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Constraints on DM concentration near the GC (it is
based on results of the paper by AFZ, F. De Paolis, G.

Ingrosso, A.A. Nucita (PRD, 062001, 2007)
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Urbain Jean Joseph Le Verrier: Neptune discovery
(1846) & Mercury’s anomaly (1859) (an invisible

(”dark”) object or a violation of the Newtonian gravity
law)

A connection between cosmology and the Le Verrier’s discoveries was
noted out by Roman Juszkiewicz (2008).

Here I reproduce my understanding his ideas.

In 1846, analyzing trajectories of known objects (planets) and
reconstructing potentials and masses and trajectories all objects in the
game, Le Verrier predicted an existence of extra (initially unknown (dark))
planet, Neptune and soon afterwards the planet was detected by German
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astronomer J.G. Galle. Fritz Zwicky used the same scheme leading to the
introduction of dark matter (DM) concept.
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Le Verrier discovered Mercury pericenter advance and explained 93% of
the observed value, but a supplementary advance 38 arcseconds/century
was without an explanation (later on the value was corrected such as
43 arcseconds/century).
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Le Verrier’s options

• A gravitational field of an invisible matter (planet, asteroids near Sun)

• A deviation from the Newtonian law

• A precision of a model is not good enough

Le Verrier (1876) analyzed information about 25 transits of Vulcan
(according to his opinion 19 transits were reliable) and predicted a transit in
March 1877 (the planet was not observed). Le Verrier died on 23 September
1877.

Similarly to cosmological DM and DE problems now, different options
were considered such as an existence of an extra planet between the Sun
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and Mercury (the Vulcan’s prediction), a modification mass of Venus by
more than 10% and modification of the Newton gravity law (for example,
such as Newcomb’s modification (1895) of the Newton’s law such as 1/rn

(n = 2.0000001574 for dω̃/century = 42.34′′, earlier Hall (1894) used
n = 2.00000016 for dω̃/century = 43′′).
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Figure 1:
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I. Newton (Principia) considered a generalization of a gravitational force

F =
brp + crm

r3
, (1)

then

dω̃ = 2π

√∣∣∣∣
b− c

mb− pc

∣∣∣∣. (2)

Therefore, for p = 1 we have

F =
br + crm

r3
, (3)

thus if m ≥ 2, we have generalizations of the Newtonian force with an extra
term (Clairaut, 1745; Mikkola 2008).
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So Clairaut, Hall, Newcomb, Mikkola forces are specific cases of the
Newton’s relation.

Newcomb’s criticism of the Clairaut’s law...

For c = 0, F = brm−3 and

dω̃ = 2π

√∣∣∣∣
b

mb

∣∣∣∣ = 2π

√
1
m

, (4)

for m = 3− n we have

dω̃ = 2π

√
1

3− n
(5)

and if n = 2 + δ, then

dω̃ = 2π

√
1

1− δ
≈ 2π(1 + δ/2) (6)
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Therefore, following the Le Verrier’s way and analyzing carefully
trajectories of celestial bodies we can reconstruct gravitational potentials
and mass distributions governing motions of celestial bodies.
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Figure 2: Urbain Jean Joseph Le Verrier (March 11, 1811 — September
23, 1877).
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DM annihilation at GC

In the last years intensive searches for dark matter (DM), especially its
non-baryonic component, both in galactic halos and at galaxy centers have
been undertaken (see for example Bertone et al. (2005,2005a) for recent
results). It is generally accepted that the most promising candidate for the
DM non-baryonic component is neutralino. In this case, the γ-flux from
galactic halos (and from our Galactic halo in particular) could be explained
by neutralino annihilation (Gurevich et al. 1997,Bergstrom et al. 1998,
Tasitsiomi et al. 2002, Stoehr et al. 2003, Prada et al. 2004,Profumo et al.
2005, Mambrini et al. 2005). Since γ-rays are detected not only from high
galactic latitude, but also from the Galactic Center, there is a wide spread
hypothesis (see, Evans (2004) for a discussion) that a DM concentration
might be present at the Galactic Center. In this case the Galactic Center
could be a strong source of γ-rays and neutrinos (Bouquet 1989, Stecker
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1988, Berezinsky et al. 1994, Bergstrom et al. 1998, Bertone et al. 2004,
Gnedin et al. 2004,Bergstrom et al. 2005, Horns 2005, Bertone et al. 2005)
due to DM annihilation. Since it is also expected that DM forms spikes at
galaxy centers (Gondolo & Silk 1999, Ullio et al. 2001, Merritt et al. 2003)
the γ-ray flux from the Galactic Center should increase significantly in that
case.

