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Why anisotropies? 
A cosmologist’s perspective

PTAs are in the pre-Penzias-Wilson era. 
Never too early to start thinking about 
the next steps!

• What can one learn from the GWB 
frequency spectrum/anisotropies?

• How to best go about searching for them?
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Why a Fisher formalism?

•A detection of the gravitational-wave background can 
only be achieved with pulsar cross-correlations

•Current PTAs use ~40-50 pulsars, i.e. ~ 1000 pairs

•SKA promises hundreds of new millisecond pulsars, 
i.e. tens of thousands of pairs

➡ We need simple — but robust — tools to be able to 
make forecasts without running simulations, and to 
guide and optimize full-blown data analyses

•Fisher formalism: “theorist’s reduction/idealization of 
the data analysis process to its essential pieces”.
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t

Time residual Rp(t) = TOA - timing model(t) For each 
pulsar p:
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• Intrinsic noise:uncorrelated between ≠ pulsars   
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<latexit sha1_base64="xbTbsF4l5k7PHrqR9AGlX3DRLLE="></latexit>

hRint
p (f)Rint

q (f)i / h2
c,p(f) �pq

•  Other sources of correlated noise: global clock errors,  
ephemerides errors => future work
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for continuous gravitational-wave searches [33]. TMG15
found this dataset was not informative enough to con-
strain anisotropies, as their upper limits saturate the
physical prior which imposes a positive GWB intensity.

The main thrust of this paper is to build on the Fisher
formalism derived in Paper I, in order to assess the infor-
mation content of a real PTA, and in particular its sensi-
tivity to the angular distribution of the GWB intensity.
We start by laying out the basic formalism in Section II,
where we derive the weak-signal-limit Fisher matrix for a
GWB with a fixed frequency dependence, but arbitrary
angular dependence. To construct this Fisher matrix for
a specific PTA requires an accurate characterization of
the noise properties of each pulsar. To provide a specific
application of our approach as well as make contact with
the analysis in TMG15, we focus on the EPTA in this
paper. In Section III we describe how we infer the char-
acteristic noise strains of the EPTA pulsars using pub-
licly available timing data, and the public code Hasasia

[34, 35]. As a first application of the Fisher formalism, we
show how one can rank-order pulsar pairs – rather than
individual pulsars – by their contribution to the signal-
to-noise ratio (SNR) of an isotropic GWB. In particular,
in Fig. 3 we identify the best 44 EPTA pulsar pairs (out
of 861 available) that contribute 90% of the SNR2.

Furthermore we show how to use the Fisher matrix
to forecast the detectability of GWB anisotropies using
standard bases in Section IV. Specifically, we first con-
sider a toy model of a stochastic “hot spot” in a known
direction on top of an isotropic background, then forecast
the sensitivity of the EPTA to the GWB amplitude in a
finite number of coarse pixels, as well as to its spherical-
harmonic coe�cients. Importantly, we show that a PTA
with Npair pulsar pairs can constrain the projections of
the GWB on at most Npair independent basis functions.
For generic choices of bases (e.g. coarse pixels or spherical
harmonics), these projections are, in general, statistically
correlated with one another and with the amplitude of
the GWB monopole. This implies that the sensitivity to
each projection and to the monopole is systematically de-
graded as one expands the set of basis functions – e.g. by
increasing the cuto↵ `max in a spherical-harmonic expan-
sion. In other words, the sensitivity to various GWB
anisotropies strongly depends on the priors.

In Section V, we explicitly derive the Npair statisti-
cally independent functions of direction that a PTA is
most sensitive to. These “principal maps” are simply
the eigenmaps of the Fisher matrix, and provide a model-
independent and PTA-specific basis on which to decom-
pose the GWB. They allow one to search under the lamp-
post provided by a given PTA. As an example application,
we discuss how one may use principal maps to attempt
to reconstruct the angular dependence of the GWB. We
find, however, that a useful reconstruction likely requires
a very large amplitude of the GWB, at least for the EPTA
data we used. In Section VI, we propose an alternative
approach to search for unknown anisotropies, in a model-
independent fashion, using a frequentist criterion.

The hurried reader may want to skip ahead to Section
VII, where we apply our formalism to the subset of 6
EPTA pulsars used in TMG15. We derive sensitivity es-
timates for the low-order spherical-harmonic amplitudes
in good agreement with their upper limits. We also clar-
ify the meaning of their pixel-by-pixel upper-limit map,
as well as their limits on high-order spherical harmonic
amplitudes, for which the number of independent param-
eters is larger than Npair. We prove that the parameters
they constrain are not the pixel-by-pixel or spherical-
harmonic amplitudes of the true GWB, but rather of its
projection on the Npair-dimensional space of sky maps
observable by the PTA. As a consequence, the derived
limits get worse with more pulsars, and cannot be inter-
preted as true upper limits. We sharply demonstrate our
point by closely reproducing their results using the Fisher
matrix and its principal maps. This comparison with ex-
isting results ought to provide a clear demonstration of
the usefulness of our Fisher formalism to forecasting the
sensitivity of real PTAs to anisotropies.

We discuss our results and possible extensions in Sec-
tion VIII. While we apply our formalism to the EPTA
in this paper, we emphasize that our approach can be
easily applied to any other PTA given the pulsar timing
and parameter files. To this end, we will make a version
of the Python script used in this paper public.

II. BASIC CONVENTIONS AND FORMALISM

A. Map notation and dot product in map space

Throughout this paper, we denote by ⌦̂ a direction in
the sky (i.e. a unit-length vector). We refer to functions
M : ⌦̂ 7! M(⌦̂) as “maps” and denote them with bold
symbols when referring to the function itself. We denote
by 1 : ⌦̂ 7! 1 the monopole map. Lastly, we define the
dot product of two maps M1,M2 as follows:

M1 · M2 ⌘

Z
d
2⌦̂

4⇡
M1(⌦̂)M2(⌦̂). (1)

With this convention, the monopole map has unit norm,
and the average of a map M over directions is just 1 ·M .

B. Stochastic gravitational-wave background

We denote by hab(f, ⌦̂) the GW strain at frequency
f and with propagation direction ⌦̂. We assume that it
is a stationary Gaussian random field (as would be the
case if it is generated by a large number of uncorrelated
sources). It is therefore entirely determined by its rank-4
power spectrum, for which we give a complete geometric
description in Paper I. Here we focus on the total inten-
sity map I(f) of the GWB, i.e. we assume that the strain
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strain anisotropies, as their upper limits saturate the
physical prior which imposes a positive GWB intensity.

The main thrust of this paper is to build on the Fisher
formalism derived in Paper I, in order to assess the infor-
mation content of a real PTA, and in particular its sensi-
tivity to the angular distribution of the GWB intensity.
We start by laying out the basic formalism in Section II,
where we derive the weak-signal-limit Fisher matrix for a
GWB with a fixed frequency dependence, but arbitrary
angular dependence. To construct this Fisher matrix for
a specific PTA requires an accurate characterization of
the noise properties of each pulsar. To provide a specific
application of our approach as well as make contact with
the analysis in TMG15, we focus on the EPTA in this
paper. In Section III we describe how we infer the char-
acteristic noise strains of the EPTA pulsars using pub-
licly available timing data, and the public code Hasasia

[34, 35]. As a first application of the Fisher formalism, we
show how one can rank-order pulsar pairs – rather than
individual pulsars – by their contribution to the signal-
to-noise ratio (SNR) of an isotropic GWB. In particular,
in Fig. 3 we identify the best 44 EPTA pulsar pairs (out
of 861 available) that contribute 90% of the SNR2.

