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We present a new subtraction scheme for next-to-leading order QCD calculations, where
the momentum mapping and the splitting functions have been derived in the context of an
improved parton shower formulation. A main advantage of our scheme is the significantly
reduced number of momentum mappings in the subtraction terms compared to standard
schemes. We present the major features of our scheme and discuss the process e q → e q (g)
in more detail.

1 Introduction

Both the further validation of the Standard Model (SM) as well as searches for new physics
beyond the SM require an exact knowledge of the SM signals at at least Next-to-leading order
(NLO). For precise differential predictions, these NLO corrections need to be included in Monte
Carlo Event Generators. However, an increase of final state particle multiplicity in the LO
process in such codes directly translates to an increase of the computational runtime. This
is partially caused by the treatment of infrared (IR) singularities: For standard subtraction
schemes, the number of momentum mappings and Born matrix reevaluations rapidly increases
with the number of final state particles. We here present a new scheme which significantly
reduces the number of the momentum mappings in the real emission subtraction terms.

2 Subtraction schemes

We consider a generic jet cross-section σ with

σ = σLO + σNLO =

∫

m

dσB +

∫

m

dσV +

∫

m+1

dσR , (1)

where σB, σV, and σR denote the LO, virtual and real-emission contributions, and with m (m+1)
partons in the final state in the LO (real emission) phase space. The IR poles, which are inherent
in both dσV and dσR, cancel in the sum of these two terms; however, the individual pieces are
divergent and can thus not be integrated numerically. Subtraction schemes resolve this issue by
introducing local counterterms, which match the behaviour of the real-emission matrix element
in each singular region. Subtracting the counterterms from the real-emission matrix elements and
adding back the corresponding one-particle integrated counterparts to the virtual contribution



then results in overall finite integrands

σNLO =

∫

m

dσV +

∫

m+1

dσA

︸ ︷︷ ︸

finite

+

∫

m+1

[
dσR − dσA

]

︸ ︷︷ ︸

finite

. (2)

The construction of the local counterterms, collectively denoted by dσA in Eq. (2), relies on the
factorisation of the real-emission matrix element in the singular (i.e. soft and collinear) limits:
Mm+1({p̂}m+1) −→

∑

ℓ vℓ({p̂}m+1) ⊗Mm({p}m) , where Mm (Mm+1) and Mm denote m (m + 1)

matrix elements and the vℓ are generalised splitting functions containing the complete singularity
structure. As Mm+1 and Mm live in different phase spaces, a mapping {p̂}m+1 → {p}m needs
to be introduced, which conserves four-momentum and guarantees onshellness for all external
particles in both phase spaces. Squaring and averaging over the splitting functions then leads
to subtraction terms of the form

Wℓ k = vℓ({p̂, f̂}m+1, ŝj , ŝℓ, sℓ) vk({p̂, f̂}m+1, ŝj , ŝk, sk)
∗ δŝℓ,sℓ

δŝk,sk
, (3)

where our notation follows pℓ → p̂ℓ p̂j for parton splitting, and f denotes the parton flavour.
We now distinguish two different kinds of subtraction terms: 1) direct squares where k = ℓ,
which contain both collinear and soft singularities; 2) soft interference terms, where k 6= ℓ. The
latter contain only soft singularities and vanish if fj 6= g; here, v is replaced by the eikonal

approximation of the splitting function veik. These terms explicitly depend on the spectator
four momentum p̂k. In the following, we symbolically write Dℓ for terms of the form Wℓ,ℓ and

Wℓ,k. We then have dσA =
∑

ℓ Dℓ ⊗ dσB , with ⊗ representing phase-space, spin and colour

convolutions. Integrating the subtraction term dσA over the one-parton unresolved phase space,
dξp, yields an infrared- and collinear-singular contribution Vℓ =

∫
dξpDℓ which needs to be

combined with the virtual cross section to yield a finite NLO cross section

σNLO =

∫

m

[

dσV +
∑

ℓ

Vℓ ⊗ dσB
]

+

∫

m+1

[

dσR −
∑

ℓ

Dℓ ⊗ dσB
]

. (4)

In this form, the NLO cross section can be integrated numerically over phase space using Monte
Carlo methods. The jet cross-section σ has to be defined in a infrared-safe way by the inclusion
of a jet-function FJ , which satisfies F

(m+1)
J → F

(m)
J in the collinear and infrared limits.

2.1 Major features of new subtraction scheme

Our scheme1 uses the splitting functions of an improved parton shower2 as the basis for the local
subtraction terms. The main advantagea of our scheme is a novel momentum mapping for final
state emitters: for p̂ℓ + p̂j → pℓ, we redistribute the momenta according to the global mappingb

pℓ =
1

λ
(p̂ℓ + p̂j) −

1 − λ + y

2λaℓ

Q, pµ
n = Λ(K, K̂)µ

ν p̂ν
n, n /∈ {ℓ, a, b} , (5)

where n labels all partons in the m particle phase space which do not participate in the inverse
splitting. We here consider the resulting implications on a purely gluonic process with only
g(pℓ) → g(p̂ℓ) g(p̂j) splittings. For final state emitters, the real emission subtraction terms are

dσA,pℓ

ab (p̂a, p̂b) =
Nm+1

Φm+1

∑

i=j

Dggg(p̂i) |MBorn,g|2(pa, pb; pℓ, pn), (6)

aAn additional advantage stems from the use of common splitting functions in the shower and the subtraction
scheme which facilitates the matching of shower and parton level NLO calculation.