At the same time, progress in monitoring bright stars near the Galactic
Center have been reached recently (Genzel et al. 2003,Ghez et al. 2003,
Ghez et al. 2005). The astrometric limit for bright stellar sources near
the Galactic Center with 10 meter telescopes is today δθ10 ∼ 1 mas and
the Next Generation Large Telescope (NGLT) will be able to improve this
number at least down to δθ30 ∼ 0.5 mas (Weinberg et al. 2005) or even
to δθ30 ∼ 0.1 mas (Weinberg et al. 2005) in the K-band. Therefore, it
will be possible to measure the proper motion for about ∼ 100 stars with
astrometric errors several times smaller than errors in current observations.
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The aim of this talk is to constrain the parameters of the DM distribution
possible present around the Galactic Center by considering the induced
apoastron shift due to the presence of this DM sphere and either available
data obtained with the present generation of telescopes (the so called
conservative limit) and also expectations from future NGLT observations
or with other advanced observational facilities.
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Celestial mechanics of S2 like stars for BH+cluster (A.A.
Nucita, F. De Paolis, G. Ingrosso, A. Qadir, AFZ, PASP,

v. 119, p. 349 (2007))

GR predicts that orbits about a massive central body suffer periastron
shifts yielding rosette shapes. However, the classical perturbing effects of
other objects on inner orbits give an opposite shift. Since the periastron
advance depends strongly on the compactness of the central body, the
detection of such an effect may give information about the nature of the
central body itself. This would apply for stars orbiting close to the GC,
where there is a “dark object”, the black hole hypothesis being the most
natural explanation of the observational data. A cluster of stars in the
vicinity of the GC (at a distance < 1 arcsec) has been monitored by ESO
and Keck teams for several years.

16



For a test particle orbiting a Schwarzschild black hole of mass MBH, the
periastron shift is given by (see e.g. Weinberg, 1972)

∆φS ' 6πGMBH

d(1− e2)c2
+

3(18 + e2)πG2M2
BH

2d2(1− e2)2c4
, (7)

d and e being the semi-major axis and eccentricity of the test particle orbit,
respectively. For a rotating black hole with spin parameter a = |a| =
J/GMBH, the space-time is described by the Kerr metric and, in the most
favorable case of equatorial plane motion ((a,v) = 0), the shift is given by
(Boyer and Price (1965))

∆φK ' ∆φS +
8aπM

1/2
BHG3/2

d3/2(1− e2)3/2c3
+

3a2πG2

d2(1− e2)2c4
, (8)

which reduces to eq. (7) for a → 0. In the more general case, a.v 6= 0, the
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expected periastron shift has to be evaluated numerically.

The expected periastron shifts (mas/revolution), ∆φ (as seen from the
center) and ∆φE (as seen from Earth at the distance R0 ' 8 kpc from
the GC), for the Schwarzschild and the extreme Kerr black holes, for the
S2 and S16 stars turn out to be ∆φS2 = 6.3329 × 105 and 6.4410 × 105

and ∆φS2
E = 0.661 and 0.672 respectively, and ∆φS16 = 1.6428× 106 and

1.6881× 106 and ∆φS16
E = 3.307 and 3.399 respectively. Recall that

∆φE =
d(1 + e)

R0
∆φS,K . (9)

Notice that the differences between the periastron shifts for the
Schwarzschild and the maximally rotating Kerr black hole is at most 0.01
mas for the S2 star and 0.009 mas for the S16 star. In order to make these
measurements with the required accuracy, one needs to know the S2 orbit
with a precision of at least 10 µas.
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The star cluster surrounding the central black hole in the GC could be
sizable. At least 17 members have been observed within 15 mpc up to now
(Ghez et al. (2005)). However, the cluster mass and density distribution,
that is to say its mass and core radius, is still unknown. The presence of
this cluster affects the periastron shift of stars orbiting the central black
hole. The periastron advance depends strongly on the mass density profile
and especially on the central density and typical length scale.