Furthermore we show how to use the Fisher matrix
to forecast the detectability of GWB anisotropies using
standard bases in Section IV. Specifically, we first con-
sider a toy model of a stochastic “hot spot” in a known
direction on top of an isotropic background, then forecast
the sensitivity of the EPTA to the GWB amplitude in a
finite number of coarse pixels, as well as to its spherical-
harmonic coe�cients. Importantly, we show that a PTA
with Npair pulsar pairs can constrain the projections of
the GWB on at most Npair independent basis functions.
For generic choices of bases (e.g. coarse pixels or spherical
harmonics), these projections are, in general, statistically
correlated with one another and with the amplitude of
the GWB monopole. This implies that the sensitivity to
each projection and to the monopole is systematically de-
graded as one expands the set of basis functions – e.g. by
increasing the cuto↵ `max in a spherical-harmonic expan-
sion. In other words, the sensitivity to various GWB
anisotropies strongly depends on the priors.

In Section V, we explicitly derive the Npair statisti-
cally independent functions of direction that a PTA is
most sensitive to. These “principal maps” are simply
the eigenmaps of the Fisher matrix, and provide a model-
independent and PTA-specific basis on which to decom-
pose the GWB. They allow one to search under the lamp-
post provided by a given PTA. As an example application,
we discuss how one may use principal maps to attempt
to reconstruct the angular dependence of the GWB. We
find, however, that a useful reconstruction likely requires
a very large amplitude of the GWB, at least for the EPTA
data we used. In Section VI, we propose an alternative
approach to search for unknown anisotropies, in a model-
independent fashion, using a frequentist criterion.

The hurried reader may want to skip ahead to Section
VII, where we apply our formalism to the subset of 6
EPTA pulsars used in TMG15. We derive sensitivity es-
timates for the low-order spherical-harmonic amplitudes
in good agreement with their upper limits. We also clar-
ify the meaning of their pixel-by-pixel upper-limit map,
as well as their limits on high-order spherical harmonic
amplitudes, for which the number of independent param-
eters is larger than Npair. We prove that the parameters
they constrain are not the pixel-by-pixel or spherical-
harmonic amplitudes of the true GWB, but rather of its
projection on the Npair-dimensional space of sky maps
observable by the PTA. As a consequence, the derived
limits get worse with more pulsars, and cannot be inter-
preted as true upper limits. We sharply demonstrate our
point by closely reproducing their results using the Fisher
matrix and its principal maps. This comparison with ex-
isting results ought to provide a clear demonstration of
the usefulness of our Fisher formalism to forecasting the
sensitivity of real PTAs to anisotropies.

We discuss our results and possible extensions in Sec-
tion VIII. While we apply our formalism to the EPTA
in this paper, we emphasize that our approach can be
easily applied to any other PTA given the pulsar timing
and parameter files. To this end, we will make a version
of the Python script used in this paper public.

II. BASIC CONVENTIONS AND FORMALISM

A. Map notation and dot product in map space

Throughout this paper, we denote by ⌦̂ a direction in
the sky (i.e. a unit-length vector). We refer to functions
M : ⌦̂ 7! M(⌦̂) as “maps” and denote them with bold
symbols when referring to the function itself. We denote
by 1 : ⌦̂ 7! 1 the monopole map. Lastly, we define the
dot product of two maps M1,M2 as follows:

M1 · M2 ⌘

Z
d
2⌦̂

4⇡
M1(⌦̂)M2(⌦̂). (1)

With this convention, the monopole map has unit norm,
and the average of a map M over directions is just 1 ·M .

B. Stochastic gravitational-wave background

We denote by hab(f, ⌦̂) the GW strain at frequency
f and with propagation direction ⌦̂. We assume that it
is a stationary Gaussian random field (as would be the
case if it is generated by a large number of uncorrelated
sources). It is therefore entirely determined by its rank-4
power spectrum, for which we give a complete geometric
description in Paper I. Here we focus on the total inten-
sity map I(f) of the GWB, i.e. we assume that the strain
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PTA used in this work
We used the EPTA data release 1.0 (Desvignes et al. 2016).
42 millisecond pulsars timed for up to 17 years 6

quadrupole components of the GWB. With this decom-
position, we obtain

� p̂p̂ · A =
4

3
A0 � 2

3X

i=1

p̂
i
A

i
1 +

3X

i,j=1

p̂
i
p̂
j
A

ij
2 . (38)

Thus, as noted in Paper I, the auto-correlated power
spectra constrain specific combinations of the GWB
monopole, dipole and quadrupole. Importantly, when al-
lowing for anisotropies, one must self-consistently prop-
agate their impact on the single-pulsar noises, i.e. one
must account for “common red processes” which arise
from the dipole and quadrupole pieces of the GWB, in
addition to its monopole. If autocorrelations are used
to set upper limits on a common red process, their de-
pendence on dipole and quadrupole GWB anisotropies
systematically degrades the inferred upper limits on the
monopole.

One of our main objectives here is to explore the abil-
ity of PTAs to detect the GWB. While autocorrelations
do contain information, they cannot be used to claim a
detection [43]. As a consequence we focus on the corre-
lations between di↵erent pulsars in the remainder of this
paper.

III. DATASET USED IN THIS PAPER

Throughout most of this paper, to provide a concrete
example, we will apply our formalism to the full EPTA
dataset described in the last data release [44]. The EPTA
is composed of the high-precision timing of 42 millisecond
pulsars for up to 17 years with an overlap of 21 pulsars
with the NANOGrav Nine-Year dataset [45]. We show
the locations of the EPTA pulsars relative to the Galactic
plane in Fig. 1.

Out of the 42 EPTA pulsars, six were determined to
contribute 90% of the SNR2 in simulated continuous GW
searches [33], and were used for searches of anisotropies in
the GWB in Ref. [32] (hereafter, TMG15). Specifically,
these six pulsars are J0613-0200, J1012+5307, J1600-
3053, J1713+0747, J1744-1134, and J1909-3744. Their
locations in the sky are shown in Fig. 1, and their char-
acteristic noise strains in Fig. 2. We will use this subset
of the EPTA in Section VII to compare our sensitivity
estimates to those of TMG15.

A. Evaluation of the characteristic noise strains

As described in the previous section, the primary quan-
tity characterizing pulsar noise properties is the charac-
teristic noise strain. Here, we explain how we estimate
the characteristic noise strains of all 42 EPTA pulsars.

