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We determine the infrared behaviour of the BFKL forward amplitude for gluon–gluon scatter-
ing. Our approach, based on the discrete pomeron solution, leads to an excellent description of
the new combined inclusive HERA data at low values of x (< 0.01) and at the same time deter-
mines the unintegrated gluon density inside the proton, for squared transverse momenta of the
gluon less than 100 GeV2. The phases of this amplitude are sensitive to the non-perturbative
gluonic dynamics and could be sensitive to the presence of Beyond-the-Standard-Model par-
ticles at very high energies.

1 Introduction

One of the major results from HERA (see 1, and references therein) is that the inclusive cross-
section for the scattering of virtual photons against protons at low x (i.e. high energy), is
dominated by the gluon density inside the proton. This allows one to study the behaviour of
the gluon density as a function of gluon momenta, i.e. the fraction of the proton’s longitudinal
momentum x and the transverse momentum k. The study of the dynamics of the gluon density
is usually motivated by its importance to other physics reactions, like dijet or Higgs production
at the LHC. In addition to this merely “utilitarian” aspect the dynamics are very interesting
because the gluon density is a fundamental quantity, comparable to black-body radiation in
QED, and because gluon–gluon interactions are the source of the forces which keep matter
together.

The dynamics of the gluon distribution at sufficiently low x is best determined by the
amplitude for the scattering of a gluon on a gluon, described by the BFKL analysis. In this
analysis the pomeron is considered as a composite state of two so-called reggeized gluons 2.
One of the salient features of the purely-perturbative BFKL analysis is the prediction of a cut-
singularity with a branch-point λ leading to a low-x behaviour for the gluon density of the
form

xg(x) ∼ x−λ, (1)

with only logarithmic corrections in x. In leading order, λ is given by

λ =
12 ln 2
π

αs. (2)



The branch-point λ only depends on Q2 through the running coupling αs. Experimentally, this
branch point is given by the rate of rise of F2 with diminishing x, F2 ∼ x−λ. Thus, for many
years, it was claimed that BFKL analysis was not applicable to HERA data, firstly because the
value of λ obtained from (2) was much larger than the observed value, and secondly because
HERA found substantial variation of λ with Q2.

The first of these difficulties was ameliorated by the NLO contribution to λ 3, once the very
large corrections were resummed using the collinear resummation technique 4. On the other
hand, we have shown that the second difficulty, the strong Q2 dependence of λ, can be solved
using a modification of the BFKL formalism, which leads to discrete solutions, i.e. Regge poles
rather than a cut.

2 BFKL analysis

The fundamental ingredient of the BFKL analysis is the amplitude for the scattering of a gluon
with transverse momentum k off another gluon with transverse momentum k′ at centre-of-
mass energy

√
s which is much larger than the momentum transfer and much larger than the

magnitudes of the gluon transverse momenta. In the forward case (zero momentum transfer)
this amplitude, A(s,k,k′), is found to obey an evolution equation in s given by

∂

∂ ln s
A(s,k,k′) = δ(k2 − k′ 2) δ

(
ln

s

kk′

)
+
∫
dq2K(k,q)A(s,q,k′), (3)

where K(k,k′) is the BFKL kernel, currently calculated to order α2
s

3. The kernel is obtained by
summing all graphs which contribute to this process, but keeping only leading (and sub-leading)
terms in ln s. Such graphs can be drawn in terms of an effective “gluon ladder”. The Green
function evolution equation (3) can be solved in terms of the eigenfunctions of the kernel∫

dk′ 2K(k,k′)fω(k′) = ωfω(k). (4)

In leading order and with fixed strong coupling αs the eigenfunctions are parameterized by a
“frequency” ν and are of the form

fω(k) =
(
k2
)iν−1/2

, (5)

with an eigenvalue, ω, given by
ω = αsχ0(ν), (6)

where χ0(ν) is the leading order characteristic function. The maximum value of ω, at ν = 0, is
equal to the branch-point, λ.

In the modified BFKL approach, which was proposed by one of us 5, the strong coupling
constant αs is running as one moves away from the top or bottom of the gluon ladder. This
allows the transverse momenta of the gluons k, which dominate the amplitude, to have a large
range as one moves away from the ends of the ladder and results in a solution to the eigenvalue
equation, (4), in which the frequencies of oscillation ν are themselves k dependent. The solution
is obtained in terms of discrete eigenfunctions fωn , which depend on the phase η determined at
the boundary between the perturbative and non-perturbative region.

