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The non-perturbative input in the heavy quark expansion relevant for precision determina-

tions of CKM matrix elements from heavy hadron decays consists of certain forward matrix

elements of local operators. While at low orders these matrix elements may be determined

from experiment, the number of independent matrix elements at higher orders is way too large

to extract them from data. Hence an estimate for these matrix elements from the theoretical

side is necessary. In this contribution I present a way to estimate these matrix elements in a

simple way.

1 Introduction

The theoretical description of semi-leptonic decays of heavy hadrons is in a very mature state.
The major tool for reliable calculations is the Heavy Quark Expansion (HQE) and Heavy Quark
Effective Theory (HQET) together with the Heavy Quark Symmetries (HQS) appearing in the
heavy mass limit.

The determination of Vcb can be performed from exclusive as well as from inclusive decays.
While the inclusive determination makes use of the HQE, the exclusive determination uses HQS,
which constrain the form factors at the non-recoil point, where the four-velocities of the initial
and final state hadrons are the same.

The theory for the inclusive determination based on HQE has reached the status of a precision
calculation. It is based on the computation of the total rate, which in HQE is given as a combined
series in αs(mb)

n, (ΛQCD/mb)
m, and (ΛQCD/mc)

k(ΛQCD/mb)
l+3 1. Currently the leading term

m = k = 0 is known to order α2
s

2,3, the first sub-leading corrections are partially known to order
α2

s × (ΛQCD/mb)
2 4, while the tree level terms are known to order (ΛQCD/mb)

m 5, and the term
involving inverse powers of mc (ΛQCD/mc)

2(ΛQCD/mb)
3 6. Overall, this calculation has reached

a theoretical uncertainty at the level of one percent.

In order to explore the higher orders of the HQE quantitatively, it is mandatory to have a
way to estimate the hadronic matrix elements appearing as the nonperturbative input. In the
following I shall present a method for such an estimate.



2 Estimating the hadronic matrix elements of the HQE

Within HQE, the total semileptonic rate as well as the differential distributions are represented
in terms of an expansion of the form
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The coefficients dΓi are themselves functions of mc/mb which are – up to logarithms of mc

– regular in the limit mc → 0, and which have an expansion in αs(mb). Furthermore, the
dΓi depend on non-perturbative parameters corresponding to matrix elements of increasing
dimension.

The relevant hadronic matrix elements are

2MHµ2
π = −〈H(v)|Q̄v(iD)2Qv|H(v)〉 : Kinetic Energy (2)

2MHµ2
G = 〈H(v)|Q̄vσµν(iDµ)(iDν)Qv|H(v)〉 : Chromomagnetic Moment (3)

for dΓ2 and

2MHρ3
D = −〈H(v)|Q̄v(iDµ)(ivD)(iDµ)Qv|H(v)〉 : Darwin Term (4)

2MHρ3
LS = 〈H(v)|Q̄vσµν(iDµ)(ivD)(iDν)Qv|H(v)〉 : Spin-Orbit Term (5)

for dΓ3.
Going to higher orders one faces a proliferation of the number of independent matrix ele-

ments. At order 1/m4
b we have already nine matrix elements, at order 1/m5

b this increases to
18, and at 1/m6

b there will be already 72 independent non-perturbative parameters.
Obviously these parameters cannot be determined from experiment any more, and hence we

have to find a way to estimate them theoretically. To this end, we define a way for such an
estimate based on a simple asumption which, however, can be systematically refined.

The higher order matrix elements can all be expressed in the form

〈B|b̄ iDµ1
iDµ2

· · · iDµn Γ b(0)|B〉, (6)

where Γ denotes an arbitrary Dirac matrix. The representation is obtained by splitting the full
chain iDµ1

iDµ2
· · · iDµn into A= iDµ1

iDµ2
· · · iDµk

and C = iDµk+1
iDµk+2

· · · iDµn .
In order to discuss the idea of the method we shall first assume that the derivatives in A

and C are all spatial derivatives. In the following we show the intermediate state represenation

〈B|b̄ AC Γ b(0)|B〉 =
1

2MB

∑

n

〈B|b̄ A b(0)|n〉 · 〈n|b̄ C Γ b(0)|B〉, (7)

where we have assumed the B mesons to be static and at rest, |B〉 = |B(p=(MB ,~0))〉, and |n〉
are the single-b hadronic states with vanishing spatial momentum.

