
    Antoni Ramos-Buades
 Alessandra Buonanno, Mohammed Khalil and Serguei Ossokine

Rencontres de Moriond 2022
Gravitation

Multipolar effective-one-body waveforms for eccentric binary 
black holes with non-precessing spins

1

    arXiv:2112.06952 [gr-qc] (in press in Physical Review D)

Max Planck Institute for Gravitational Physics, Albert Einstein Institut, Potsdam, Germany



Gravitational-wave detections
● Analysis of the third observing run 

(O3) recently out (Abbot et al 2021, Nitz 

et al 2021, Olsen et al 2021).

● Quasi-circular waveform models 
used in searches and parameter 
estimation studies.

● Most current detections of binary 
black holes (BBHs) consistent with 
quasi-circular binaries.

● Population synthesis studies predict 
a small fraction of binaries with 
non-negligible eccentricity in the 
frequency band of ground-based 
detectors.

● In O4 and future detectors, more 
likely to detect  eccentric binaries.
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Solving the two-body problem  
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● Different approaches within General Relativity:

○ Analytical methods for IMR waveforms: 
■ Effective-One-Body (EOB) formalism.
■ Phenomenological framework.
■ NR surrogate models.

○ Numerical methods for IMR waveforms: 
■ Numerical relativity (NR).

○ Analytical approaches for inspiral or ringdown: 
■ Post-Newtonian theory, 

post-Minkowskian theory, small-mass 
ratio (SMR) expansion.

© A. Buonanno, B.S. Sathyaprakash in: General Relativity and Gravitation: A  Centennial Perspective; 
Cambridge, University Press (2015).

● EOB  formalism [Buonanno and Damour 1999; 2000]. Three main families:
○ SEOBNR [Ossokine et al 2020]: SEOBNRv1, … SEOBNRv4 , SEOBNRv4HM, SEOBNRv4PHM, SEOBNRv4T, …
○ SEOBNRE [Liu et al 2021, Romero-Shaw 2021]: SEOBNRE, SEOBNREHM.
○ TEOBResum [Riemenschneider et al 2021]: TEOBResumSv1, TEOBResumSv2, TEOBResumSv3, …

● This work  → extension of the SEOBNR familiy to eccentric BBHs with non-precessing spins.



Eccentric EOB waveform model. Overview
● We extend the accurate quasi-circular multipolar aligned-spin SEOBNRv4HM (Bohe et al 2017,  Cotesta et al 2018) model to 

eccentric binaries (SEOBNRv4EHM).

● We add eccentricity effects to the gravitational modes (notably, the 22, 21, 33, 44, 55 modes) up to 2PN order, 
including spin-orbit and spin-spin effects (Khalil et al  2021).
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● Two-parameter initial conditions : eccentricity, e, and relativistic 
anomaly,  𝜻. Eccentricity defined in the Keplerian parametrization:

● The model assumes the same merger-ringdown model as 
SEOBNRv4HM → system has circularized at merger.

● Model robustly tested in the following parameter space:

 

● The model can also be generated for higher eccentricities, but lack of NR 
waveforms restricts assessment of accuracy of the model.



Dynamical captures/hyperbolic encounters 
● Hyperbolic orbit initial conditions (Damour et al  2014) have also been implemented in the model, so that it is capable of 

describing the phenomenology of hyperbolic encounters and dynamical captures. 
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● A detailed and quantitative 
analysis against available NR 
results will be presented in future 
work.

● Orbits specified by the initial energy, 
E0, and angular momentum,        ,  at 
infinity  (in practice r0~104M ). 



Comparison against quasi-circular numerical relativity waveforms
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● Unfaithfulness: noise-weighted inner product to quantify the 
closeness of two waveforms. 

○ Unfaithfulness = 0 . Same waveforms.
○ Unfaithfulness = 1 . Completely different waveforms. 

● Unfaithfulness of SEOBNRv4EHM against the quasi-circular NR 
waveforms used to calibrate the SEOBNRv4HM model. 

● We use the Advanced LIGO design sensitivity PSD 
(LIGO-T0900288) for the unfaithfulness calculations.

● Comparison of the 22-mode models, SEOBNRv4 and 
SEOBNRv4E (e=0) against quasi-circular NR waveforms.

● SNR-weighted mismatches averaged over the sky of 
SEOBNRv4HM/SEOBNRv4EHM (e=0) against the 
quasi-circular NR waveforms used to calibrate the 
SEOBNRv4HM.

● Both SEOBNRv4E and SEOBNRv4EHM have 
comparable accuracy to the underlying quasi-circular 
models.



Comparison against eccentric numerical relativity waveforms
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● Unfaithfulness of SEOBNRv4E and (public) TEOBResumSE (Nagar et al 2021) 
against the public SXS NR waveforms with eccentricity typically ≲0.3.  

● SEOBNRv4E lower unfaithfulness than the public TEOBResumSE version. 
But both below 1%! 

● Latest TEOBResumSE paper (Nagar et al 2022) shows lower unfaithfulness, 
comparable to SEOBNRv4E.

● When comparing to NR with higher order modes (l≤5), we do not use 
TEOBResumSE due to known issues (Nagar et al 2021) with the higher order 
modes. 

● Larger datasets of eccentric NR waveforms are required to set tighter 
constraints on the accuracy of the current eccentric models across 
parameter space.



Visual waveform comparisons 

● Comparison between an eccentric SXS NR 
waveform (black line) and SEOBNRv4EHM  
(green dashed line) using the optimal 
values of eccentricity and starting 
frequency (from the unfaithfulness of 
SEOBNRv4E).
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Conclusions and future work 

● We have constructed and implemented in LALsuite the eccentric multipolar aligned-spin IMR waveform model 
SEOBNRv4EHM.
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● Ongoing work and future work:

○ Produce a faster model for O4 using the reduced-order modeling technique..

○ Explore the morphology of the hyperbolic encounter waveforms and compare them with hyperbolic 
NR simulations.

○ Some of us are implementing the eccentricity effects developed and tested for SEOBNRv4EHM in 
SEOBNRv5HM, which is the next generation of SEOBNR waveform models that we are developing for 
O4. 

● Main results:

○ In the quasi-circular limit the accuracy of SEOBNRv4EHM is similar to the one of SEOBNRv4HM.

○ Comparing against public SXS eccentric NR waveforms SEOBNRv4EHM is NR-faithful (<1%) 


