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Stars are charged!

Every self-gravitating system has a net charge.

The classical Poisson’s equations: S. Rosseland, MNRAS 84 (1924) 720

∇2ψ = 4πρe = 4π(eZnA − ene)

∇2φ = −4πGρ = −4πG(AmpnA +mene)

with φ gravitational potential, ψ electric potential, A mass number, Z atomic number,
nA positive ions number density, ne electrons number density.
For isothermal equilibrium, densities can be expressed in terms of Boltzmann distri-
butions:

ne = n0
e exp

„
−meφ+ eψ

kT

«
nA = n0

A exp

„
−Ampφ− Zeψ

kT

«
which yields, in terms of expected values for energy C. Alcock, ApJ 242 (1980) 710

−eψ ' Ampφ+ Zeψ =⇒ eψ ' − A
Z+1

mpφ

or, in terms of density ratios
ρe

ρ
=

GA

(Z + 1)

mp

e



How strong is this charge?

For a classical gravitational potential φ = GM/R and the electric potential
gives ψ = Q/R. So the net charge of a star of mass M

Q ' 150
A

Z + 1
M

M�
Coulombs

The potential differential between the center and the edge of a self-gravitating
system of radius R is
Bally & Harrison, ApJ 220 (1978) 743

V =
A

Z + 1
mp

e

GM

R
' A

(Z + 1)
M

M�

R�
R
× 1900 Volts

For a neutron star this would be V ∼ 108 Volts.



General Relativity Limits

In radial coordinates, we can write the metric of a spherically symmetric ball of
charged perfect fluid

ds2 = −eνdt2 + eλdr2 + r2(dθ2 + sin2 θdφ2)

ν = ν(r, t) and λ = λ(r, t) =⇒ 0 for r →∞.
And the stress energy tensor

Tµν = (ρ+ P )uµuν + Pgµν +
1
4
π

[
FµαF ν

α −
1
4
gµνFαβFαβ

]
where uµν 4-velocity, gµν is the metric tensor, ρ mass density, P pressure and
Fµν electro-magnetic tensor



Hydrostatic equations

Spherical symmetry + Maxwell’s equations

��

F 01 = e−(λ+ν)/2 q(r,t)
r2

q(r, t) =
∫ r

0
e(λ+ν)/24πr2j0dr

*2\\\\\\ \\\\\\
q(r > R) = Q total charge

q̇(r, t) = −4πr2j1e(λ+ν)/2
,4bbbbbbbb bbbbbbbb

Einstein’s equations give

e−λ = 1− 2m(r, t)
r

+
q2

r2

m(r, t) = −
∫ r

0

4πr2
[
(ρ+ P )u0u0 + P

]
dr +

q2

2r
+

1
2

∫ r

0

q2

r2
dr +m0(t)

and m(R, t) = M is the gravitational mass.



The proper-time derivatives are

Dq = 0

Dm = −4πr2Pu1

Generalized Oppenheimer-Volkoff equation

J. D. Bekenstein, PRD 4 (1971) 2185

−∂P
∂r

= − q

4πr4
∂q

∂r︸ ︷︷ ︸
Coulomb term

+(ρ+ P )
4πr4P +mr − q2

r(r2 − 2mr + q2)︸ ︷︷ ︸
Regeneration term

Coulomb term acts like the pressure (dP/dr < 0, dq/dr > 0)
Regeneration term means that both pressure and charge gravitate, then acting
against pressure.
So there are a limit mass and a limit charge.



Charge limit on compact stars

The complete structure of a spherically symmetric, charged, compact star was
calculated for a polytropic equation of state and a charge proportional to density
S. Ray, A. L. Espindola, M. Malheiro, J. P. Lemos, V. T. Zanchin, PRD 68 (2003)

084004

P = κρ1+ 1
n ; ρQ = f · ρ

It was found for n = 1.5 and f ∼ 10−4 ÷ 10−3

Q ' 1020 M

M�
C

A stable quark star, with an EOS

ρ = 3P + 4B

has a surface field E = 1019 V/m.
C. Alcock, E. Farhi and A. Olinto, ApJ 310 (1986) 261

C. Kettner, F. Weber, M. K. Weigel and N. K. Glendenning, PRD 51 (1995) 1440



Charge limit on black holes

Static black holes

A charged static black hole is given by Reissner-Nordström metric

g00 = (−g11)−1 = e−λ = 1− 2M
r

+
Q2

r2

This defines the horizon radius as r± = M ±
√
M2 −Q2

To avoid naked singularity, we need to stay below please convert in human dimensions

QM =
√

4πε0GM ' 1.7× 1020 M

M�
C

Magnetically induced electric field

A large electric field can be induced by an external magnetic field B ∼ E

R. S. Hanni, PRD 25 (1982) 2509

Q ' 1.2× 1014

(
M

M�

)3/2(
B

1013G

)1/2

C



Rotating black holes

A rotating black hole is described by the Kerr metric, whose horizons are at
r± = M2 +

√
M2 − a2. Avoiding naked singularity for an angular momentum

J = Ma

J ≤M2

A rotating black hole in a magnetic field aligned along its symmetry axis will
accrete charge until its charge becomes
R. M. Wald, PRD 10 (1974) 1680