We model the intrinsic white noise in the standard way:

[h�Rp(ti)�Rp(tj)i]white =
⇣
EFACp,b �

2
p,i

+EQUAD2
p,b

⌘
�ij , (39)

—J0613-0200

J1012+5307—

J1600-3053

—J1713+0747
J1744-1134

J1909-3744

FIG. 1. Locations of the EPTA pulsars, in equatorial coor-
dinates. We use the full EPTA dataset in Sections III-VI.
The subset of 6 highlighted pulsars is used when compare our
results to those of Ref. [32] in Section VII. The background
map is the Stockert and Villa-Elisa 1.4 GHz continuum map
[46, 47], which situates the positions of the pulsars relative to
the Galactic plane.

where ti is the i
th time-of-arrival of pulsar p, �p,i is the

uncertainty in the i
th timing residual of pulsar p, and the

white noise parameters, EFACp,b and EQUADp,b, are in-
cluded for each observing system b (i.e. di↵erent telescope
and/or backends). EFAC is dimensionless and EQUAD
has dimensions of time (we use units of seconds for our
analysis). Our priors on these parameters were a flat-
linear prior on EFAC 2 [0.01,10] and a flat-log prior on
EQUAD 2 [10�8.5

, 10�3] sec. The e↵ects of variations
in the dispersion measure (DM) and intrinsic red-noise
(RN) were modeled with a power-law spectral density of
the form

�
2
p,X(f) =

A
2
X

12⇡2
(f/fyr)

��X yr3, X = RN or DM, (40)

where ARN is independent of radio frequency ⌫ whereas
ADM / ⌫

�2. We use a flat-linear prior on the power-law
indices, �X 2 [0, 7] and a flat-log prior on the dimension-
less amplitudes AX 2 [10�20

, 10�11], for both RN and
DM. The prior on the power-law indices have been cho-
sen so that they range from white noise (�X = 0) to
the steepest power-law for which the fit to the timing
model removes any dependence on the functional form for
these spectral densities at low frequencies (f < 1/Tobs)
[48]. This range also covers the expected variation in the
power-law index due to random walks in phase, period
and period derivatives (which give �RN = 2, 4, 6, respec-
tively) [19]. Note that we do not include a “common red
noise” process in our analysis. This is consistent with
our weak-signal assumption, and allows us to fit for each
pulsar noise properties independently.

In order to extract values for these noise parameters
we used the Parallel Tempering Markov-Chain Monte
Carlo sampler PTMCMCSampler [49], the PTA software
Enterprise [50], and the TOA and timing model param-
eters used in the EPTA data release [51] from the EPTA
repository [52]. We set the noise parameters to equal
their median values from MCMC chains that contain 106

Highlighted: 6 pulsars determined to be the most sensitive to 
continuous GW searches (Babak et al. 2016) and used in 

Taylor et al. 2015 for anisotropy searches
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10�9 10�8 10�7
f [Hz]

10�2 10�1 100

f [1/yr]

10�14

10�13

10�12

10�11

10�10

h
c
(f

)

J0613-0200

J1012+5307

J1600-3053

J1713+0747

J1744-1134

J1909-3744

FIG. 2. Characteristic noise strains for 6 of the EPTA pul-
sars, produced using publicly available EPTA data [51] and
Hasasia [34, 35], see main text for details. The spikes at
1/yr and 2/yr arise from degeneracies with the Earth’s or-
bital motion when fitting the pulsar position and distance.
For J1713-0747, the spike at f ⇡ 5.4/yr is at the 67.8-day
period of this binary system.

samples. We have confirmed that our noise parameters
match well with the noise analysis described in [53].

After we have estimated the noise parameters for each
pulsar we use Hasasia [34, 35] to compute the total noise
power spectrum �

2
p(f), transmission function Tp(f), and

characteristic noise strain hc,p(f), for each one of the
EPTA pulsars. As an illustration, we show the charac-
teristic noise strains of 6 of the EPTA pulsars in Fig. 2.
We will use these specific 6 pulsars when comparing of
our results with those of TMG15 in Section VII.

B. Best pulsar pairs for isotropic GWB searches

In what follows we determine which pulsar pairs con-
tribute most to the total SNR2 from a cross-correlation
analysis. We will see that only a small number of pul-
sar pairs are needed to get most of the SNR2. A similar
analysis was performed in Ref. [54] for the Parkes PTA;
here we consider the EPTA and provide a much simpler,
analytic calculation.

As can be seen from Eq. (33), for a general GWB, each
pair I contributes FI(�I · A)2 to the SNR2. The rela-
tive ranking of pulsar pairs thus depends on the angular
dependence of the GWB, and there is no universal rank-
ing that holds for an arbitrary GWB. Since we expect
the GWB to be predominantly isotropic, it is sensible to
rank pulsar pairs under this assumption.

For an isotropic GWB A(⌦̂) = A
2
h, from Eq. (33) we

see that the SNR2 is given by

SNR2 = A
4
h

X

I

FI H
2
I . (41)

First, to check the soundness of our analysis, we esti-
mate the 95% sensitivity to a monopole, A

95%
h , such that

SNR[A95%
h ] = 2. Using Eq. (41), we find

A
95%
h =

p

2

 
X

I

FI H
2
I

!�1/4

. (42)

Using the characteristic noise strains we computed for the
EPTA dataset, we find A

95%
h ⇡ 2.5⇥10�15. If we restrict

ourselves to the 6 EPTA pulsars used in Refs. [20, 32], we
find instead A

95%
h ⇡ 3.4 ⇥ 10�15. This lies between the

95% upper-limit values found in these references, of 3.0⇥

10�15 [20] and 3.9 ⇥ 10�15 [32]. This gives us confidence
that our characteristic noise strains provide a realistic
description of the data.

From Eq. (41), we see that for an isotropic GWB, each
pair I = (p, q) contributes A

4
hFIH

2
I to the SNR2. We

have ranked the 861 pulsar pairs of the full EPTA dataset
in terms of their contributions to the SNR2. In Fig. 3
we show the normalized cumulative contributions of the
best 44 pulsar pairs, which contributed 90% of the SNR2.
While this is three times as many pairs as what can be
constructed with the 6 pulsars used in Refs. [20, 32], these
44 pairs represent 5% of the total number of pairs in the
full dataset, and should still constitute a manageable col-
lection of data. Moreover, we find that the 6 pulsars used
in Refs. [20, 32] only contribute 26% of the total SNR2 for
an isotropic GWB, while the best 15 pairs would amount
to 68% of the SNR2, as can be seen in Fig. 3.

This result is of significant importance to speed up
future analyses of real data. It is well known that ac-
counting for all the correlations between pulsar pairs in a
full Bayesian analysis of timing residuals is computation-
ally challenging. Here we see that it su�ces to include
a small, manageable number of pulsar pairs to recover
most of the SNR2. Our simple Fisher formalism allows
us to e�ciently determine which pairs to use for any given
dataset. This can be done not only for an isotropic GWB,
but also for any assumed angular dependence, if desired.

