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Are we ready for precision CMB lensing modeling?

• Simons Observatory and CMB-S4: high-precision era of CMB lensing.

• Is our forward modeling sufficiently good? Need consistent modeling for cross-
correlation.

• How non-linearities affect lensing observables and CMB lensing?  
 
 
 

• Is the Born (single deflection) approximation good enough?

• CMB-S4, Euclid, LSST:  we need to go full-sky

2

Takahashi et al. 2012

Other more general theories may give different results. The relativistic version of MOND
due to Bekenstein (63) is a bi-metric theory, however in this case the photons are still null
geodesics, and many of the predictions for lensing are in fact the same as GR (64) (though of
course the relation to the matter is different).

3 The lensing potential

In this section we define the lensing potential, an effective integrated potential useful for cal-
culating the effect of weak lensing on the CMB anisotropies. We then calculate the power
spectrum of the lensing potential, and discuss non-linear corrections and small scale approxi-
mations. In later sections we shall use the lensing potential extensively for computing lensing
deflection angles and their covariance.

We recall from Eq. (1.3) that the deflection angle of a source at conformal distance χ∗ is given
in terms of the potential Ψ by

α = −2
! χ∗

0
dχ

fK(χ∗ − χ)

fK(χ∗)
∇⊥Ψ(χn̂; η0 − χ). (3.1)

The quantity η0 − χ is the conformal time at which the photon was at position χn̂. It is
convenient to write ∇⊥Ψ = (∇n̂Ψ)/fK(χ) so that

α = −2
! χ∗

0
dχ

fK(χ∗ − χ)

fK(χ∗)fK(χ)
∇n̂Ψ(χn̂; η0 − χ), (3.2)

where ∇n̂ represents the angular derivative, equivalent to the covariant derivative on the
sphere defined by n̂. This result was derived rigorously at lowest order in Eq. (2.13). We then
define the lensing potential,

ψ(n̂) ≡ −2
! χ∗

0
dχ

fK(χ∗ − χ)

fK(χ∗)fK(χ)
Ψ(χn̂; η0 − χ), (3.3)

so that the deflection angle is given by ∇n̂ψ. From now on we write this simply as ∇ψ.
Note that the lensing potential appears to be formally divergent because of the 1/χ term near
χ = 0. However this divergence only affects the monopole potential, which does not contribute
to the deflection angle. We may therefore set the monopole term to zero, and the remaining
multipoles will be finite, at which point the lensing potential field is well defined.

For the CMB we can approximate recombination as instantaneous so that the CMB is de-
scribed by a single source plane at χ = χ∗. We neglect the very small effect of late-time sources,
including reionization, so a single 2D map of the lensing potential on the sphere contains all
the required information. For scales on which the potential Ψ is Gaussian, the lensing poten-
tial will be Gaussian. On smaller scales non-linear evolution can introduce non-Gaussianity
even for Gaussian primordial fields, however on acoustic scales this is a small correction so we
defer discussion of non-linear evolution to a later section.

25
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How to include non-linearities?
• N-body simulations on large volumes and high resolution becoming easily available
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Figure1.Theonionuniverse:adecompositionofthelightcone
thatmimicsthedatastructureinphotometricgalaxysurveys.
Thesimulateduniverseisrenderedasadiscretesetofprojected
matterdensityshpericalshellsinthelightconearoundtheob-
server,i.e,atthecenteroftheconcentricspheres.2Dspherical
shellsareequallyspacedincomovingtimeandpixelizedusing
theHealpixtesselationofchosenangularresolution.Forclarity,
inthisfigureweonlyshowoneofthehemispheres(i.ehalfthe
onionuniverse)forseveralofthelowestredshiftshells.

rootofthenumberofindependentrBAOcells:

∆BAO≡
∆rBAO

rBAO
≃

„

r3
BAO

V

«1/2

(1)

whereVisthesampledvolume,andwehaveassumedGaus-

sianerrors(withnegligibleshot-noise)overthefirsttwo
BAOwiggles(seealsoAnguloetal2008).Thus,forthe

onionshellatz=0.6weestimate∆BAO≃1/
√

1000≃3%.

Accordingtothisruleofthumb,wecangetto0.6%relative
errorinmeasuringrBAOusingthewholeMICEsimulation

volume,ascomparedto9%withtheMilleniumsimulation.

2.2Compressionfactor

Tobuildthelight-conewithsufficientaccuracy,wehaveused
200comovingsimulationoutputs.Eachoutputtakes250

Gbytes,sothetotalstoragerequiredisabout49Terabytes.
Ifwematchthespatialwidthoftheonionshells(aswehave

done)tothetimelagbetweentheoutputsthatareused

tobuildthelight-conewewillhaveequivalentinformation
forapplicationsthatdonotrequireangularorredshiftres-

olutionbetterthanthatprojectedontothepixelmaps.We

haveproduced200suchHealpixmaps,eachoccupies201
Megabyte,whichrepresentsatotalof39Gigabytes.Thus,

thereistotalcompressionfactorofabout1300whenusing

Figure2.Onionshelldensitymapatz≃0.036(thiscorresponds
toacomovingdistanceofr=108±8Mpc/h)

Figure3.Onionshelldensitymapatz≃0.15(comovingdis-
tancer=439±9Mpc/h)
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• Non-linearities 
fully accounted

• Non-standard 
cosmologies 
(neutrinos, 
modified gravity)

• Construct surface map density and convergence maps 
around the observer 
 

• Overcome finite box-size through stacking techniques 
with box randomization for large-scales recovery

Fosalba+08

We use the following definition for the convergence field K(k) at the k-th shell,

K(k)(n̂) =
4πG

c2

DA(ηk)

(1 + zk)2
∆(k)

Σ (n̂), (2.13)

to rewrite Eq. (2.11) as
∇2

n̂
Φ(k)(n̂) = 2K(k)(n̂). (2.14)

The lensing potential on the sphere is related to K via Eq. (2.14), and it can be easily
computed by expanding both sides of the Poisson equation in spherical harmonics, obtaining
the following algebraic relation between the harmonic coefficients of the two fields:

Φℓm =
2

ℓ(ℓ + 1)
Kℓm. (2.15)

The monopole term in the lensing potential does not contribute to the deflection field: there-
fore to avoid any divergence in the above equation we can safely set to zero Φℓm for ℓ = 0
in all calculations. The quantity K is directy computed when the matter distribution in the
shell is radially projected onto the spherical map; as discussed in Sect. 3.2, it is useful to
define an angular surface mass density ∆θ

Σ(n̂) as the mass per steradians,

∆θ(k)
Σ (n̂) =

! ηk+∆η/2

ηk−∆η/2
(ρ − ρ̄)

DA(η̃)2

(1 + z̃)3
dη̃. (2.16)

such that Eq. (2.13) can be rewritten as:

K(k)(n̂) =
4πG

c2

1 + zk

DA(ηk)
∆θ(k)

Σ (n̂). (2.17)