We model the stellar cluster by a Plummer model density profile (Binney
& Tremaine (1987))

ρCL(r) = ρ0f(r) , with f(r) =

[
1 +

(
r

rc

)2
]−α/2

, (10)
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where the cluster central density ρ0 is given by

ρ0 =
MCL∫ RCL

0
4πr2f(r) dr

, (11)

RCL and MCL being the cluster radius and mass, respectively. According
to dynamical observations towards the GC, we require that the total mass
M(r) = MBH + MCL(r) contained within r ' 5 × 10−3 pc is M '
3.67× 106 M¯. Useful information is provided by the cluster mass fraction,
λCL = MCL/M , and its complement, λBH = 1 − λCL. As one can see,
the requirement given in eq. (11) implies that M(r) → MBH for r → 0.
The total mass density profile ρ(r) is given by

ρ(r) = λBHMδ(3)(−→r ) + ρ0f(r) (12)
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and the mass contained within r is

M(r) = λBHM +
∫ r

0

4πr′2ρ0f(r′) dr′ . (13)

According to GR, the motion of a test particle can be fully described
by solving the geodesic equations. Under the assumption that the matter
distribution is static and pressureless, the equation of motion of the test
particle becomes (see e.g. Weinberg 1972))

dv

dt
' −∇(ΦN + 2Φ2

N) + 4v(v · ∇)ΦN − v2∇ΦN . (14)

For the S2 star, d and e given in the literature are 919 AU and 0.87
respectively. They yield the orbits of the S2 star for different values of
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the black hole mass fraction λBH shown in Figure 3. The Plummer model
parameters are α = 5, core radius rc ' 5.8 mpc. Note that in the case
of λBH = 1, the expected (prograde) periastron shift is that given by eq.
(7), while the presence of the stellar cluster leads to a retrograde periastron
shift. For comparison, the expected periastron shift for the S16 star is
given in Figure 14. In the latter case, the binary system orbital parameters
were taken from Schödel et al. (2003)) assuming also for the S16 mass a
conservative value of ' 10 M¯.
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Figure 3: Post Newtonian orbits for different values of the black hole mass
fraction λBH are shown for the S2 star (upper panels). Here, we have
assumed that the Galactic central black hole is surrounded by a stellar
cluster whose density profile follows a Plummer model with α = 5 and a
core radius rc ' 5.8 mpc. The periastron shift values in each panel is given
in arcseconds.
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Figure 4: The same as in Figure 3 but for the S16–Sgr A∗ binary system.
In this case, the binary system orbital parameters were taken from Ghez et
al. (2005) assuming for the S16 mass a conservative value of ' 10 M¯.
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The mass concentration at the Galactic Center

Recent advancements in infrared astronomy are allowing to test the
scale of the mass profile at the center of our galaxy down to tens of AU.
With the Keck 10 m telescope, the proper motion of several stars orbiting
the Galactic Center black hole have been monitored and almost entire
orbits, as for example that of the S2 star, have been measured allowing
an unprecedent description of the Galactic Center region. Measurements
of the amount of mass M(< r) contained within a distance r from the
Galactic Center are continuously improved as more precise data are collected.
Recent observations (Ghez et al. (2003)) extend down to the periastron
distance (' 3 × 10−4 pc) of the S16 star and they correspond to a value
of the enclosed mass within ' 3 × 10−4 pc of ' 3.67 × 106 M¯. Several
authors have used these observations to model the Galactic Center mass
concentration. Here and in the following, we use the three component
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model for the central region of our galaxy based on estimates of enclosed
mass given by Ghez et al (2003, 2005) recently proposed by Hall and
Gondolo (2006). This model is constituted by the central black hole, the
central stellar cluster and the DM sphere (made of WIMPs), i.e.