IV. SENSITIVITY TO GWB ANISOTROPIES
USING STANDARD BASES

A. General approach

Suppose that we model the GWB amplitude to be a
linear combination of known maps Mn:

A =
X

n

AnMn, (43)

where An are scalar amplitudes. The maps Mn could
be, for instance, spherical harmonics, or Dirac functions
centered at specific directions in the sky. They can be,
in general, any set of linearly independent maps, and
need not even be orthogonal nor normalized. We can
always define the dual maps M⇤

n (not to be confused with

Characteristic noise strains, computed with 
Hasasia (Hazboun, Romano & Smith 2019)
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Application 1: sensitivity to GWB 
amplitude in coarse pixels
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FIG. 5. Sensitivity of the EPTA to a coarsely pixelized GWB, for Npix = 12, 48 and 192 HEALPix pixels. Specifically, this
shows the sensitivity in each coarse pixel after marginalizing over all other pixels.

We show C
95%
` in Fig. 6, for several values of `max.

We see that for any given coe�cient C`, the sensitivity
systematically degrades as `max is increased. In partic-
ular, as anticipated, the sensitivity to the monopole sig-
nificantly worsens as `max is increased. This is because
the monopole is correlated with other spherical harmon-
ics, and as one enlarges the space of functions to be
searched over, the uncertainty on the monopole ampli-
tude increases.

Let us remark that the coe�cients C` are statistically
correlated. We explicitly give their correlation coe�-
cients in Tabs. I for `max = 2 and 5. We see that these
correlations coe�cients are in general not small, and de-
pend on the chosen `max.

Finally, note that this analysis specifically estimates
the minimum amplitudes necessary for a detection,
through pulsar timing cross correlations. In addition,
the monopole, dipole and quadrupole can be constrained
by pulsar autocorrelations, as discussed in Section II G.
In the limit that autocorrelations constrain the ` = 0, 1, 2
harmonic coe�cients much more tightly than the cross
correlations, the variance of the remaining coe�cients
should be obtained by inverting the Fisher matrix re-
stricted to these coe�cients, leading to a lower noise for
the C` with ` � 3. We have checked explicitly that this
lowers the noise by no more than ⇠ 10 � 20%.

In conclusion, we have demonstrated that our Fisher
formalism allows to forecast the sensitivity of a PTA
to the spherical-harmonic amplitudes of the GWB, for
a given cuto↵ `max. We have applied this specifically
for the EPTA, and shown that the minimum detectable
amplitudes are systematically larger than allowed by
the physical prior, given current upper limits on the
monopole. This seems to indicate that spherical har-
monics are a suboptimal choice of basis for anisotropy
searches. We will specifically compare our results with
those of TMG15 in Section VII.
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FIG. 6. Approximate 95% sensitivity of the full EPTA to the
coe�cients C` ⌘

P
m A2

`m/(2`+1), as a function of the cuto↵
`max, beyond which the coe�cients are assumed to strictly
vanish. The physical prior is computed for a monopole upper
limit Ah  4 ⇥ 10�15 [32], and is systematically lower than
the minimum detectable anisotropy amplitudes.

V. PRINCIPAL MAPS OF A PTA

A. Motivation and formalism

As highlighted in the previous section, one of the chal-
lenges when using standard bases to decompose the GWB
intensity is that the amplitudes of the basis maps are
statistically correlated. Moreover, their covariance ma-
trix depends on the number of maps considered. As a
result, one cannot easily set model-independent limits on
the map amplitudes.

If one is completely agnostic regarding the angular de-
pendence of the GWB, it is best to search under the
lamppost, i.e. look for the amplitudes of maps which are
best-measured by a given PTA, and uncorrelated with
one another. To do so, we construct the Npair unit-norm
principal maps {Mn}. They are defined to extremize
SNR2 = Mn · F · Mn, under the normalization con-
straint Mn · Mn = 1. The solutions of this constrained
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General features:

- Different maps of the basis (e.g. coarse pixels/ 
spherical harmonics) are correlated 

- As a consequence, sensitivity is degraded when 
increasing the number of basis functions 

=> one needs a well-justified physical prior to 
only include a limited number of basis maps



“Principal maps” = eigenmaps of the Fisher matrix

Application 3: Principal component analysis 
for agnostic searches for anisotropies



➡ Npair statistically independent GWB maps 
spanning the space of observable maps  

“Principal maps” = eigenmaps of the Fisher matrix

Application 3: Principal component analysis 
for agnostic searches for anisotropies



➡ Allow to search agnostically under the PTA lampost

➡ Npair statistically independent GWB maps 
spanning the space of observable maps  

“Principal maps” = eigenmaps of the Fisher matrix

Application 3: Principal component analysis 
for agnostic searches for anisotropies
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FIG. 8. Noise eigenvalues of the first 20 principal maps of
the EPTA. Specifically, the principal maps are normalized to
unity, and here we show the minimum amplitude of the co-
e�cients multiplying them (with dimensions of characteristic
strain) required for a 95%-confidence detection.

FIG. 9. Monopole component (upper panel) and correlation
coe�cient for the first 20 EPTA principal maps. The correla-
tion coe�cient is defined as corr(Mn,1) ⌘ Mn ·F ·1/[(Mn ·
F ·Mn)(1 ·F · 1)]1/2.

C. Possible extensions of principal maps singling
out the monopole

The principal maps provide a useful basis to decom-
pose the GWB if one is fully agnostic about its angular
distribution. In practice, however, this is not the case:
one does expect a significant monopole component in the
GWB. In other words, physical considerations isolate a
preferred map, which should always be included in GWB
searches. This map is in general di↵erent from the prin-
cipal maps, which are entirely based on the noise and
geometric properties of the PTA, rather than external
physical considerations.

Fig. 9 shows the monopole components of the first 20
EPTA principal maps, as well as their correlation coef-

FIG. 10. Dimensionless GWB intensity map used to illustrate
the map reconstruction technique in Section VB, as well as
the frequentist approach in Sec. VI. This map is normalized
to a unit monopole.

ficient with the monopole. Even though the monopole
has the largest projection on the first principal map, we
see that it still has significant projections on and correla-
tions with some of the higher-order eigenmaps. In other
words, higher-order eigenmaps are (i) not anisotropic and
(ii) statistically correlated with the monopole.

In order to alleviate issue (i), one could try to construct
a set of “principal anisotropies”, {An}, which are orthog-
onal to the monopole, i.e. satisfy An · 1 = 0. One would
then find the unit-norm maps extremizing An · F · An

under this additional constraint. This optimization prob-
lem admits Npair � 1 solutions, which, in addition to
the monopole, form a basis of Npair maps which can be
used to search for a monopole and anisotropies. How-
ever, the principal anisotropies derived in this fashion
are in general statistically correlated with the monopole,
An · F · 1 6= 0, thus would inflate the error bar on the
monopole when included in a search.

To alleviate issue (ii), one could construct a set of
“monopole-uncorrelated maps”, {Bn}, which are uncor-
related with the monopole, i.e. satisfy Bn · F · 1 = 0.
One would then find the unit-norm maps extremizing
Bn · F · Bn under this additional constraint. This opti-
mization problem also admits Npair � 1 solutions, which,
in addition to the monopole, form a basis of Npair maps
which can be used to search for a monopole and uncor-
related maps. However, the maps Bn derived in this
fashion in general have a non-zero projection on the
monopole, Bn · 1 6= 0. Thus, detecting a non-zero am-
plitude for these maps would not imply that one has de-
tected anisotropies in the data.