Finally, the vector field α(n̂) will be synthesised, as described in [8, 9], from the spherical
harmonic components of the potential in terms of spin-1 spherical harmonics. The multiple-
plane lens formalism can be also applied to exploit the effective or single-plane approximation
to lens the CMB. Eqs. (2.4) and (2.5) can be discretised into the following sums,

ψeff(n̂) =
"

j

DA(ηs − ηj)

DA(ηs)
Φ(j), (2.18)

κ(n̂) =
"

j

DA(ηs − ηj)

DA(ηs)
K(j), (2.19)

where we used the previous definitions of quantities on the j-th lens. In the same framework,
the convergence κ can be seen as just a weighted projected surface density [41, 44]:

κ(θ) =
3H2

0Ωm,0

2c2

!

dη δ(η,θ)
DA(ηs − η)DA(η)

DA(ηs)a(η)
, (2.20)

where δ is the 3D matter density at radial distance η and angular position θ, DA(ηs) is the
position of the lensing source at the last scattering surface and a(η) is the scale factor at
η. Based on the definition in Eq. (2.20), the angular power spectrum of the convergence
becomes

Cκκ
ℓ =

9H4
0Ω2

m,0

4c4

! ηs

0
dηP (k, z)

#

DA(ηs − η)

DA(ηs)a

$2

, (2.21)
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Calabrese, Carbone, GF+ (2015)
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• Capitalize on availability of large, high
resolution N-body numerical simulations to
study CMB lensing including full non-linear
and hierarchical growth of cosmic structures.
• Check approximations and assumptions of
widely-used semi-analytic modeling.
• Develop a unified formalism for realistic
CMB-LSS cross-correlation simulations.

MULTIPLE LENS METHOD

• From time snapshot of N-body simulations
we reconstruct the observer lightcone over
the full sky using stacking techniques.
• We slice the lightcone into shells of finite
comoving thickness and collapse them into
planes of surface mass density.
• We solve the Poisson equation in harmonic
domain to extract the lensing potential �i

and the deflection field ↵i for each shell.
• We follow the CMB ray path �(✓,⌥) using
pixel-based methods (e.g. LensPix).

Figure from Das & Bode 2008.

SHELL PROPERTIES AND VALIDATION
• We used the ⇥CDM simulation of the L-CoDECs and DEMNUni [4] N-body suites.
• The total mass in each matter slice is consistent with the theoretical one expected from the
assumed cosmology M theory

i

= 4⇧⌅
m,0⌃c⇤̄2

i

�⇤
i

(left).
• The lensing potential of each shell agrees well with semi-analytical models. The finite size
of the N-body box causes a lack of power at large angular scales (middle).
• We evaluated the integrated lensing potential to compare the multiple lens method with the
commonly used Born approximation (right).
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RAYTRACING VS BORN APPROXIMATION
• The power spectra of CMB observables derived in Born approximation or with the multiple
lens (ML) approach are consistent.
• We evaluated the contribution induced by the shot-noise in the N-body simulation through
Monte Carlo method. We found it to be important only for B-modes.

• ML method is more subjected to power aliasing effect. We tested the convergence of our
result against resolution and bandwidth parameter to control numerical effects.
• Comparison of the methods beyond the 2-point function are ongoing.

PROPAGATING THE CMB MAGNIFICATION MATRIX
• We improved our approach to propagate the full lensing magnification matrix A of CMB
lensing in the ML formalism

A(✓,⌥) =
��j

�⌅
k

= ⇥
jk

� 2

c2

Z
�

0

⌥� ⌥0

⌥⌥0 ⇤,
✓j✓k (�(✓,⌥

0),⌥0)A
kj

(✓,⌥0)d⌥0

• We adopted the LenS2HAT algorithm [3] to increase numerical efficiency, accuracy and
achievable resolution. We can perform 300 resolution raytracing simulation on the full sky.
• Beyond-Born corrections add a new curl-component to the effective deflection field.

↵ = r�( ,⌦) +r⇥ ⌅( ,⌦)

• The results are stable to 1% level w.r.t. the number of lens planes used in the simulations.
• We recover consistency relation between lensing observables at O(10�2) accuracy or better.

• For each mass plane (Das+2009,  Calabrese Carbone Fabbian 2015, Fabbian+18) : 
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Raytracing algorithm for post-Born CMB lensing

Das & Bode (2009)
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• CMB lensing Jacobian propagation with LenS2HAT (Fabbian+2013):  full-sky, 2’’ 
resolution (Fabbian+18)
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Beyond Born corrections: what are they?

5

LOS

Born 
displacement

post-Born 
displacement

Born 
displacement

post-Born 
displacement

Lensing changes location of later lensing events

Size and shape of image affected by first lensing event
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• Very good agreement with analytical estimates of Pratten & Lewis (2016).  

• Difference in variance recovered  
with 10% accuracy

• Higher moments more affected

Corrections on lensing observables

6

Fabbian et al. (2018)

of  than its power spectrum. PL16 also noted that the specific signature of beyond-Born
corrections to the  bispectrum depends on the specific triangle configuration and redshift.
The e↵ect consists mainly in a combination of a reduced lensing e�ciency generated by lens
coupling (which suppresses the bispectrum of the matter distribution) and additional distor-
tions due to deflections across the direction where the gravitational potential changes. These
two contribution have an opposite sign and their relative amplitude changes with redshift.
The results of our simulations suggest that the leading e↵ect of beyond-Born
corrections consists in an overall suppression of the amount of non-Gaussianities
in the CMB lensing convergence. This result seems to agree with the naive
expectations from the results of PL16 (see, e.g., their Fig. 4 where the beyond-
Born  bispectrum is mostly negative). However, being the skewness the sum
of all the configurations of the  bispectrum, we cannot make a quantitative
statement on the validity of the analytical predictions of this signal. Thus, we
postpone a more quantitative analysis of this aspect on our simulated map to a
future work.

Map Variance (10�3) Skewness Kurtosis
1st 8.465 0.370 0.554
ML 8.472 0.266 0.450
! 6.87 · 10�3 3.184 · 10�3 3.185

ML shot-noise 1.070 1.289 · 10�3 �3.865 · 10�4

! shot-noise 6.357 · 10�5 6.570 · 10�3 1.337

Table 1: Moments of the first-order and beyond-Born convergence and rotation maps
(together with moments of the corresponding shot-noise maps) obtained filtering modes
` > 8000.

Figure 12: Left : fractional di↵erence of first-order and beyond-Born lensing convergence
power spectra. Black dashed line shows the analytical expectation for Planck 2013 cosmology.
Red bullet points show the binned version of this curve. Simulation results are displayed in
blue. Bullet points show the mean value inside each bin while error bars accounts from the
error on the mean itself. Right : analytical and simulation estimate of the rotation power
spectrum (top) and their fractional di↵erence (bottom).

– 22 –

�
�2
post�Born

� �2
Born

�
=

`
maxX

`=0

(2`+ 1)

4⇡
�C

`



Name TalkName TalkGiulio Fabbian Higher-order effects in CMB lensing

Impact on lensed CMB power spectra
• Corrections: either on deflection or polarization rotation (more details later).