3 Summary and conclusions

We have shown that NLLA solutions of the BFKL equation with the running coupling describe
all properties of HERA F2 data very well, for Q2 > 4 GeV2 and x < 10−2, provided we allow
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Figure 1: The first eight eigenfunctions fωn , n = 1 . . . 8 determined at η = 0.

the infrared phase, η, to vary with the eigenvalues ωn. The solutions of this equation have
oscillatory form, in which the frequencies ν(k2) are varying due to the running of αs(k2). We
solve the equation near the point ν = 0 which singles out a specific value of k = kcrit, where
ν(k2

crit) = 0. We show that the solutions of the BFKL equation obtained here can be considered
as a quantized version of the solutions of the DGLAP equation. The matching of the BFKL
solutions in the region k ∼ kcrit leads to a unique set of discrete eigenfunctions which cannot
be obtained from the DGLAP equation alone.

The description of data is obtained by convoluting the Green function with the photon and
the proton impact factors. The photon impact factor is known, while the shape of the proton
impact factor was assumed to follow a simple exponential form. The comparison with data
shows that a particular functional form of the proton impact factor is not very important as
long as it is positive and concentrated at the values of k < O(1) GeV. The limited support of the
proton impact factor requires, however, a convolution with a large number of the eigenfunctions,
subjected to a specific phase condition which was determined from the fit to data.

The fitting procedure, especially the finding of the proper infrared phase condition, was
only possible because of recently published combined H1 and ZEUS F2 data from HERA. The
increased precision of this data requires a large number of eigenfunctions, up to 120, to obtain a



Figure 2: The rate of rise λ, defined by F2 ∝ (1/x)λ at fixed Q2, as determined in the DPS fit and in the direct
phenomenological fit to the data 6.

good fit. The resulting fit permits a very good description of the F2 data and the Q2 dependence
of the exponent, λ, of 1/x, for small-x. The resulting gluon density is positive, in the range of
HERA energies.

At higher energies the resulting gluon density is sensitive to the number of eigenfunctions
used in the fit. Since the higher eigenfunctions have eigenvalues which become closer together,
the inclusion of such eigenfunctions effectively simulates a continuum on top of the first few
discrete (clearly separated) ones. This could indicate that we are approaching a continuum
limit which could be better described by the DGLAP evolution alone. So the BFKL solution
could determine the gluon density up to k2 of the order of O(100) GeV2, and from then on
the DGLAP solution could be used. This could provide a method to overcome the problem of
negative gluon densities at low x and small scales pertinent to the standard DGLAP fits. For
example, in Ref. 7, in contrast to the standard DGLAP result, the input gluon at Q2

0 = 1 GeV2

obtained from a global fit including small-x resummation was positive and slightly increasing as
x→ 0.

The solutions of the BFKL equation together with HERA data determine the relation be-
tween the eigenvalue ω and the phase η which consists of a polynomial term and a singular term
in ω. The polynomial term contains information about the non-perturbative gluonic dynamics
inside the pomeron because we show that the BFKL equation can be considered to be analogous
to the Schrödinger equation for the wavefunction of the (interacting) two-gluon system. The
BFKL kernel corresponds to the Hamiltonian with the eigenvalues ωn. The analogy with the
Schrödinger equation suggests that perturbative wavefunctions can be smoothly extended to
very low virtuality values, k2, i.e. into the non-perturbative region. In this region an as-yet-
unknown dynamics determines the values of the phase of wavefunctions which in turn determine
the boundary conditions ηΛ.



The singular term, on the other hand, is presumably generated by the perturbative effects
which were not fully taken into account in our evaluation. This term is sensitive to the high
virtuality behaviour of the gluon–gluon amplitude, much beyond the virtualities which are actu-
ally tested in the experiment. This remarkable property is due to the fact that in the evolution
scheme developed here, the BFKL equation is solved near the critical point, kcrit, and the value
of kcrit grows quickly with the increase of the eigenfunction number, rapidly crossing proposed
thresholds for new physics and even the Planck scale. Since we found that the proper description
of data requires a large number of eigenfunctions we obtain an apparent sensitivity to the BSM
effects. We recall that in our approach the eigenfunctions with large n correspond to Regge poles
which are similar to hadrons with a very small size, because kcrit is very large. Their masses
(i.e. ωn) are small but can depend on the BSM physics. The sheer potential existence of BSM
particles, although never produced in the interactions relevant to the fitted data, modify the
running of the coupling and the (NLO) characteristic function of the BFKL equation below the
critical momenta and, in turn, modify the frequency, amplitude and phase of the eigenfunctions
at low-energy. We have shown that these states have a soft hadronic tail (i.e. a part of the
eigenfunctions around k ∼ ΛQCD) by which they interact with proton and photon and give an
essential contribution to the structure functions.

However, only a full NLLA evaluation which takes into account all possible BSM states can
show whether this apparent sensitivity turns out to be real. If it turns out to be sufficient to
act as a signal for BSM physics this would provide a new method of “telescoping the Planck
scale” 8.
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