One could try and alleviate both issues simultaneously
by searching for a set of normalized maps Cnwhich are
anisotropic and uncorrelated with the monopole, with
extremal SNR2. As long as F · 1 is not colinear with 1
(which is the case if the monopole is not an eigenmap



“Reconstructing” the (observable part of the) GWB

• Search for amplitudes         of all principal maps

•  Define the reconstructed map as
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FIG. 7. First 9 principal maps of the EPTA, ordered by increasing noise. The maps have unit norm and their sign was chosen
so that their average value (i.e. projection on the monopole) is positive, i.e. Mn · 1 > 0.

bAn ⌘ Mn · bA. Concretely, using this expression with
Eq. (31), we see that the bAn are linear combinations
of the timing residual cross-spectra bRI(f), appropriately
integrated over frequencies.

We can then use the principal maps to attempt to
“reconstruct” the GWB angular dependence. Provided
some of the individual principal map amplitudes bAn

are measured with su�ciently high individual SNRn ⌘

bAn/⌃n (say, SNRn > 3), we can define the reconstructed
map

Arecon ⌘

X

n;SNRn>3

bAn Mn. (73)

This procedure is analogous to the production of “dirty
map” in radio interferometry, i.e. including the contribu-
tions of observed “visibilities”, and setting the remaining
(unobserved) piece to zero. Unlike interferometry, how-
ever, the ability to reconstruct a map is a strong function
of its amplitude. Indeed, for a single interferometer, dif-
ferent visibilities typically have comparable noise, and as
a consequence all contribute to the dirty map once any
one of them is detected with su�ciently high SNR. In
contrast, the noise of principal maps of a PTA increases

steeply with the principal map number, see Fig. 8 for the
principal maps of the EPTA. Note that this property is
not a result of unequal pulsar noises: even for an array
of equal pulsars, densely and isotropically distributed on
the sky, the eigenvalues of the Fisher matrix are steep
function of principal map index (see Fig. 4 in Paper I).

We illustrate the map reconstruction technique with
the EPTA in Fig. 11. In the top row, we show the recon-
structed maps obtained if the underlying GWB is a pure
monopole, with amplitudes Ah = 10�14

,
p

3 ⇥ 10�14
, 3 ⇥

10�14, from left to right. The bottom row shows the
reconstructed maps obtained if the underlying GWB is
proportional to the map shown in Fig. 10, with the same
monopole amplitude. We see that even with these very
large amplitudes, the reconstructed maps have little re-
semblance with the underlying GWB intensity distribu-
tion. Note, also, that the overall amplitude of these maps
(corresponding to total SNR of 30, 100 and 300, respec-
tively, from left to right), is so large that they are most
likely inconsistent with the weak-signal limit.
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bAn

•  Similar to making a “dirty map” in radio interferometry: 
keep only the measured pieces of information and set the 
non-measured ones to zero.

•  Note: the reconstructed map still formally has “infinite error 
bars” due to unobservable component…
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FIG. 11. Reconstructions of a purely isotropic GWB (top row) and of the “GWB” map shown in Fig. 10 (bottom row) with the
EPTA. In each column, from left to right, the input map has monopole amplitude A2

h = 10�28, 3⇥ 10�28, 10�27, respectively.
For the isotropic input map, these reconstructed maps are built from 3, 9 and 21 principal maps detected with individual SNR
> 3. For the “GWB” map, the reconstructed maps are built from 3, 13 and 26 principal maps.

of the Fisher matrix), the two constraints are indepen-
dent. The resulting optimization problem thus admits
Npair � 2 solutions. To span the Npair-dimensional set of
observable maps, one must supplement these monopole-
uncorrelated principal anisotropies with the monopole
and F · 1� (F · 1)1 (properly normalized). Indeed, this
additional map is orthogonal to the monopole and to all
the Cn maps (which stems from the condition that the Cn

are orthogonal to and uncorrelated with the monopole),
thus linearly independent from all of them. However, this
additional map is in general not statistically independent
from the monopole nor from the maps Cn. Therefore, this
construction still does not alleviate the issue.

To conclude, unless the monopole is an eigenmap of
the Fisher matrix, there is no good strategy to agnosti-
cally search for anisotropies within the standard Bayesian
setup. In Section VI, we explore a frequentist approach
to this problem.

VI. FREQUENTIST APPROACH TO
AGNOSTIC ANISOTROPY SEARCHES

In the previous sections we have highlighted the
di�culties in carrying a standard Bayesian search
for anisotropies of pre-determined shapes alongside a
monopole. Here we take a di↵erent approach, and derive
a criterion to assess the presence of anisotropies in the
data, regardless of their specific shape, without requiring
a basis of maps on which to decompose the GWB.

A. Derivation of the frequentist criterion

Given the data translated into an estimator bA for the
GWB amplitude, one may seek the monopole amplitude
that minimizes the �

2, given by

�
2(A0) =

⇣
A01 � bA

⌘
· F ·

⇣
A01 � bA

⌘
. (74)

The best-fit monopole amplitude is then simply

A
bf
0 =

1 · F · bA
1 · F · 1

. (75)

The SNR of the best-fit monopole is then SNRbf =
|A

bf
0 |

p
1 · F · 1. This quantifies how well the best-fit

monopole is detected relative to statistical noise. How-
ever, it does not quantify whether a pure monopole is a
good fit to the data or not.

To quantify the goodness of fit, one can examine the
�
2 at this best-fit value. After simplification, one obtains

�
2
bf ⌘ �

2
�
A

bf
0

�
= bA · F · bA �

(1 · F · bA)2

1 · F · 1

= bA · eF · bA, (76)

where we have defined the projected Fisher matrix

eF ⌘ F �
(F · 1) ⌦ (1 · F)

1 · F · 1
, (77)

which satisfies 1 · eF = eF · 1 = 0. This implies that any
monopole contribution to bA drops out of �

2
bf .
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FIG. 11. Reconstructions of a purely isotropic GWB (top row) and of the “GWB” map shown in Fig. 10 (bottom row) with the
EPTA. In each column, from left to right, the input map has monopole amplitude A2

h = 10�28, 3⇥ 10�28, 10�27, respectively.
For the isotropic input map, these reconstructed maps are built from 3, 9 and 21 principal maps detected with individual SNR
> 3. For the “GWB” map, the reconstructed maps are built from 3, 13 and 26 principal maps.

of the Fisher matrix), the two constraints are indepen-
dent. The resulting optimization problem thus admits
Npair � 2 solutions. To span the Npair-dimensional set of
observable maps, one must supplement these monopole-
uncorrelated principal anisotropies with the monopole
and F · 1� (F · 1)1 (properly normalized). Indeed, this
additional map is orthogonal to the monopole and to all
the Cn maps (which stems from the condition that the Cn

are orthogonal to and uncorrelated with the monopole),
thus linearly independent from all of them. However, this
additional map is in general not statistically independent
from the monopole nor from the maps Cn. Therefore, this
construction still does not alleviate the issue.

To conclude, unless the monopole is an eigenmap of
the Fisher matrix, there is no good strategy to agnosti-
cally search for anisotropies within the standard Bayesian
setup. In Section VI, we explore a frequentist approach
to this problem.