• Different contributions easily isolated

Fabbian et al. 2018

dpost�Born = r eff +r⇥ ⌦eff

7
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Comparison with analytical predictions - I
• Good agreement with calculations of Marozzi+(2016), Pratten & Lewis (2016)

• Necessity of non-perturbative bispectrum treatment (Lewis & Pratten 2016) for 
EE power spectrum: oscillation suppression at small scales. 

• Lensing at small scales is O(1): Taylor expansion around unlensed result leads 
to overestimation.

8

Fabbian et al. 2017
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Comparison with analytical predictions - II

• Excellent agreement with analytical predictions of Marozzi+(2016), Lewis+(2016)

• Higher-order κκω contribution clearly isolated and new term κωω !

• Residual for B-modes delensing as high as r = 10-5: we’re safe!

Fabbian et al. (2018) Fabbian et al. (2018)
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• Polarization rotation (Marozzi+2016, Lewis+2017): tiny and tough to measure! 

• Cumulative rotation angle from each deflection parallel transport vs 1st-order result

P̃ (n̂) = e�2i�rotation

h
e�2i�transport

P (n̂+ de↵)
i

�transport ⌘ �transport(d, n̂)

�rotation =
X

k

�transport,(k)(d(k), n̂)� �transport(deff , n̂)

P̃ (n̂) = e�2i�rotation

h
e�2i�transport

P (n̂+ de↵)
i

�transport ⌘ �transport(d, n̂)

�rotation =
X

k

�transport,(k)(d(k), n̂)� �transport(deff , n̂)
P̃ (n̂) = e�2i�rotation

h
e�2i�transport

P (n̂+ de↵)
i

�transport ⌘ �transport(d, n̂)

�rotation =
X

k

�transport,(k)(d(k), n̂)� �transport(deff , n̂)

Gravitational polarization rotation

10
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Polarization rotation: consistency check
• Discrepancies: cross-check other options for consistency (disfavoured)

• Polarization rotation can become the leading effect at small scales

• 5% correction on EE at l=5000 (10% for BB), gravitational birefringence S/N~2 

• Residual for B-modes delensing increases to r ~10-4: we’re still safe!

Fabbian et al. (2018)

11
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Higher-order statistics
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FIG. 4. Slices through the weighted convergence bispectrum (L
2

L
3

)

1/2 bL1L2L3
/(C

L1
C

L2
C

L3
)

1/2 for L
1

= 10

3. The top row shows
the tree-level LSS bispectrum and the bottom row shows the non-linear fit of Scoccimarro and Couchman [41] (“SC”). The left plots show the
post-Born contributions, the middle plots the large-scale structure contributions and the right plots the cancellations that occur due to negative
contributions from the post-Born bispectrum in approximately flattened configurations, i.e. L

1

+ L
2

⇠ L
3

. For approximately equilateral
configurations, i.e. L
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3

, we find an enhancement of the total bispectrum. The grey dashed line denotes the b = 0 contour. In
the equilateral limit, the tree-level LSS bispectrum is enhanced by a factor of ⇠ 2 by the post-Born corrections and the non-linear SC LSS
bispectrum by a factor of ⇠ 1.5.

This agrees with the galaxy lensing result of Ref. [10] when restricted to observing the convergence (trace of the distortion
tensor) directly.

Non-linear structure growth will also give additional contributions from the large-scale structure bispectrum, which in the
Limber approximation has the form [42]
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The potential bispectrum on the right-hand side of this equation can be approximated by the tree-level result for the fractional
matter density perturbations [43]:

b���(k1, k2, k3;�) = 2F2(k1,k2; z)P��(k1, z(�))P��(k2, z(�)) + cyc. perm., (4.8)

where
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and k2 (k, z) ⇡ ��(z)�(k, z) with �(z) ⇡ k2
p
P  (k, z)/P��(k, z) approximately independent of k. The baseline tree-level

result has A = B = C = 1 in Eq. (4.9), so that F2 is independent of redshift, but even in this case we use the non-linear P��

from halofit to improve accuracy [41]. We also consider extended fitting formulae for A, B and C from Scoccimarro and
Couchman [41] (denoted “SC”) to assess the order of magnitude of fully non-linear corrections beyond tree level5

5 We use a dewiggled form for n ⌘ d lnP��,lin/d ln k in the fitting function following Ref. [44]. Ref. [44] (“GM”) also provide updated fits, but they are
not validated at high redshift and may behave in an unphysical way there, so we restrict to the original fit of Ref. [41]. Using the updated fits would slightly
increase the LSS bispectrum signal, but not change results qualitatively. At L = 1000 the equilateral lensing bispectrum is enhanced by ⇡ 2⇥ compared
to tree level using the SC fit, and ⇡ 2.5⇥ in the GM fit, but the difference is much less for folded configurations (where the non-linear enhancement at
L
1

= 1000 is less than 20%).
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from halofit to improve accuracy [41]. We also consider extended fitting formulae for A, B and C from Scoccimarro and
Couchman [41] (denoted “SC”) to assess the order of magnitude of fully non-linear corrections beyond tree level5
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not validated at high redshift and may behave in an unphysical way there, so we restrict to the original fit of Ref. [41]. Using the updated fits would slightly
increase the LSS bispectrum signal, but not change results qualitatively. At L = 1000 the equilateral lensing bispectrum is enhanced by ⇡ 2⇥ compared
to tree level using the SC fit, and ⇡ 2.5⇥ in the GM fit, but the difference is much less for folded configurations (where the non-linear enhancement at
L
1

= 1000 is less than 20%).

Beck, Fabbian 
(in prep.)

Pratten & 
Lewis 
(2016)

S3 = h(n̂)(n̂)(n̂)i
Beck, Fabbian 

(in prep.)
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Quadratic CMB lensing estimators in a nutshell
• Non-Gaussianity in deflection field biases CMB lensing reconstruction with quadratic 

estimators (Böhm+2016)

• Exploit our numerical simulation setup to isolate single sources of bias at larger scales

• Lens CMB realizations with different combination of deflection fields

13

the power in the deflection field Cdd
L (Hu 2000b). Consider

averaging over an ensemble of realizations of the tempera-
ture and polarization fields but with a fixed lensing field.
The two-point correlation of the modes takes the form

hxðlÞx0ðl 0ÞiCMB ¼ f!ðl; l 0Þ"ðLÞ ; ð9Þ

where x; x0 ¼ !;E;B and L ¼ l þ l 0. We have assumed
l 6¼ %l 0 and will use the subscript ! to distinguish between
choices of the xx0 pairing, e.g., ! ¼ !!. The correlation
returns the value of the deflection potential with weightings
f! that depend on the unlensed power spectra of equation
(7), which are given explicitly in Table 1.

The two-point correlations of the CMB Fourier modes
themselves cannot be used to reconstruct the deflection
potential since " is also statistically isotropic so that in the
true ensemble average h"ðLÞi ¼ 0. Equation (9) does sug-
gest however that an appropriate average over pairs of mul-
tipole moments can be used to estimate the deflection field
dðn̂nÞ.

