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Cosmic Rays and
Gamma Ray Bursts
are very Interesting



... but nothing to do with this talk.
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Overview and Motivation

There has been considerable interest in brane-world
models recently.

These postulate that ordinary matter is confined to a
subspace of a higher-dimensional spacetime.
Minkowski and cosmological background solutions are
known but cosmological perturbations are difficult.

We sought to investigate these using a toy model with
coupled scalar fields in place of gravity and matter.
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Description of

the model We consider a model with a fixed background and a bulk scalar
field coupled to a brane scalar field. The action is:

Minkowski bulk
AdS bulk

S = 5 [ 4G (6" oo+ )
2 Jy
1
-5 /W dxv—g (8" qua. + 12 q* + 28¢q] .

Gy is the bulk metric.

guv is the brane metric.
¢ is the bulk scalar field with mass m.
g is the brane scalar field with mass p.

(3 is the coupling between the fields.
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Equations of Motion

The coupled wave equations are then

(d)Dq = M2q + /8¢’brane ’

on the brane, and a free wave equation for ¢ in the bulk
(@00 = m’s,

subject to the boundary condition

p
¢/|brane = Eq :
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Solutions

We will consider a Minkowski brane in two different bulk
spacetimes

Minkowski The line element is
ds® = —dt? 4 6V dx;dx; + dz?,
and the brane is located at z = 0.
AdS The line element is

2_62

ds® = —
22

(—dt? + d¥dxdx; + dz?) |

and the brane is located at z = /.
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[A. George — hep-th/0412067]

The equations of motion are

X:r;kmskki bulk q + k2q = _qu - 6¢‘brane )
¢+k2¢ — ¢//_n,’2¢7

which can be solve by separating variables
q(t) = /0°° dp G Tp(t),
P(t,z) = /0 N dp [Ap cos(py) + Bysin(py)] Ty(t).
The bulk wave equation requires
Tp = eFivt where w? = p? + m* + k%,

Moriond 2005



Brane-Bulk
Interactions

Andy Mennim

Minkowski bulk
AdS bulk

Moriond 2005

the boundary wave equation requires
(p2 + m? — MZ)Cp = 5Ap7
and the boundary condition at the brane requires

g

po: ECP

Eliminating C, from these two constraints we obtain

_ 4

p(P2 +m” — N2)Bp 5 fre

The constraints interpolate between Neumann boundary
conditions at weak coupling (3 — 0) and Dirichlet boundary
conditions at strong coupling (8 — 00).
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Bound State Solutions

We impose the condition ¢(y) — e'”Y with &(p) > 0, which
gives
A, =—iB,.

This requires that the mode is exponentially decaying.
Combined with the equations of motion and boundary
condition, this yields

2 2 2 3
p(p™+m f,u)+i7:0.

This will describe stable oscillations if w? > 0, which requires

% < 2mp?.
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The equations of motion in AdS space are

/y:qc‘igkz:_rllw bulk q —+ k2q == _qu - ﬁ¢|brane ’
. 3 m?(?
o+Ke = ¢'——¢'——0,

Separating variables allows us to write the solution as
a(t) = [ Gt
0
o(t,z) = /0 dp [Ason(pz) + Boop(pz)] etiwt

where w? = p? + k2.
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We have written the space part as Neumann and Dirichlet
solutions ¢y and ¢p, given by

U én(pz) o 2% (dN,(pl)dy(pz) — ddy(pl)Ny(p2)) ,
op(pz) o< 2% (Nu(pt)d(pz) = Ju(pl)No(p2)) ,
where v = V4 + m2/(2.
We look for bound state solutions and find that p must satisfy
2

o = 12IHDs (00) + |2~ ) — 1)~ | H(ot) = 0.
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Let us consider the simple case where m = = 0, and use
units where ¢ = 1. So we are looking for solutions of

Minkowski bulk
AdS bulk

PH® (p) — > HY(p) =0,

e When 3 = 0 there is a zero-mode solution p = 0.

e When (8 # 0 this is no longer a solution; for small 3, it
becomes 4 roots, two of which satisfy Sp > 0:

_ T 32
VB+ g2,

g AT o3
NEER=S

Q

P1

Q

P2
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For simplicity, consider kK = 0, so that w = +p.
Then, for the p; root, the solution for the bulk field is

$1 [925/\/ <\/EZ+ ;53/22) —i¢p <\/BZ+ 4/33/22)]
exp (:l:iﬂt) exp (:l:ﬁ3/2t/8> .
Asymptotically as z — oo this behaves like
¢1 ~ 23/ % exp (- ivVB(z+ t)) exp (— 332z + t)/8) .
So we have bound solutions which are either purely outgoing or

purely incoming.
The purely outgoing solution grows exponentially in time.
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Conclusions

We have studies a toy brane world model with a scalar
field in the bulk coupled to a scalar field on the brane.

In Minkowski space there is a range of couplings for which
there is a stable bound state.

In AdS space there is only a stable bound state when the
scalar fields are uncoupled.

When the scalar fields are coupled there are bound states
which grow or decay exponentially in time.

The purely outgoing bound mode is a growing solution.
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Wild Speculations

The instability is due to the mixing of Dirichlet and
Neumann boundary conditions, Neumann conditions giving
a stable zero-mode solution.

For a moving brane (cosmological brane-world) the
boundary condition can be thought of as a mixture of
Neumann and Dirichlet.

Therefore, one might expect to see similar instability in
brane-world cosmology.

This is not necessarily bad, indeed it could explain late
time acceleration.



Now back to the real universe.

Thank you for your attention.
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