VI. FREQUENTIST APPROACH TO
AGNOSTIC ANISOTROPY SEARCHES

In the previous sections we have highlighted the
di�culties in carrying a standard Bayesian search
for anisotropies of pre-determined shapes alongside a
monopole. Here we take a di↵erent approach, and derive
a criterion to assess the presence of anisotropies in the
data, regardless of their specific shape, without requiring
a basis of maps on which to decompose the GWB.

A. Derivation of the frequentist criterion

Given the data translated into an estimator bA for the
GWB amplitude, one may seek the monopole amplitude
that minimizes the �

2, given by

�
2(A0) =

⇣
A01 � bA

⌘
· F ·

⇣
A01 � bA

⌘
. (74)

The best-fit monopole amplitude is then simply

A
bf
0 =

1 · F · bA
1 · F · 1

. (75)

The SNR of the best-fit monopole is then SNRbf =
|A

bf
0 |

p
1 · F · 1. This quantifies how well the best-fit

monopole is detected relative to statistical noise. How-
ever, it does not quantify whether a pure monopole is a
good fit to the data or not.

To quantify the goodness of fit, one can examine the
�
2 at this best-fit value. After simplification, one obtains

�
2
bf ⌘ �

2
�
A

bf
0

�
= bA · F · bA �

(1 · F · bA)2

1 · F · 1

= bA · eF · bA, (76)

where we have defined the projected Fisher matrix

eF ⌘ F �
(F · 1) ⌦ (1 · F)

1 · F · 1
, (77)

which satisfies 1 · eF = eF · 1 = 0. This implies that any
monopole contribution to bA drops out of �

2
bf .

<latexit sha1_base64="B7o8+preJruBjbvjqLo4rryApOU=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQyCF8OuRvQiRL14jGAekF3D7GSSDJmdXWd6hbDk5sVf8eJBEa/+gjf/xsnjoIkFDUVVN91dQSy4Bsf5tjJz8wuLS9nl3Mrq2vqGvblV1VGiKKvQSESqHhDNBJesAhwEq8eKkTAQrBb0roZ+7YEpzSN5C/2Y+SHpSN7mlICRmvbuRbOLz7Gn7xWkxwPsAQ+Zxq5zlx66xUHTzjsFZwQ8S9wJyaMJyk37y2tFNAmZBCqI1g3XicFPiQJOBRvkvESzmNAe6bCGoZKYbX46+mOA943Swu1ImZKAR+rviZSEWvfDwHSGBLp62huK/3mNBNpnfsplnACTdLyonQgMER6GgltcMQqibwihiptbMe0SRSiY6HImBHf65VlSPSq4JwXnppgvXU7iyKIdtIcOkItOUQldozKqIIoe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4AYMGXuA==</latexit>

Ah =
p
3⇥ 10�14 9 measured PMs



15

3.1 6.0 8.8 11.7 14.5

-6.3 4.1 14.6 25.1 35.6
reconstructed A(��̂) [⇥10�28]

FIG. 11. Reconstructions of a purely isotropic GWB (top row) and of the “GWB” map shown in Fig. 10 (bottom row) with the
EPTA. In each column, from left to right, the input map has monopole amplitude A2

h = 10�28, 3⇥ 10�28, 10�27, respectively.
For the isotropic input map, these reconstructed maps are built from 3, 9 and 21 principal maps detected with individual SNR
> 3. For the “GWB” map, the reconstructed maps are built from 3, 13 and 26 principal maps.

of the Fisher matrix), the two constraints are indepen-
dent. The resulting optimization problem thus admits
Npair � 2 solutions. To span the Npair-dimensional set of
observable maps, one must supplement these monopole-
uncorrelated principal anisotropies with the monopole
and F · 1� (F · 1)1 (properly normalized). Indeed, this
additional map is orthogonal to the monopole and to all
the Cn maps (which stems from the condition that the Cn

are orthogonal to and uncorrelated with the monopole),
thus linearly independent from all of them. However, this
additional map is in general not statistically independent
from the monopole nor from the maps Cn. Therefore, this
construction still does not alleviate the issue.

To conclude, unless the monopole is an eigenmap of
the Fisher matrix, there is no good strategy to agnosti-
cally search for anisotropies within the standard Bayesian
setup. In Section VI, we explore a frequentist approach
to this problem.

VI. FREQUENTIST APPROACH TO
AGNOSTIC ANISOTROPY SEARCHES

In the previous sections we have highlighted the
di�culties in carrying a standard Bayesian search
for anisotropies of pre-determined shapes alongside a
monopole. Here we take a di↵erent approach, and derive
a criterion to assess the presence of anisotropies in the
data, regardless of their specific shape, without requiring
a basis of maps on which to decompose the GWB.

A. Derivation of the frequentist criterion

Given the data translated into an estimator bA for the
GWB amplitude, one may seek the monopole amplitude
that minimizes the �

2, given by

�
2(A0) =

⇣
A01 � bA

⌘
· F ·

⇣
A01 � bA

⌘
. (74)

The best-fit monopole amplitude is then simply

A
bf
0 =

1 · F · bA
1 · F · 1

. (75)

The SNR of the best-fit monopole is then SNRbf =
|A

bf
0 |

p
1 · F · 1. This quantifies how well the best-fit

monopole is detected relative to statistical noise. How-
ever, it does not quantify whether a pure monopole is a
good fit to the data or not.

To quantify the goodness of fit, one can examine the
�
2 at this best-fit value. After simplification, one obtains

�
2
bf ⌘ �

2
�
A

bf
0

�
= bA · F · bA �

(1 · F · bA)2

1 · F · 1

= bA · eF · bA, (76)

where we have defined the projected Fisher matrix

eF ⌘ F �
(F · 1) ⌦ (1 · F)

1 · F · 1
, (77)

which satisfies 1 · eF = eF · 1 = 0. This implies that any
monopole contribution to bA drops out of �

2
bf .
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Monopole upper limit

FIG. 1: 95% upper limits on the strain amplitude, where Cl =
Pl

m=�l |clm|2/(2l + 1). Left: all-band anisotropy parametrization
and frequency-dependent parametrization (ii). The right axis is the ratio of the upper limit to the monopole. The inset figure shows
95% upper limits on (Cl/4⇡)

1/4 which are marginalized over the strain amplitude for the all-band anisotropy parametrization and a
constant likelihood analysis. Our limits reflect the constraints of the physical prior. Right: all-band anisotropy parametrization, where
the clm values are obtained by mapping cross-correlation values to the spherical harmonic basis, without physical prior rejection.

values, ~�, such that ~� = H~c. A single row of the ma-
trix H will have entries corresponding to the ORF be-
tween pulsars a and b evaluated for all basis terms. In
the spherical-harmonic basis, such a row would consist
of

⇣
�
(ab)
00 �

(ab)
1�1 · · · �(ab)

lm

⌘
, and for a pixel basis this is

⇣
�
(ab)

⌦̂1
�
(ab)

⌦̂2
· · · �(ab)

⌦̂N

⌘
. Having recovered posterior sam-

ples of the vector ~�, we map these to samples of ~c via
~c = H

+~�, where H
+ corresponds to the Moore-Penrose

pseudo-inverse of the matrix H [46, 47]. The results
for mappings to the spherical-harmonic basis with vary-
ing lmax are shown in Fig. 1(right). The data support
such strong anisotropy signatures in this model because
the joint-posterior in the cross-correlation values are con-
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h (��̂) [⇥10�14]

FIG. 2: 95% upper limits on the GW strain amplitude in each
pixel. These limits are obtained by mapping from the Bayesian
MCMC-sampled cross-correlation values to a pixelated ORF ba-
sis (Npix = 12288). White stars show the pulsar locations.

sistent with essentially the entire range of [�1, 1], which
when mapped to a spherical-harmonic ORF-basis leads to
large clm values. There is nothing to penalize these large
anisotropy coefficients, which lead to highly anisotropic
(and possibly negative) GW power distributions and would
otherwise be restricted by the physical prior. This supports
to our claim that the constraints in Fig. 1 (left) are prior-
dominated.