Let us define a general weighting of the moments

d!ðLÞ ¼
A!ðLÞ
L

Z
d2l1

ð2#Þ2
xðl1Þx0ðl2ÞF!ðl1; l2Þ ; ð10Þ

Fig. 1.—Exaggerated example of the lensing effect on a 10& ' 10& field. Top, from left to right: Unlensed temperature field, unlensed E-polarization field,
spherically symmetric deflection field dðnÞ. Bottom, from left to right: Lensed temperature field, lensed E-polarization field, lensed B-polarization field. The
scales for the polarization and temperature fields differ by a factor of 10. [See the electronic edition of the Journal for a color version of this figure.]

Fig. 2.—Power spectra of the CMB temperature and polarization fields
compared with the detector noise of the Planck satellite and a nearly perfect
experiment with a noise level of DT ¼ DP=

ffiffiffi
2

p
¼ 1 lK arcmin and a beam

of $ ¼ 40 (thick long-dashed line for polarization, thin long-dashed line for
temperature). The Planck experiment has sufficient signal-to-noise ratio to
map the ! field but can only marginally map the E-polarization field; the
nearly perfect experiment canmap all three fields to l ¼ 2000.

568 HU & OKAMOTO Vol. 574

the power in the deflection field Cdd
L (Hu 2000b). Consider

averaging over an ensemble of realizations of the tempera-
ture and polarization fields but with a fixed lensing field.
The two-point correlation of the modes takes the form

hxðlÞx0ðl 0ÞiCMB ¼ f!ðl; l 0Þ"ðLÞ ; ð9Þ

where x; x0 ¼ !;E;B and L ¼ l þ l 0. We have assumed
l 6¼ %l 0 and will use the subscript ! to distinguish between
choices of the xx0 pairing, e.g., ! ¼ !!. The correlation
returns the value of the deflection potential with weightings
f! that depend on the unlensed power spectra of equation
(7), which are given explicitly in Table 1.

The two-point correlations of the CMB Fourier modes
themselves cannot be used to reconstruct the deflection
potential since " is also statistically isotropic so that in the
true ensemble average h"ðLÞi ¼ 0. Equation (9) does sug-
gest however that an appropriate average over pairs of mul-
tipole moments can be used to estimate the deflection field
dðn̂nÞ.

Let us define a general weighting of the moments

d!ðLÞ ¼
A!ðLÞ
L

Z
d2l1

ð2#Þ2
xðl1Þx0ðl2ÞF!ðl1; l2Þ ; ð10Þ

Fig. 1.—Exaggerated example of the lensing effect on a 10& ' 10& field. Top, from left to right: Unlensed temperature field, unlensed E-polarization field,
spherically symmetric deflection field dðnÞ. Bottom, from left to right: Lensed temperature field, lensed E-polarization field, lensed B-polarization field. The
scales for the polarization and temperature fields differ by a factor of 10. [See the electronic edition of the Journal for a color version of this figure.]

Fig. 2.—Power spectra of the CMB temperature and polarization fields
compared with the detector noise of the Planck satellite and a nearly perfect
experiment with a noise level of DT ¼ DP=

ffiffiffi
2

p
¼ 1 lK arcmin and a beam

of $ ¼ 40 (thick long-dashed line for polarization, thin long-dashed line for
temperature). The Planck experiment has sufficient signal-to-noise ratio to
map the ! field but can only marginally map the E-polarization field; the
nearly perfect experiment canmap all three fields to l ¼ 2000.

568 HU & OKAMOTO Vol. 574

where l2 ¼ L" l1 and the normalization

A!ðLÞ ¼ L2

"Z
d2l1

ð2"Þ2
f!ðl1; l2ÞF!ðl1; l2Þ

#"1

ð11Þ

is chosen so that

hd!ðLÞiCMB ¼ dðLÞ % L#ðLÞ : ð12Þ

In general there are six estimators corresponding to the 3!
pairs of !, E, B. In the assumed cosmology, where gravita-
tional wave perturbations are negligible compared with den-
sity perturbations, ! ¼ BB has vanishing signal-to-noise
ratio, effectively reducing the estimators to five.

We can optimize the filter F! by minimizing the variance
hd&! ðLÞd!ðLÞi, subject to the normalization constraint

F!ðl1; l2Þ ¼
Cx0x0

l1
Cxx

l2
f!ðl1; l2Þ " Cxx0

l1
Cxx0

l2
f!ðl2; l1Þ

Cxx
l1
Cx0x0

l2
Cx0x0

l1
Cxx

l2
" ðCxx0

l1
Cxx0

l2
Þ2

: ð13Þ

This filter takes on simple forms for two common cases: if
x ¼ x0, as in the case of ! ¼ !!, EE, andBB,

F!ðl1; l2Þ !
f!ðl1; l2Þ
2Cxx

l1
Cxx

l2

; ð14Þ

if ~CCxx0
l ¼ 0, as in the case of ! ¼ !B and EB,

F!ðl1; l2Þ !
f!ðl1; l2Þ
Cxx

l1
Cx0x0

l2

: ð15Þ

The noise properties of these estimators follow from

hd&! ðLÞd$ðL
0Þi ¼ ð2"Þ2%ðL" L0Þ½Cdd

L þN!$ðLÞ) ; ð16Þ

where

N!$ðLÞ ¼ L"2A!ðLÞA$ðLÞ
Z

d2l1

ð2"Þ2
F!ðl1; l2Þ

!
F$ðl1; l2Þ

* C
x!x$
l1

C
x0!x

0
$

l2
þ F$ðl2; l1ÞC

x!x0$
l1

C
x0!x$
l2

"
: ð17Þ

Recall that the xx power spectra account for both the cos-
mic variance of the fields and the noise variance of the
experiment. Notice that for the minimum variance filter

N!!ðLÞ ¼ A!ðLÞ : ð18Þ

In Figure 3, we compare the signal and noise power spectra
for the Planck experiment and the reference experiment
defined in x 2. Recall that true mapping is possible when the
signal exceeds the noise spectrum. For the Planck experi-

ment, !! provides the best estimator, reflecting the fact
that Planck will not be able to produce true maps of the
polarization modes. Furthermore, the signal-to-noise ratio
is highest at Ld200, reflecting the fact that the modes are
mainly correlated across DL + 60, where the deflection
power spectrum peaks.

For the reference experiment, all five estimators have suf-
ficient signal-to-noise ratio to produce maps at Ld200. The
EB estimator has the best signal-to-noise ratio and allows
for mapping to Ld1000. The reason is that there is no noise
variance contributed by an unlensed B-field. Furthermore,
the signal intrinsically comes from higher L. A B-field at a
wavenumber l cannot be generated from neighboringmodes
l 0 + l from the low-L deflection field because of the sin term
in the lensing kernel (see eq. [5]). Thus, the signal-to-noise
ratio is relatively higher at high L in the EB estimator.