M(< r) = MBH + M∗(< r) + MDM(< r) , (15)

where MBH is the mass of the central black hole Sagittarius A∗. For the
central stellar cluster, the empirical mass profile is

M∗(< r) =





M∗
(

r
R∗

)1.6

, r ≤ R∗

M∗
(

r
R∗

)1.0

, r > R∗

(16)

with a total stellar mass M∗ = 0.88× 106 M¯ and a size R∗ = 0.3878 pc.
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As far as the mass profile of the DM concentration is concerned, Hall &
Gondolo (2006) have assumed a mass distribution of the form

MDM(< r) =





MDM

(
r

RDM

)3−α

, r ≤ RDM

MDM , r > RDM

(17)

MDM and RDM being the total amount of DM in the form of WIMPs and
the radius of the spherical mass distribution, respectively.

Hall and Gondolo (2006) discussed limits on DM mass around the black
hole at the Galactic Center. It is clear that present observations of stars
around the Galactic Center do not exclude the existence of a DM sphere
with mass ' 4 × 106M¯, well contained within the orbits of the known
stars, if its radius RDM is . 2 × 10−4 pc (the periastron distance of the
S16 star in the more recent analysis (Ghez et al. 2005)). However, if one
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considers a DM sphere with larger radius, the corresponding upper value for
MDM decreases (although it tends again to increase for extremely extended
DM configurations with RDM À 10 pc). In the following, we will assume
for definiteness a DM mass MDM ∼ 2× 105M¯, that is the upper value for
the DM sphere (Hall & Gondolo (2006)) within an acceptable confidence
level in the range 10−3 − 10−2 pc for RDM . As it will be clear in the
following, we emphasize that even a such small value for the DM mass
(that is about only 5% of the standard estimate 3.67± 0.19× 106 M¯ for
the dark mass at the Galactic Center (Ghez et al. 2005)) may give some
observational signatures.

Evaluating the S2 apoastron shift 1 as a function of RDM , one can
further constrain the DM sphere radius since even now we can say that
there is no evidence for negative apoastron shift for the S2 star orbit at the

1We want to note that the periastron and apoastron shifts ∆Φ as seen from the orbit center have the
same value whereas they have different values as seen from Earth (see Eq. (21)). When we are comparing
our results with orbit reconstruction from observations we refer to the apoastron shift as seen from Earth.
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level of about 10 mas (Genzel et al. 2003). In addition, since at present
the precision of the S2 orbit reconstruction is about 1 mas, we can say
that even without future upgrades of the observational facilities and simply
monitoring the S2 orbit, it will be possible within about 15 years to get
much more severe constraints on RDM .

Moreover, observational facilities will allow in the next future to
monitor faint infrared objects at the astrometric precision of about 10
µas (Eisenhauer et al. 2005) and, in this case, previous estimates will be
sensibly improved since it is naturally expected to monitor eccentric orbits
for faint infrared stars closer to the Galactic Center with respect to the S2
star.

In Fig. 13, the mass profile M(< r) (Ghez et al. 2003) obtained by
using observations of stars nearby the Galactic Center is shown (solid line).
The dotted line represents the stellar mass profile as given in Eq. (16), while
the dashed lines are for DM spheres with mass MDM ' 2 × 105 M¯ and
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radii RDM = 10−3 and 10−2 pc, respectively.
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Figure 5: The S2 like star locations near the Black Hole at the Galactic
Center (Ghez et al. 2005).
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Figure 6: The S2 like star trajectories near the Black Hole at the Galactic
Center (Ghez et al (2005)). 32



Figure 7: The S2 like star trajectories near the Black Hole at the Galactic
Center (Schodel et al (2003)).
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Figure 8: The S2 star trajectory near the Black Hole at the Galactic Center
(Schodel et al (2003)).
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Figure 9: The mass M(< r) obtained in (Ghez et al. 2003) from
observations of stars at the Galactic Center is shown (solid line). The
dotted line represents the stellar mass profile as given in Eq. (16), while the
dashed lines are for DM spheres with radii RDM = 10−3 and 10−2 pc and
mass MDM ' 2 × 105 M¯, that corresponds to some acceptable estimate
for the upper limit of MDM from Hall and Gondolo (2006).
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In the following section, we study the motion of stars as a consequence
of the gravitational potential Φ(r) due the mass profile given in Eq. (15).
As usual, the gravitational potential can be evaluated as

