining flow experimentally in p-p collisions

• Since flow depends on the spacial distribution of the 
colliding system, measuring v2  will provide strong 
constraints on models for the soft interactions in p-p