We also map our recovered cross-correlation samples to
a pixel basis with 12288 equal-area pixels on the sky. We
supplement our mapping with the additional normalization
constraint that

R
S2 P (⌦̂)d⌦̂ ⇡

PNpix

i=1 c(⌦̂i)�⌦̂i = 4⇡.
The resulting SGWB power in each pixel is marginalized
over all other pixels and truncated to obtain the positive
1D-marginalised power PDF before it is integrated over to
obtain the upper limit on the strain-amplitude in that pixel.
The result is shown in Fig. 2, where we see the distinc-
tive overlapping antenna patterns of the pulsars mapping
out the sensitivity of the PTA to the background strain-
amplitude. The constraints on Ah from each pixel are quite
poor, and in some cases are more than an order of magni-
tude worse than the all-sky upper limit. As we decrease
the resolution of the pixelation the constraints in each pixel
become tighter, until we reach the limit of one pixel, which
recovers the usual all-sky upper-limit. Figure 2 can also
help to explain the results in the right panel of Fig. 1, where
we see that the distribution of pulsars in our array leads to
the sub-optimal overlapping of the antenna response func-
tions, which in turn causes insensitivities around the 4 clus-
tered pulsars and on large angular scales. Hence, we will
lack sensitivity to large angular scale anisotropy (l ⇠ 1),
which is reflected in the right panel of Fig. 1. Moreover,
this sensitivity map illustrates the importance of timing
pulsars from all over the sky to ensure a more uniform sen-
sitivity to GW strain, which will be possible through inter-

Npix = 12288 upper-limit maps derived using 
6 EPTA pulsars, i.e. 15 pairs

Taylor et al., PRL, 2015
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FIG. 1: 95% upper limits on the strain amplitude, where Cl =
Pl

m=�l |clm|2/(2l + 1). Left: all-band anisotropy parametrization
and frequency-dependent parametrization (ii). The right axis is the ratio of the upper limit to the monopole. The inset figure shows
95% upper limits on (Cl/4⇡)

1/4 which are marginalized over the strain amplitude for the all-band anisotropy parametrization and a
constant likelihood analysis. Our limits reflect the constraints of the physical prior. Right: all-band anisotropy parametrization, where
the clm values are obtained by mapping cross-correlation values to the spherical harmonic basis, without physical prior rejection.

values, ~�, such that ~� = H~c. A single row of the ma-
trix H will have entries corresponding to the ORF be-
tween pulsars a and b evaluated for all basis terms. In
the spherical-harmonic basis, such a row would consist
of
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(ab)
1�1 · · · �(ab)

lm

⌘
, and for a pixel basis this is

⇣
�
(ab)

⌦̂1
�
(ab)

⌦̂2
· · · �(ab)

⌦̂N

⌘
. Having recovered posterior sam-

ples of the vector ~�, we map these to samples of ~c via
~c = H

+~�, where H
+ corresponds to the Moore-Penrose

pseudo-inverse of the matrix H [46, 47]. The results
for mappings to the spherical-harmonic basis with vary-
ing lmax are shown in Fig. 1(right). The data support
such strong anisotropy signatures in this model because
the joint-posterior in the cross-correlation values are con-
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FIG. 2: 95% upper limits on the GW strain amplitude in each
pixel. These limits are obtained by mapping from the Bayesian
MCMC-sampled cross-correlation values to a pixelated ORF ba-
sis (Npix = 12288). White stars show the pulsar locations.

sistent with essentially the entire range of [�1, 1], which
when mapped to a spherical-harmonic ORF-basis leads to
large clm values. There is nothing to penalize these large
anisotropy coefficients, which lead to highly anisotropic
(and possibly negative) GW power distributions and would
otherwise be restricted by the physical prior. This supports
to our claim that the constraints in Fig. 1 (left) are prior-
dominated.

We also map our recovered cross-correlation samples to
a pixel basis with 12288 equal-area pixels on the sky. We
supplement our mapping with the additional normalization
constraint that

R
S2 P (⌦̂)d⌦̂ ⇡

PNpix

i=1 c(⌦̂i)�⌦̂i = 4⇡.
The resulting SGWB power in each pixel is marginalized
over all other pixels and truncated to obtain the positive
1D-marginalised power PDF before it is integrated over to
obtain the upper limit on the strain-amplitude in that pixel.
The result is shown in Fig. 2, where we see the distinc-
tive overlapping antenna patterns of the pulsars mapping
out the sensitivity of the PTA to the background strain-
amplitude. The constraints on Ah from each pixel are quite
poor, and in some cases are more than an order of magni-
tude worse than the all-sky upper limit. As we decrease
the resolution of the pixelation the constraints in each pixel
become tighter, until we reach the limit of one pixel, which
recovers the usual all-sky upper-limit. Figure 2 can also
help to explain the results in the right panel of Fig. 1, where
we see that the distribution of pulsars in our array leads to
the sub-optimal overlapping of the antenna response func-
tions, which in turn causes insensitivities around the 4 clus-
tered pulsars and on large angular scales. Hence, we will
lack sensitivity to large angular scale anisotropy (l ⇠ 1),
which is reflected in the right panel of Fig. 1. Moreover,
this sensitivity map illustrates the importance of timing
pulsars from all over the sky to ensure a more uniform sen-
sitivity to GW strain, which will be possible through inter-

Taylor et al. 2015 
(Npix = 12288)

These limits apply to the observable component only
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FIG. 1: 95% upper limits on the strain amplitude, where Cl =
Pl

m=�l |clm|2/(2l + 1). Left: all-band anisotropy parametrization
and frequency-dependent parametrization (ii). The right axis is the ratio of the upper limit to the monopole. The inset figure shows
95% upper limits on (Cl/4⇡)

1/4 which are marginalized over the strain amplitude for the all-band anisotropy parametrization and a
constant likelihood analysis. Our limits reflect the constraints of the physical prior. Right: all-band anisotropy parametrization, where
the clm values are obtained by mapping cross-correlation values to the spherical harmonic basis, without physical prior rejection.

values, ~�, such that ~� = H~c. A single row of the ma-
trix H will have entries corresponding to the ORF be-
tween pulsars a and b evaluated for all basis terms. In
the spherical-harmonic basis, such a row would consist
of