Q = 2B0J ×
(

4πε0G
c2

)
≤ 1.5× 1014

(
M

M�

)2(
B

1013 G

)
C

Charge was treated as a perturbation of Kerr metric and cannot force the
Reissner-Nordström limit. Other calculations were made on this, with different
magnetosphere structure, finding similar values of charge
R. Ruffini, J. R. Wilson, PRD 12 2959;

H. K. Lee, C. H. Lee, M. van Putten, MNRAS 324 (2001) 781



QED limits

Pair creation electric field is
J. Schwinger, Phys. Rev. 82 (1951) 664

Ec =
m2

ec
3

}e
= 1.2× 1018 V/m

and the relative magnetic field limit is

Bc = 4× 109 T = 4× 1013 G

If ξ = Q/QM , for a black hole

E(r+) < Ec =⇒ M

M�
> 6 · 105 ξ

(1 +
√

1− ξ2)2

an electric or magnetic field higher than these values would produce couples e+e−

and fall below that limit
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Figure 1: Charge to mass limits for different self-gravitating objects configurations.



Table 1: Potential differential at surface. Maxima are corrected for QED limits

Type Min Max

Normal star 1900 V 7× 1026 V

Compact star 108 V 2× 1022 V

Black hole 109 V 1.5× 1021 M
M�

V

Good to accelerate particles!



UHECR experimental facts

♥ Cosmic ray energy beyond 3× 1020 eV

♦ GZK cutoff? (AGASA vs HiRes, Auger vs Auger)

♣ Low anisotropy → lack of counterparts

♠ Doublets and triplets of events

This could mean . . . choose one or several

• Systematics in data handling

• Very powerful sources

• Non visible sources

• Transient sources

• Large Extragalactic Magnetic Fields

• UHECR are heavy nuclei

• Unknown behavior of high energy particles

• New high mass particles

• Lorentz invariance violation



The acceleration site

The charged black hole is surrounded by an Hydrogen cloud, which is ionized if

E > Vion/a0, Vion = 13.6 V, a0 = 0.5× 10−10 m.

The energy upper limit is

E ∼ Q

4πε0r+
' 5 ξ × 1026 eV

and the lower limit is

E ∼

s
ξ
M

M�
6.4× 1020 eV



Energy spectrum derivation

Assumptions

• matter surrounding BH is the reservoir for UHECR.

• each remnant atom has the same ionization probability

• spherical symmetry

The particle number N(R) in terms of radial distance is

N =
∫ R

r+

4πr2n(r)dr

where n is the remnant number density.
The particle energy gain is proportional to the scaling of potential, E ∝ r−1.
So the spectrum is

dN

dE
dE = 4πn(r)ζ3E−4dE

where ζ accounts for the efficiency of this process.



Energy spectrum derivation

Self-gravitating matter around stars: nonaccreting remnants

n(r) ∝ r1/(γ−1)

where γ is the usual polytropic index. H. Bondi, MNRAS 112, 195 (1952)

Then we can write for spectrum:

dN

dE
dE = AE

5−4γ
γ−1 dE

Monoatomic gas =⇒ γ ∼ 5/3 =⇒ α ∼ 2.5

It is not far from UHECR best fit...



Time duration

Assumptions

• matter density constant n0 inside radius r0

• stationary supplied matter in time τ

• constant mass during discharge

So charge will decrease of

Q̇ = −4π
3
n0r

3
0

τ
Q.

That is (Q = ξQM )

ξ̇ = −ξ
3/2

T

with

T−1 =
4π
3
n0r

3
ion

N0τ

(
M

M�

)1/2

= 6.5 · 10−5 1
τ

(
M

M�

)1/2

s−1



Characteristic dimensions

N0 = 1039 Charged particle number

rion = 2.5 · 109 m Outer ionization radius

n0 = 106 m3 ISM density

The solution is

ξ = ξ0

(
1 +

ξ
1/2
0

2T
t

)−2

.

So the discharge time is

∆t = 3 · 108τ

(
M

M�

)−1/2

s.

We expect τ & 10 s (time requested for electron to fall inside horizon after
ionization).

UHECR bursts duration is ∆t ∼ 1÷ 1000 yr
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Flux estimation

The flux at 1020 eV is

Φobs = 3 · 10−16 m−2 sr−1 s−1.

The flux incoming from a single source at R10 = 10 Mpc is

Φ =
N

4πR2
10∆t

= 2.8× 10−17 M

M�

Q

QM
∆t−1

yr m−2 sr−1 s−1.

Few black holes with M/M� = 102 and Q/QM = 10−3 in a GZK volume can
account for present UHECR flux.

Source density ∼ 10−5 Mpc−3 (within 95% CL of AGASA source density).
Z. Fodor and S. D. Katz, Phys. Rev. D, 63, 023002 (2001)
Expected active sources may be obtained for instance from local GRB rate
(∼ 10−8 Mpc−3 yr−1 for isotropic emission) integrated through lifetime.
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Concluding remarks

• Large electric fields in black holes easily accelerate protons up to extremely
high energy E & 1021 eV

• The emission is focused around GZK cutoff and above

• Matter surrounding the black holes accounts for observed power law spec-
trum α ∼ 2.5

• Acceleration is almost free from energy loss

• Flux is obtained with source density 10−5 Mpc−3

• The process lasts several years, explaining multiple obsevations

• These are hidden sources

• Charged black holes should be searched in any galaxy near UHECR incom-
ing directions

Somebody played a wrong note and the jazz was born...