For experiments that are intermediate in sensitivity
between Planck and the reference experiment, the five esti-
mators of the deflection field have comparable signal-to-
noise ratio and may be used to cross-check each other. At
high L where the individual estimators are noise limited,
combining the estimators as

dmvðLÞ ¼
X

!

w!ðLÞd!ðLÞ ð19Þ

Fig. 3.—Deflection signal (dd ) and noise power spectra of the quadratic
estimators and their minimum variance (mv) combination: (a) Planck
experiment; (b) reference experiment. As the sensitivity of the experiment
improves, the best quadratic estimator switches from !! to EB. Only the
EB-estimator can reconstruct the mass distribution at Le200.

TABLE 1

Minimum Variance Filters

! f!ðl1; l2Þ

!! ........ ~CC!!
l1

ðL x l1Þ þ ~CC!!
l2

ðL x l2Þ
!E ........ ~CC!E

l1
cos’l1 l2 ðL x l1Þ þ ~CC!E

l2
ðL x l2Þ

!B ........ ~CC!E
l1

sin 2’l1 l2 ðL x l1Þ
EE......... ½~CCEE

l1
ðL x l1Þ þ ~CCEE

l2
ðL x l2Þ) cos 2’l1 l2

EB......... ½~CCEE
l1

ðL x l1Þ " ~CCBB
l2

ðL x l2Þ) sin 2’l1 l2

BB......... ½~CCBB
l1

ðL x l1Þ þ ~CCBB
l2

ðL x l2Þ) cos 2’l1 l2
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Bias on lensing reconstruction

• Comparison with smaller boxsize, high-resolution simulations ongoing (V. Böhm+, 
in prep.), impact of future experiments being evaluated

14

Noiseless

PRELIM
INARY

κκω+κκω
Beck, Fabbian (in prep.)
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Bias on lensing reconstruction

• Comparison with smaller boxsize, high-resolution simulations ongoing (V. Böhm+, 
in prep.), impact of future experiments being evaluated
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Conclusions and perspectives

We developed an accurate lightcone construction and raytracing method for 
CMB lensing simulations and used it to investigated higher-order effects.

Simulation results match analytical prediction for post-Born correction on lensing 
observables and lensed CMB power spectra at sub % accuracy.

Polarization rotation correction may not be completely under control.

Challenging measurement but not a problem for future experiments.

Post-Born corrections: S/N ~ 5 (2) for TT (EE, BB) for CMB-S4.

Predictions of higher-order statistics and lensing reconstruction ongoing…

Likely to be important, situation might be worse for cross-correlation!
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Simulating lensing effect on CMB maps
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Giulio Fabbian and Radek Stompor: High precision simulations of weak lensing e⇤ect on CMB polarization

simulations of very accurate, high resolution maps of CMB total
intensity and polarization, covering a large fraction of the sky
and with lensing e⇤ects included. The relevant approaches have
been studied in the past (e.g. Lewis 2005; Basak et al. 2009;
Lavaux & Wandelt 2010) and resulted in devising and demon-
strating an overall framework for such simulations, as well as
two, publicly available, numerical codes (Lewis 2005; Basak
et al. 2009). As computations involved in such a procedure are
inherently very time consuming, the proposed implementations
of those ideas involve unavoidably trade-o⇤s between calcula-
tion precision and their feasibility, giving rise to a number of
issues, practical and more fundamental, which need to be care-
fully resolved to ensure that such techniques produce high qual-
ity, reliable results. The main objective of this paper is to provide
comprehensive answers to some of those problems, with special
emphasis on those arising in the context of high precision and
reliability simulations of the B-mode component of the CMB
polarization signal.

2. Simulating weak lensing of CMB

2.1. Algebraic background

The CMB radiation is completely described by its brightness
temperature anisotropies and polarization fields on the sky, re-
spectively T (⇤,⌅) and P(⇤,⌅). Since both fields are (nearly)
Gaussian they are characterized by their power spectra after their
Fourier expansion on a proper basis. Temperature is a scalar field
and can be conveniently expanded in terms of scalar spherical
harmonics

T (⇤,⌅) =
lmax⇤

l=0

l⇤

m=�l

TlmYlm(⇤,⌅) (1)

while polarization depends on the Stokes parameters Q and
U, which are base dependent vectors, and thus behaves like
a spin-2 field on the sphere if rotated (Zaldarriaga & Seljak
1997; Kamionkowski et al. 1997). For this reason, polarization
field must be expanded in terms of spin-2 spherical harmonics
±2Ylm(⇤,⌅)

P(⇤,⌅) = (Q + iU)(⇤,⌅) (2)

=

lmax⇤

l=0

l⇤

m=�l

�(2Elm + i2Blm)2Ylm(⇤,⌅)

where 2Elm and 2Blm are the gradient and curl harmonic compo-
nents of a spin-2 field, whose general definitions for and arbi-
trary spin-s field are

|s|Elm ⇤ �
1
2

�
|s|alm + (�1)s

�|s|alm
⇥

(3)

i|s|Blm ⇤ �
1
2

�
|s|alm � (�1)s

�|s|alm
⇥

Weak gravitational lensing shifts the light rays coming from an
original direction n̂ on the Last Scattering Surface to the ob-
served direction n̂0, inducing a mapping between the two direc-
tions through the so called displacement field d , i.e. for a CMB
observable X ⌃ {T,Q,U}

X̃(n̂) = X(n̂⇧) = X(n+ d). (4)

Hereafter, we use a tilde to denoted a lensed quantity, we will
also use a tilde over a multipole number of a lensed quantity,

i.e., ⇧̃ , to distinguish it from a multipole number of its unlensed
counterpart.

The displacement field is a vector field on the sphere and
can be decomposed into a gradient-free and a curl-free com-
ponent. In most of the cases we can neglect the gradient-free
component and consider the displacement field d as the gradient
of the so-called lensing potential �(⇤,⌅), the projection of the
3-D gravitational potential ⇥ on the 2-D unit sphere. Such quan-
tity can be computed with Boltzmann codes (e.g. CAMB1 or
CLASS2), from galaxy surveys or N-Body simulations (Carbone
et al. 2008; Das & Bode 2008)

�(n) ⇤ �2
⌅ ⇥⇥

0
dA⇥

dA(⇥⇥ � ⇥)
dA(⇥)dA(⇥⇥)

⇥(⇥, n) (5)

Here ⇥⇥ is the comoving distance to the last scattering surface,
⇥ is the co-moving distance, dA is the co-moving angular diam-
eter distance. The lensing potential is expected to be correlated
on large scale with temperature anisotropies and E modes of po-
larization through Integrated Sachs-Wolfe e⇤ect; this correlation
a⇤ects mainly the large angular scales and is of the order of 1%
at ⇧ ⌅ 100 and will thus be neglected in the following analysis.
Since the lensing potential is a scalar function and can be ex-
panded into canonical spherical harmonics, the computation of
its gradient (a spin-1 curl-free field) can be easily done in the
harmonic domain with a spin-1 spherical harmonic transform
(SHT).