⇣
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(ab)
1�1 · · · �(ab)

lm

⌘
, and for a pixel basis this is

⇣
�
(ab)

⌦̂1
�
(ab)

⌦̂2
· · · �(ab)

⌦̂N

⌘
. Having recovered posterior sam-

ples of the vector ~�, we map these to samples of ~c via
~c = H

+~�, where H
+ corresponds to the Moore-Penrose

pseudo-inverse of the matrix H [46, 47]. The results
for mappings to the spherical-harmonic basis with vary-
ing lmax are shown in Fig. 1(right). The data support
such strong anisotropy signatures in this model because
the joint-posterior in the cross-correlation values are con-
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FIG. 2: 95% upper limits on the GW strain amplitude in each
pixel. These limits are obtained by mapping from the Bayesian
MCMC-sampled cross-correlation values to a pixelated ORF ba-
sis (Npix = 12288). White stars show the pulsar locations.

sistent with essentially the entire range of [�1, 1], which
when mapped to a spherical-harmonic ORF-basis leads to
large clm values. There is nothing to penalize these large
anisotropy coefficients, which lead to highly anisotropic
(and possibly negative) GW power distributions and would
otherwise be restricted by the physical prior. This supports
to our claim that the constraints in Fig. 1 (left) are prior-
dominated.

We also map our recovered cross-correlation samples to
a pixel basis with 12288 equal-area pixels on the sky. We
supplement our mapping with the additional normalization
constraint that

R
S2 P (⌦̂)d⌦̂ ⇡

PNpix

i=1 c(⌦̂i)�⌦̂i = 4⇡.
The resulting SGWB power in each pixel is marginalized
over all other pixels and truncated to obtain the positive
1D-marginalised power PDF before it is integrated over to
obtain the upper limit on the strain-amplitude in that pixel.
The result is shown in Fig. 2, where we see the distinc-
tive overlapping antenna patterns of the pulsars mapping
out the sensitivity of the PTA to the background strain-
amplitude. The constraints on Ah from each pixel are quite
poor, and in some cases are more than an order of magni-
tude worse than the all-sky upper limit. As we decrease
the resolution of the pixelation the constraints in each pixel
become tighter, until we reach the limit of one pixel, which
recovers the usual all-sky upper-limit. Figure 2 can also
help to explain the results in the right panel of Fig. 1, where
we see that the distribution of pulsars in our array leads to
the sub-optimal overlapping of the antenna response func-
tions, which in turn causes insensitivities around the 4 clus-
tered pulsars and on large angular scales. Hence, we will
lack sensitivity to large angular scale anisotropy (l ⇠ 1),
which is reflected in the right panel of Fig. 1. Moreover,
this sensitivity map illustrates the importance of timing
pulsars from all over the sky to ensure a more uniform sen-
sitivity to GW strain, which will be possible through inter-

Taylor et al. 2015 
(Npix = 12288)

Our ``forecast” for this map
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These limits apply to the observable component only
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FIG. 1: 95% upper limits on the strain amplitude, where Cl =
Pl

m=�l |clm|2/(2l + 1). Left: all-band anisotropy parametrization
and frequency-dependent parametrization (ii). The right axis is the ratio of the upper limit to the monopole. The inset figure shows
95% upper limits on (Cl/4⇡)

1/4 which are marginalized over the strain amplitude for the all-band anisotropy parametrization and a
constant likelihood analysis. Our limits reflect the constraints of the physical prior. Right: all-band anisotropy parametrization, where
the clm values are obtained by mapping cross-correlation values to the spherical harmonic basis, without physical prior rejection.

values, ~�, such that ~� = H~c. A single row of the ma-
trix H will have entries corresponding to the ORF be-
tween pulsars a and b evaluated for all basis terms. In
the spherical-harmonic basis, such a row would consist
of
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⌘
. Having recovered posterior sam-

ples of the vector ~�, we map these to samples of ~c via
~c = H

+~�, where H
+ corresponds to the Moore-Penrose

pseudo-inverse of the matrix H [46, 47]. The results
for mappings to the spherical-harmonic basis with vary-
ing lmax are shown in Fig. 1(right). The data support
such strong anisotropy signatures in this model because
the joint-posterior in the cross-correlation values are con-
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FIG. 2: 95% upper limits on the GW strain amplitude in each
pixel. These limits are obtained by mapping from the Bayesian
MCMC-sampled cross-correlation values to a pixelated ORF ba-
sis (Npix = 12288). White stars show the pulsar locations.

sistent with essentially the entire range of [�1, 1], which
when mapped to a spherical-harmonic ORF-basis leads to
large clm values. There is nothing to penalize these large
anisotropy coefficients, which lead to highly anisotropic
(and possibly negative) GW power distributions and would
otherwise be restricted by the physical prior. This supports
to our claim that the constraints in Fig. 1 (left) are prior-
dominated.

We also map our recovered cross-correlation samples to
a pixel basis with 12288 equal-area pixels on the sky. We
supplement our mapping with the additional normalization
constraint that

R
S2 P (⌦̂)d⌦̂ ⇡

PNpix

i=1 c(⌦̂i)�⌦̂i = 4⇡.
The resulting SGWB power in each pixel is marginalized
over all other pixels and truncated to obtain the positive
1D-marginalised power PDF before it is integrated over to
obtain the upper limit on the strain-amplitude in that pixel.
The result is shown in Fig. 2, where we see the distinc-
tive overlapping antenna patterns of the pulsars mapping
out the sensitivity of the PTA to the background strain-
amplitude. The constraints on Ah from each pixel are quite
poor, and in some cases are more than an order of magni-
tude worse than the all-sky upper limit. As we decrease
the resolution of the pixelation the constraints in each pixel
become tighter, until we reach the limit of one pixel, which
recovers the usual all-sky upper-limit. Figure 2 can also
help to explain the results in the right panel of Fig. 1, where
we see that the distribution of pulsars in our array leads to
the sub-optimal overlapping of the antenna response func-
tions, which in turn causes insensitivities around the 4 clus-
tered pulsars and on large angular scales. Hence, we will
lack sensitivity to large angular scale anisotropy (l ⇠ 1),
which is reflected in the right panel of Fig. 1. Moreover,
this sensitivity map illustrates the importance of timing
pulsars from all over the sky to ensure a more uniform sen-
sitivity to GW strain, which will be possible through inter-
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These are not upper limits on the GWB in each pixel

Our ``forecast” for this map
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These limits apply to the observable component only
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Forecasted “constraint” 
map with 6 pulsars

To drive the point home
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Equivalent map with 1 pair. 
Observable space is smaller 
(1-dimensional) 
=> better “constraints”



Conclusions
• We developed a Fisher formalism to forecast the sensitivity of 
PTAs to stochastic GWB anisotropies. Useful tool to guide 
real data analysis.

•  We showed several example applications. e.g., one can search 
for GWB anisotropies agnostically, “under the PTA lamppost” 
with principal maps. 

•  Prospects for detecting unknown GWB anisotropies with 
current PTAs appear limited.

•  Future work: - apply to statistical anisotropies
                        - extend beyond weak-signal limit

        - include other sources of correlated noise
- extend to polarized GWB