Eq. (7) can be proven based on the operator product expansion. We introduce a ficticious
heavy quark Q which will be treated as static, and consider a correlator at vanishing spatial
momentum transfer ~q

TAC(q0) =

∫

d4x eiq0x0〈B|iT
{

b̄AQ(x) Q̄CΓb(0)
}

|B〉. (8)

We shall use the static limit for both b and Q, and hence introduce the ‘rephased’ fields
Q̃(x) = eimQq0x0Q(x) and likewise for b, and omit tilde in them in what follows. The form of



the resulting exponent suggests to define ω = q0−mb+mQ as the natural variable for TAC , and
1

2MB
TAC(ω) is assumed to have a heavy mass limit.
With large mQ we can perform the OPE for TAC(ω) at |ω| ≫ ΛQCD still assuming that

|ω|≪mQ and neglecting thereby all powers of 1/mQ. In this case the propagator of Q becomes
static,

iT{Q(x)Q̄(0)} =
1 + γ0

2
δ3(~x) θ(x0) P exp

(

i

∫ x0

0
A0 dx0

)

, (9)

and yields

TAC(ω) = 〈B|b̄ A
1

−ω−π0−i0
C 1+γ0

2 Γ b|B〉 , (10)

where π0 = iD0 is the time component of the covariant derivative. This representation allows
immediate expansion of TAC(ω) in a series in 1/ω at large |ω|:

TAC(ω) = −
∞
∑

k=0

〈B|b̄ A
(−π0)

k

ωk+1
C 1+γ0

2 Γ b|B〉 . (11)

Alternatively, the scattering amplitude can be written through its dispersion relation

TAC(ω) =
1

2πi

∫

∞

0
dǫ

1

ǫ−ω+i0
disc TAC(ǫ) , (12)

where we have used the fact that in the static theory the scattering amplitude has only one,
‘physical’ cut corresponding to positive ω. The discontinuity is given by

i

∫

d4x eiǫx0〈B|b̄AQ(x) Q̄CΓb(0)|B〉 (13)

and amounts to

discTAC(ǫ) =
∑

nQ

i

∫

d4x e−i~pn~x ei(ǫ−En)x0〈B|b̄AQ(0)|nQ〉 〈nQ|Q̄CΓb(0)|B〉, (14)

where the sum runs over the complete set of the intermediate states |nQ〉; their overall spatial
momentum is denoted by ~pn and energy by En.

The spatial integration over d3x and integration over time dx0 in Eq. (14) yield (2π)3δ3(~pn)
and 2π δ(En−ǫ), respectively. Therefore only the states with vanishing spatial momentum are
projected out, and we denote them as |n〉:

discTAC(ǫ) =
∑

n

2πi δ(ǫ−En) 〈B|b̄AQ(0)|n〉 〈n|Q̄CΓb(0)|B〉. (15)

Inserting the optical theorem relation (15) into the dispersion integral (12) we get

TAC(ω) =
∑

n

〈B|b̄AQ(0)|n〉 〈n|Q̄CΓb(0)|B〉

En−ω+i0
, (16)

and the large-ω expansion takes the form

TAC(ω) = −
∞
∑

k=0

1

ωk+1

∑

n

Ek
n 〈B|b̄AQ(0)|n〉 〈n|Q̄CΓb(0)|B〉 . (17)

Equating the leading terms in 1/ω of TAC(ω) in Eq. (11) and in Eq. (17) we arrive at the
relation

〈B|b̄ AC 1+γ0

2 Γ b(0)|B〉 =
∑

n

〈B|b̄ AQ(0)|n〉 · 〈n|Q̄ C Γ b(0)|B〉 (18)



which is the intermediate state representation (7). Note that the projector (1+γ0)/2 in the left
hand side can be omitted since the b̄ field satisfies b̄= b̄(1+γ0)/2 in the static limit.

Operators involving time derivatives can be obtained by considering higher values of k in
Eqs. (11) and (17) which describe the subleading in 1/ω terms in the asymptotics of TAC(ω).
We readily generalize the saturation relation (7):

〈B|b̄ A πk
0 C 1+γ0

2 Γ1+γ0

2 b(0)|B〉 =
∑

n

(EB−En)k 〈B|b̄ AQ(0)|n〉 · 〈n|Q̄ C 1+γ0

2 Γ1+γ0

2 b(0)|B〉 . (19)

Thus, each insertion of operator (−π0) inside a composite operator acts as a factor of the
intermediate state excitation energy. This is expected, for equation of motion of the static
quark field Q allows to equate

i∂0 Q̄Cb(x) = Q̄π0Cb(x)

for any color-singlet operator Q̄Cb(x). At the same time we have

i∂0 〈n|Q̄Cb(x)|B〉 = −(En−MB) 〈n|Q̄Cb(x)|B〉.

The intermediate state representation (7) still does not assume any approximation aside from
the static limit for the b quark, yet it may be used to apply a dynamic QCD approximation.
The one we employ here uses as an input the B-meson heavy quark expectation values (6) of
dimension 5 and 6, which are expressed through µ2

π, µ2
G, ρ3

D and ρ3
LS .