bThe parameter definitions are y =
P2

ℓ

2 Pℓ·Q−P2

ℓ

, aℓ = Q2

2 Pℓ·Q−P2

ℓ

, λ =
q

(1 + y)2 − 4 aℓ y, Pℓ = p̂ℓ + p̂j ,

Q = p̂a + p̂b =
Pm+1

n=1
p̂n. The Lorentztransformation Λ(K, K̂)µ

ν is a function of K = Q − pℓ, K̂ = Q − Pℓ.



where MBorn,g is the underlying Born matrix element for the process pa +pb →
∑

n pn +pℓ, Φ, N
are flux and combinatoric factors, and the sum i = j goes over all i final state gluons. Dggg

contains both collinear and soft interference terms:

Dggg(p̂i) = Dcoll
ggg(p̂i) +

∑

k=a,b

Dif(p̂i, p̂k) +
∑

k 6= i

Dif(p̂i, p̂k). (7)

While the collinear subtraction terms only depend on the four-momenta p̂j , p̂ℓ, the soft inter-
ference terms have an additional dependence on the four-momentum of the spectator p̂k (cf Eq.
(3)). The sums over (a, b) and (k 6= i) then run over all possible spectators in soft interference
terms; however, there is a unique mapping per combination (ℓ̂, î) in Eq. (6) which is independent
of the spectator momenta p̂k in the soft interference terms. Therefore, the underlying matrix
element |MBorn,g|2(pa, pb; pℓ, pn) only needs to be evaluated once for all possible spectators. This
is indeed the main feature of our scheme, which, for N parton final states, leads to a scaling
behaviour ∼ N2/2 for the number of momentum mappings and LO matrix element reevaluations
in the real emission subtraction terms.

3 Results for e q → e q (g)

The improved scaling behaviour of the scheme leads to more complicated integrated subtrac-
tion terms, which partially need to be evaluated numerically. As an example, we discuss the
integrated subtraction terms and the resulting integrand in the two particle phase space for the
DIS sub-process e(pi) + q(p1) → e(po)q(p4) (g(p3)) on parton level. The effective two particle
phase space contribution is given by

|M|2Born(2 pi · p1) + 2Re (MBorn M∗

virt) (2 pi · p1) +
∑

ℓ

∫

dξpDℓ |M|2Born(2pi · xp1) =

∫ 1

0

dx

{

αs

2π
CF δ(1 − x)

[

−9 +
1

3
π2 − 1

2
Li2[(1 − z̃0)

2] + 2 ln 2 ln z̃0 + 3 ln z̃0 + 3Li2(1 − z̃0)

+ Itot,0
fin (z̃0) + I1

fin(ã)

]

+ Ktot
fin (x; z̃) + P tot

fin (x;µ2
F )

}

|M|2Born(2pi · x p1),

where

Ktot
fin (x; z̃) =

αs

2π
CF

{

1

x

[

2 (1 − x) ln (1 − x) −
(

1 + x2

1 − x

)

+

ln x +4x

(
ln(1 − x)

1 − x

)

+

]

+ I1
fin(z̃, x)

}

The integrals Itot,0
fin (z̃0), I1

fin(ã), I1
fin(z̃, x) all need to be integrated numerically; as an example we

give

I1
fin(z̃, x) =

2

(1 − x)+

1

π

∫ 1

0

dy′

y′

[
∫ 1

0

dv
√

v (1 − v)

z̃

N(x, y′, z̃, v)
− 1

]

(8)

which explicitly depends on the real emission four vectors p̂3, p̂4 through the variables N, z̃ c.
Note that p̂3 needs to be reconstructed in the two particle phase space; p̂4 can be obtained from
the inverse of Eq. (5). We perform the numerical evaluation of all integrals in parallel to the phase
space integration; however, the integrals are process-independent expressions with a functional
dependence on maximally two input parameters and can therefore be evaluated generically such
that no additional numerical evaluation is necessary in future implementations of our scheme.
We have compared the results for the parton level process q e → q e (g) numerically with an

implementation of the Catani-Seymour dipole subtraction3. Fig. 1 shows the behaviour of the

cExact definitions are N = p̂3·p̂4

p̂4·Q̂

1

1−x
+ y′, z̃ = 1

x

p1·p̂4

p̂4·Q̂
, z̃0

y′
→ 0
= z̃.
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Figure 1: Partonic cross sections for DIS subprocess eq → eq(g), as a function of parton level (HERA-like) cm
energies, with angular cuts cos θee < 0.8. Relative difference between NLO contributions using Nagy-Soper (NS)

and Catani Seymour (CS) subtraction terms. Errors are integration errors; results agree at the permil-level.

differences between the application of the two schemes at parton level for varying (HERA-like)
center-of-mass energies, where we applied an appropriate jet function to guarantee IR safety of
dσB. The results agree on the per-mil level, therefore validating our subtraction prescription. We
equally observed that this cancellation is non-trivial as the contributions from different phase
space integrations vary widely in magnitude for the two schemes.

4 Conclusions and Outlook

Our current results present a first step in the establishment of a new subtraction scheme. The
scheme we propose reduces the number of momentum mappings and therefore of reevaluation
calls of the underlying LO matrix element. We have derived the splitting functions and validated

our scheme by reproducing the literature results for various 1 → 2 and 2 → 2 processes1. The

application to processes with more than two particles in the final state is nearly finished4;

similarly, an implementation of the scheme within the Helac framework is underway 5. An
additional advantage of the scheme comes from the use of splitting functions which are derived
from an improved parton shower; this approach promises advantages for the combination of
NLO parton level calculations and parton showers.
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