1Elm =
⇧

l(l + 1)�lm 1Blm = 0 (6)

2.2. Pixel-domain simulations

2.2.1. Basics

Because typical deviations of CMB photons are of the order of
few arcminutes (although coherent over the degree scale), we
can work in the Born approximation, i.e. considering such devi-
ation as constant between n̂ and n̂0, and evaluate the displaced
field along the unperturbed direction.
In practice this means that in order to compute the lensed CMB
at a point it is su⌅cient to compute the unlensed CMB at another
position on the sky. This observation provides the basis for the
pixel-based approaches to simulating lensing e⇤ects of the CMB
maps. For every direction on the sky corresponding to the pixel
centers these methods first identify the displaced direction, and
then compute the corresponding sky signal value, which is then
used to replace the original value at the pixel center. The im-
plementations of such approach typically follow these few main
steps (Lewis 2005; Basak et al. 2009; Lavaux & Wandelt 2010):

1. Generation of a random realization of the harmonic coe⌅-
cient of unlensed CMB map and synthesis of the field.

2. Generation of a random realization of harmonic coe⌅cient
of lensing potential and then of spin-1 displacement field in
the harmonic domain. Synthesis of displacement field.

3. Sampling of displacement field at pixel centers and, for each
of them, computation of the coordinates of displaced direc-
tion on the sky using the spherical triangle identities on the
sphere.
Defining � as an angle between the displacement vector and
the e# versor, such that d = d cos� e# + d sin� e', the value

1 http://camb.info
2 http://lesgourg.web.cern.ch/lesgourg/class.php
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1997; Kamionkowski et al. 1997). For this reason, polarization
field must be expanded in terms of spin-2 spherical harmonics
±2Ylm(⇤,⌅)

P(⇤,⌅) = (Q + iU)(⇤,⌅) (2)

=

lmax⇤

l=0

l⇤

m=�l

�(2Elm + i2Blm)2Ylm(⇤,⌅)

where 2Elm and 2Blm are the gradient and curl harmonic compo-
nents of a spin-2 field, whose general definitions for and arbi-
trary spin-s field are

|s|Elm ⇤ �
1
2

�
|s|alm + (�1)s

�|s|alm
⇥

(3)

i|s|Blm ⇤ �
1
2

�
|s|alm � (�1)s

�|s|alm
⇥

Weak gravitational lensing shifts the light rays coming from an
original direction n̂ on the Last Scattering Surface to the ob-
served direction n̂0, inducing a mapping between the two direc-
tions through the so called displacement field d , i.e. for a CMB
observable X ⌃ {T,Q,U}

X̃(n̂) = X(n̂⇧) = X(n+ d). (4)

Hereafter, we use a tilde to denoted a lensed quantity, we will
also use a tilde over a multipole number of a lensed quantity,

i.e., ⇧̃ , to distinguish it from a multipole number of its unlensed
counterpart.

The displacement field is a vector field on the sphere and
can be decomposed into a gradient-free and a curl-free com-
ponent. In most of the cases we can neglect the gradient-free
component and consider the displacement field d as the gradient
of the so-called lensing potential �(⇤,⌅), the projection of the
3-D gravitational potential ⇥ on the 2-D unit sphere. Such quan-
tity can be computed with Boltzmann codes (e.g. CAMB1 or
CLASS2), from galaxy surveys or N-Body simulations (Carbone
et al. 2008; Das & Bode 2008)

�(n) ⇤ �2
⌅ ⇥⇥

0
dA⇥

dA(⇥⇥ � ⇥)
dA(⇥)dA(⇥⇥)

⇥(⇥, n) (5)

Here ⇥⇥ is the comoving distance to the last scattering surface,
⇥ is the co-moving distance, dA is the co-moving angular diam-
eter distance. The lensing potential is expected to be correlated
on large scale with temperature anisotropies and E modes of po-
larization through Integrated Sachs-Wolfe e⇤ect; this correlation
a⇤ects mainly the large angular scales and is of the order of 1%
at ⇧ ⌅ 100 and will thus be neglected in the following analysis.
Since the lensing potential is a scalar function and can be ex-
panded into canonical spherical harmonics, the computation of
its gradient (a spin-1 curl-free field) can be easily done in the
harmonic domain with a spin-1 spherical harmonic transform
(SHT).

1Elm =
⇧

l(l + 1)�lm 1Blm = 0 (6)

2.2. Pixel-domain simulations

2.2.1. Basics

Because typical deviations of CMB photons are of the order of
few arcminutes (although coherent over the degree scale), we
can work in the Born approximation, i.e. considering such devi-
ation as constant between n̂ and n̂0, and evaluate the displaced
field along the unperturbed direction.
In practice this means that in order to compute the lensed CMB
at a point it is su⌅cient to compute the unlensed CMB at another
position on the sky. This observation provides the basis for the
pixel-based approaches to simulating lensing e⇤ects of the CMB
maps. For every direction on the sky corresponding to the pixel
centers these methods first identify the displaced direction, and
then compute the corresponding sky signal value, which is then
used to replace the original value at the pixel center. The im-
plementations of such approach typically follow these few main
steps (Lewis 2005; Basak et al. 2009; Lavaux & Wandelt 2010):

1. Generation of a random realization of the harmonic coe⌅-
cient of unlensed CMB map and synthesis of the field.

2. Generation of a random realization of harmonic coe⌅cient
of lensing potential and then of spin-1 displacement field in
the harmonic domain. Synthesis of displacement field.

3. Sampling of displacement field at pixel centers and, for each
of them, computation of the coordinates of displaced direc-
tion on the sky using the spherical triangle identities on the
sphere.
Defining � as an angle between the displacement vector and
the e# versor, such that d = d cos� e# + d sin� e', the value

1 http://camb.info
2 http://lesgourg.web.cern.ch/lesgourg/class.php

2

Lewis (2005)

+
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Magnitude of displacement corrections

dpost�Born = r eff +r⇥ ⌦eff

Fabbian et al. (2018)
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Algorithm tests
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• Lensing consistency relation relation with 0.1% effect (1% for rotation)

• Need at least ~ 40 planes for high accuracy. 

• N-body volume: crucial for ISW, higher-order correlations dominated by 
squeezed configurations

Fabbian et al. (2017)Fabbian et al. (2017)
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Figure 7. The convergence, shear, and rotation power spectra for the pure SHT (left) and SHT+MG (right) Poisson solvers at z = 1.1. In the top panels, the
black solid lines are the convergence power spectrum, the red solids are the shear E-mode power spectrum, the blue solid lines are the shear B-mode power
spectrum and the magenta solid lines are the power spectrum of the rotation angle, w. The dashed black line with hatched band shows the non-linear power
spectrum prediction for the shear E-mode power using the revised HaloFit fitting formula of Takahashi et al. (2012) with N-body shoot noise (Vale & White
2003) and cosmic variance calculated assuming Gaussian statistics. The middle panels show with the red line the ratio of the E-mode shear power to the
convergence power and with the black line the ratio of the non-linear power spectrum prediction (HaloFit) to convergence power. The bottom panels show the
ratio of the shear B-mode power to the rotation power. Both the ratio of the non-linear power spectrum prediction to the convergence power spectrum and the
ratio of the B-mode power to the rotation power have been smoothed in these panels. The deviations at ℓ ! 500 are do to the resolution of the ray field used
to measure the power spectra and smoothing applied to the mass distribution, not the underlying N-body simulation.