All operators with four and more derivatives must have an even number of spatial derivatives
due to rotational invariance. Thus the operators with four derivatives have either four spatial
derivatives, or two time and two spatial derivatives.

We shall discuss the D=7 operators with four spatial derivatives, and apply (18):

〈B|b̄ iDjiDkiDliDmΓ b|B〉=
∑

n

〈B|b̄iDj iDkb|n〉 〈n|b̄ iDliDmΓ b|B〉. (20)

The intermediate states |n〉 in the sum are either the ground-state multiplet B,B∗, or excited
states with the suitable parity of light degrees of freedom. The ground-state factorization ap-
proximation assumes that the sum in (20) is to a large extent saturated by the ground state
spin-symmetry doublet. Hence we retain only the contribution of the ground state and discard
the contribution of higher excitations. In the case of dimension seven operators the result is ex-
pressed in terms of the expectation values with two derivatives, i.e. µ2

π and µ2
G; matrix elements

involving B∗ are related to them by spin symmetry.
Applying this we obtain for spin-singlet and spin-triplet B expectation values of D = 7

involving spatial derivatives only:

1

2MB
〈B|b̄ iDjiDkiDliDm b|B〉 =

(µ2
π)2

9
δjkδlm +

(µ2
G)2

36
(δjmδkl−δjlδkm) (21)

1

2MB
〈B|b̄ iDjiDkiDliDm σab b|B〉 = −

µ2
πµ2

G

18
(δjkδlaδmb−δjkδlbδma + δlmδjaδkb−δlmδjbδka) +

(µ2
G)2

36
[δjm(δlbδka−δlaδkb) − δjl(δkaδmb−δkbδma)+

δkl(δjaδmb−δjbδma) − δkm(δjaδlb−δjbδla)] . (22)

Finally, we need to consider the expectation values of the form 〈B|b̄ iDj iD
k
0 iDl [σ] b|B〉 for

k=2, 3 which evidently belong to the tower of µ2
π,G and ρ3

D,LS. Likewise, their values could be
considered as the input describing strong dynamics, along with the latter; yet they have not been
constrained experimentally. The intermediate states saturating such expectation values have
opposite parity to the ground state (P -wave states) regardless of number of time derivatives.



The counterpart of the ground-state saturation approximation here is retaining the contribution
of the lowest P -wave resonance in the sum; then each power of time derivative amounts to the
extra power of −ǭ, where ǭ=MP −MB ≈0.4GeV.

In fact, there are two families of the P -wave excitations of B mesons corresponding to spin
of light degrees of freedom 3

2 or 1
2 . The combinations µ2

π−µ2
G, ρ3

D+ρ3
LS, ... receive contributions

only from the 1
2 -family, whereas the 3

2 -family gives rise to
µ2

π+2µ2
G

3 ,
ρ3

D
−2ρ3

LS

3 , etc. 7 (the transition
amplitude into the lowest 1

2 P -state appears to be suppressed). Therefore, it makes sense to
consider these two structures separately and approximate

〈B|b̄ iDj(−iD0)
k+1iDl b|B〉 =

(

ǭ k
3/2

2ρ3
D−ρ3

LS

9
+ ǭ k

1/2

ρ3
D+ρ3

LS

9

)

δjl (23)

〈B|b̄ iDj(−iD0)
k+1iDlσjl b|B〉 = −ǭ k

3/2

2ρ3
D−ρ3

LS

3
+ ǭ k

1/2

2ρ3
D+2ρ3

LS

3
. (24)

Note that assuming ǭ1/2 = ǭ3/2 = ǭ implies ρ3
D≃ ǭµ2

π and −ρ3
LS ≃ ǭµ2

G; the first relation seems to
be satisfied by the preliminary values of µ2

π and ρ3
D extracted from experiment.

This ground state saturation method can be extended also to higher dimensional operators
in an obvious way. Furthermore, there is also the possibility for a refinement of the method by
including more states aside from the ground state. In this way a systematic approach can be
constructed to obtain reliable estimates for the higher order matrix elements.

3 Conclusion

Evaluating the contributions appearing at order 1/m4
b quantitatively the impact on the deter-

mination of Vcb is small and of the expected size. The determination of Vcb makes use of the
total rate which receives only small corrections. Inserting the numerics we get for

δΓ|1/mi
b

= (Γ|1/mi
− Γ|1/mi−1

)/Γparton

the results
δΓ
∣

∣

∣

1/m4
b

≈ +0.29% δΓ
∣

∣

∣

1/m3
b

≈ −2.84% δΓ
∣

∣

∣

1/m2
b

≈ −4.29%

Hence the impact on Vcb is only a small improvement due to the reduction of the uncertainty
due to the higher-order terms of the HQE. However, once moments of differential distributions
are considered, the impact of the higher-order terms becomes more pronounced, in particular
for higher moments.
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