5 THE CONVERGENCE, SHEAR, AND ROTATION
POWER SPECTRA

In this section I present the convergence, shear, and rotation power
spectra for full-sky multiple-plane ray tracing calculations through
N-body light cone simulations. The Lb2600 light cone was ray
traced out to a comoving distance of 2600 h−1Mpc using a
HEALPix grid of rays with HEALPix order 12. Note that this light
cone has replications in it, but they are treated self-consistently by
the light cone generator (M. Busha et al., in preparation) and the
ray tracing code.18 The pure SHT Poisson solver was run with
HEALPix order 12. The SHT+MG Poisson solver was run with
HEALPix order 7 bundle cells and an HEALPix order 9 SHT grid.
The resulting convergence, shear and rotation fields were then ex-
tracted from the inverse magnification matrices at the final plane
using Equation (5). Finally, the convergence, E-, B- and rotation
mode power spectra were extracted from the HEALPix maps using
the public HEALPix package. Note that because the maps cover the

18 The light cone generator of M. Busha et al. (in preparation) places a
single observer in the periodic lattice formed by the computational volume
and its replications. From this single observer, a light cone is built as the
simulation is running by looking for particles which cross the light cone
surface in all directions in a sufficient set of replications around the observer
to capture all matter out to some desired redshift. Thus all of the boundaries
are continuous and the replications are treated self-consistently by both the
N-body code and the ray tracing code.

entire sky, there is no ambiguity in the E/B-mode decomposition of
the map (Bunn et al. 2003).

The results from this simulation are shown in Figure 7. The
left panel shows the power spectra from the simulation using a pure
SHT Poisson solver whereas the right panel shows the same power
spectra using the SHT+MG Poisson solver. The top panels in this
figure show the convergence, shear E-mode, shear B-mode, and ro-
tation angle power spectra. Additionally, the prediction in the Lim-
ber approximation for the convergence power spectrum is shown by
the dashed line, computed with the revised HaloFit non-linear fit-
ting formula of Takahashi et al. (2012) and the linear power spec-
trum fitting formula of Eisenstein & Hu (1998). I have added the
contribution of N-body shot noise to this prediction as described in
Vale & White (2003). The hatched region shows the range of ex-
pected cosmic variance assuming Gaussian statistics, a decent ap-
proximation in the linear regime (see, e.g., Sato et al. 2009). The
middle panels show the ratio of the non-linear prediction and the
E-mode shear power spectrum to the measured convergence power
spectrum. The large deviations of the power spectra from the theo-
retical predictions at ℓ ! 500 are due to the smoothing applied to
the mass distribution and resolution of the ray field, not the under-
lying N-body simulation. I have confirmed that the Takahashi et al.
(2012) fitting formula reproduces the simulation results more accu-
rately than the Smith et al. (2003) formula, which is low by a few
percent at these scales as noted previously (e.g., Hilbert et al. 2009;
Eifler 2011; Takahashi et al. 2012).

As expected at second order in General Relativity, in both
cases the shear E-mode and the convergence power spectra are

c⃝ 2012 RAS, MNRAS 000, 1–18
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the equilateral limit, the tree-level LSS bispectrum is enhanced by a factor of ⇠ 2 by the post-Born corrections and the non-linear SC LSS
bispectrum by a factor of ⇠ 1.5.

This agrees with the galaxy lensing result of Ref. [10] when restricted to observing the convergence (trace of the distortion
tensor) directly.

Non-linear structure growth will also give additional contributions from the large-scale structure bispectrum, which in the
Limber approximation has the form [42]

bL1L2L3
= L2

1L
2
2L

2
3

Z �s

0
d�

W (�,�s)
3

�4
B   (L1/�, L2/�, L3/�;�). [LSS] (4.7)

The potential bispectrum on the right-hand side of this equation can be approximated by the tree-level result for the fractional
matter density perturbations [43]:

b���(k1, k2, k3;�) = 2F2(k1,k2; z)P��(k1, z(�))P��(k2, z(�)) + cyc. perm., (4.8)

where

F2(k1,k2; z) =
5

7

A(k1, k2; z) +B(k1, k2; z)
k1 · k2

2k1k2

✓
k1
k2

+

k2
k1

◆
+ C(k1, k2; z)

2

7

(k1 · k2)
2

k21k
2
2

(4.9)

and k2 (k, z) ⇡ ��(z)�(k, z) with �(z) ⇡ k2
p
P  (k, z)/P��(k, z) approximately independent of k. The baseline tree-level

result has A = B = C = 1 in Eq. (4.9), so that F2 is independent of redshift, but even in this case we use the non-linear P��

from halofit to improve accuracy [41]. We also consider extended fitting formulae for A, B and C from Scoccimarro and
Couchman [41] (denoted “SC”) to assess the order of magnitude of fully non-linear corrections beyond tree level5

5 We use a dewiggled form for n ⌘ d lnP��,lin/d ln k in the fitting function following Ref. [44]. Ref. [44] (“GM”) also provide updated fits, but they are
not validated at high redshift and may behave in an unphysical way there, so we restrict to the original fit of Ref. [41]. Using the updated fits would slightly
increase the LSS bispectrum signal, but not change results qualitatively. At L = 1000 the equilateral lensing bispectrum is enhanced by ⇡ 2⇥ compared
to tree level using the SC fit, and ⇡ 2.5⇥ in the GM fit, but the difference is much less for folded configurations (where the non-linear enhancement at
L
1

= 1000 is less than 20%).
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the mixed bispectrum potentially detectable with future observations. The lensing reconstruction noise on the ! is also lower
than that on  on large scales when using EB reconstruction estimators.

Table I shows that with idealized assumptions the mixed bispectrum could become detectable with stage four (S4) observations
and beyond, but is negligible for observations currently underway. The rotation bispectrum could also source a bias in deflection
quadratic estimators, similar to the effect from the LSS bispectrum discussed in Ref. [5]. Since the optimal estimator for
the bispectrum is currently negligible, the bias should also be negligible, however in future once the bispectrum becomes a
substantial signal the rotation contribution to the bias should also be accounted for.

V. CMB B MODES AND CMB POWER SPECTRA

Lensing affects the CMB power spectra by smoothing out the peaks, transferring power to small scales, and producing B-
mode polarization. The corresponding lensed power spectra can be calculated using standard methods [50, 51]. Since the post-
Born contributions to the lensing power spectra are much smaller than the leading contribution, for temperature and E-mode
polarization the change in lensed spectra due to the additional post-Born contributions is negligible: the tiny . 0.2% changes
are shown in Fig. 10. This is however assuming the lensing potential is Gaussian, which is not entirely accurate since post-Born
and LSS growth both induce a non-zero bispectrum. Contributions from the post-Born convergence bispectrum are somewhat
larger than the tiny effect shown in Fig. 10 from the change in the lensing power spectrum [52]. However, the convergence
bispectrum actually has larger contributions from the LSS bispectrum, so a full calculation must include both. Since it is not
predominantly a post-Born effect, which is the focus of this paper, we refer the reader to detailed calculations in Ref. [53]. There
we show that the total bispectrum contribution still only changes the lensed CMB power spectra at a level that negligible for the
foreseeable future.

For the B modes the post-Born effects are potentially more important, since on small scales, B-mode polarization from
primordial gravitational waves is expected to be negligible and the signal is almost entirely from the B modes from lensing. The
dominant signal is from lensing by the linear CMB lensing potential, and the corresponding lensed B-mode power spectrum is
easily calculated accurately following Ref. [51]. Here, we focus on the small additional contributions from post-Born lensing,
and use the leading flat-sky series-expansion approximation which captures the main effect accurately: the lensed polarization
tensor ˜Pab can be expanded in terms of the unlensed tensor Pab as

˜Pab(✓) = Pab(✓ +↵) ⇡ Pab(✓) +↵crcPab(✓) +
1

2

↵c↵drcrdPab(✓). (5.1)

Assuming negligible unlensed B modes, using Eq. (2.5) to decompose the deflection in terms of curl and gradient components,
we get the Fourier-space expansion [17, 49]

˜B(`) = �
Z

d2`0

(2⇡)2
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we show that the total bispectrum contribution still only changes the lensed CMB power spectra at a level that negligible for the
foreseeable future.

For the B modes the post-Born effects are potentially more important, since on small scales, B-mode polarization from
primordial gravitational waves is expected to be negligible and the signal is almost entirely from the B modes from lensing. The
dominant signal is from lensing by the linear CMB lensing potential, and the corresponding lensed B-mode power spectrum is
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• DEMNUni project LCDM simulations 
( Castorina+ 2015, Carbone+ 2016)

• 2Gpc, 20483 particles, 62 snapshots, z<100

• Consistent with theoretical expectation 
and previous numerical works.
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Once the deflection field is give, each pixel-based method remaps the CMB field as a function
of the position on the sky assuming the lensed signal observed along a direction n̂ equal to
the signal coming from another direction n̂′,

n̂′(k) = n̂(k−1) + α
(k), (3.2)

where n̂(k−1) represents the unlensed position of the CMB photons at the previous step.
To our level of approximation ∥∇Φ∥ is assumed to be constant between n̂(k−1) and n̂′(k),
consistent with working out the lensing potential in the Born approximation between two
consecutive shells. In this work we adopted the publicly available code LensPix to propagate
the CMB signal through all the lensing shells. LensPix implements a pixel-based lensing
method using a bi-cubic polynomial interpolation scheme to evaluate the source plane along
the displaced direction. This method has been shown to be accurate at the sub-percent level
to produce temperature and E-modes signal. However, the recovery of the B-modes of the
CMB polarization is more difficult because B-modes are more sensitive to numerical effects
like the involved resolution and the choice of the band-limit (i.e. the power cut-off ℓmax) in
the calculation. We will discuss the impact on the relevant numerical effects in Section 5.1
and we refer the reader to [54] for a complete discussion of the numerical problems and
accuracy of pixel based methods.
Finally, note that the simulated lightcone recovers the distribution of matter in the Universe
up to zmax = 10, and therefore the primordial CMB fields are lensed by LSS only in this
specific redshift interval. In other words, photons are ray-traced in a Universe evolving
from zmax to z = 0. The impact of high-redshifts contributions is besides the goal of this
algorithm, which will be tested against analytical and semi-analytical computations which
we have modified accordingly to perform CMB lensing only in this redshift range.

4 Test and Convergence

4.1 Sanity Checks

In this section we assess the reliability of our code by performing sanity checks similarly to
[43] to ensure that all the steps of the algorithm give stable and robust results. For the first
test, we show that the total mass selected in each 3D matter slice is equal to the theoretical
mass expected from the assumed cosmological model in the simulation, given by

M theory
slice = 4πΩm,0ρcη̄

2∆η, (4.1)

where ∆η is the comoving thickness of the slice at a comoving (average) distance η, ρc is the
critical density and Ωm,0 corresponds to the present value of the matter density parameter.
We compare this quantity with the total mass obtained from the surface density maps (Σθ)
drawn with our procedure,

Mslice =

Npix
!

p=1

Σθ
p Ωpix, (4.2)

by summing on all pixels of the spherical map. Figure 1 shows the fractional difference
between the two masses for the different redshifts at which each spherical map is located.
The agreement is very good within a few percents. As similarly found by [43], fluctuations
respect to the theory appear at low z, due to the tension between the small comoving volume
as seen by the observer, and a highly-clustered matter distribution at late times. Including
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consistent with working out the lensing potential in the Born approximation between two
consecutive shells. In this work we adopted the publicly available code LensPix to propagate
the CMB signal through all the lensing shells. LensPix implements a pixel-based lensing
method using a bi-cubic polynomial interpolation scheme to evaluate the source plane along
the displaced direction. This method has been shown to be accurate at the sub-percent level
to produce temperature and E-modes signal. However, the recovery of the B-modes of the
CMB polarization is more difficult because B-modes are more sensitive to numerical effects
like the involved resolution and the choice of the band-limit (i.e. the power cut-off ℓmax) in
the calculation. We will discuss the impact on the relevant numerical effects in Section 5.1
and we refer the reader to [54] for a complete discussion of the numerical problems and
accuracy of pixel based methods.
Finally, note that the simulated lightcone recovers the distribution of matter in the Universe
up to zmax = 10, and therefore the primordial CMB fields are lensed by LSS only in this
specific redshift interval. In other words, photons are ray-traced in a Universe evolving
from zmax to z = 0. The impact of high-redshifts contributions is besides the goal of this
algorithm, which will be tested against analytical and semi-analytical computations which
we have modified accordingly to perform CMB lensing only in this redshift range.

4 Test and Convergence

4.1 Sanity Checks

In this section we assess the reliability of our code by performing sanity checks similarly to
[43] to ensure that all the steps of the algorithm give stable and robust results. For the first
test, we show that the total mass selected in each 3D matter slice is equal to the theoretical
mass expected from the assumed cosmological model in the simulation, given by

M theory
slice = 4πΩm,0ρcη̄

2∆η, (4.1)

where ∆η is the comoving thickness of the slice at a comoving (average) distance η, ρc is the
critical density and Ωm,0 corresponds to the present value of the matter density parameter.
We compare this quantity with the total mass obtained from the surface density maps (Σθ)
drawn with our procedure,

Mslice =

Npix
!

p=1

Σθ
p Ωpix, (4.2)

by summing on all pixels of the spherical map. Figure 1 shows the fractional difference
between the two masses for the different redshifts at which each spherical map is located.
The agreement is very good within a few percents. As similarly found by [43], fluctuations
respect to the theory appear at low z, due to the tension between the small comoving volume
as seen by the observer, and a highly-clustered matter distribution at late times. Including
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