Φ(r) = −G

∫ ∞

r

M(r′)
r′2

dr′ . (18)

For convenience, in Fig. 23 the gravitational potential due to the total mass
(solid line) contained within r is given as function of the galactocentric
distance. For comparison, the contributions due to the single mass
components, i.e. central black hole, stellar cluster and DM sphere, are
also shown.
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Figure 10: The gravitational potential Φ(r) (solid line) in cgs units as
a function of the galactocentric distance r as due to the mass M(r) in
Eq.(15) is shown. For comparison, also the gravitational potentials due to
the single mass components, i.e. black hole (dashed line), stellar cluster
(dot-dashed line) and DM (dotted line), are also given. Here we assume
that DM mass MDM ' 2× 105 M¯ and radius RDM = 10−3 pc.
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Apoastron Shift Constraints

According to GR, the motion of a test particle can be fully described
by solving the geodesic equations. Under the assumption that the matter
distribution is static and pressureless, the equations of motion at the
first post-Newtonian (PN) approximation become (see e.g. (Fock 1961,
Weinberg 1972, Rubilar & Eckart 2001))

dv

dt
' −∇(ΦN + 2Φ2

N) + 4v(v · ∇)ΦN − v2∇ΦN . (19)

We note that the PN-approximation is the first relativistic correction from
which the apoastron advance phenomenon arises. In the case of the S2
star, the apoastron shift as seen from Earth (from Eq. (21)) due to the
presence of a central black hole is about 1 mas, therefore not directly
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detectable at present since the available precision in the apoastron shift
is about 10 mas (but it will become about 1 mas in 10–15 years even
without considering possible technological improvements). It is also evident
that higher order relativistic corrections to the S2 apoastron shift are even
smaller and therefore may be neglected at present, although they may
become important in the future.

As it will be discussed below, the Newtonian effect due to the existence
of a sufficiently extended DM sphere around the black hole may cause a
apoastron shift in the opposite direction with respect to the relativistic
advance due to the black hole. Therefore, we have considered the two
effects comparing only the leading terms.

For the DM distribution at the Galactic Center we follow Eq. (17)
as done in Hall & Gondolo (2006). Clearly, if in the future faint infrared
stars (or spots) closer to the black hole with respect to the S2 star will be
monitored (Eisenhauer, (2005)), this simplified model might well not hold
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and higher order relativistic corrections may become necessary.

For a spherically symmetric mass distribution (such as that described
above) and for a gravitational potential given by Eq. (18), Eq. (19) may be
rewritten in the form (see for details Rubilar & Eckart (2001))

dv

dt
' −GM(r)

r3

[(
1 +

4ΦN

c2
+

v2

c2

)
r− 4v(v · r)

c2

]
, (20)

r and v being the vector radius of the test particle with respect to the center
of the stellar cluster and the velocity vector, respectively. Once the initial
conditions for the star distance and velocity are given, the rosetta shaped
orbit followed by a test particle can be found by numerically solving the set
of ordinary differential equations in eq. (20).

In Fig. 3, as an example, assuming that the test particle orbiting the
Galactic Center region is the S2 star, we show the Post Newtonian orbits
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obtained by the black hole only, the black hole plus the stellar cluster and
the contribution of two different DM mass density profiles. In each case the
S2 orbit apoastron shift is given. As one can see, for selected parameters
for DM and stellar cluster masses and radii the effect of the stellar cluster
is almost negligible while the effect of the DM distribution is crucial since it
enormously overcome the shift due to the relativistic precession. Moreover,
as expected, its contribution is opposite in sign with respect to that of the
black hole (Nucita et al. (2007)).

We note that the expected apoastron (or, equivalently, periastron) shifts
(mas/revolution), ∆Φ (as seen from the center) and the corresponding
values ∆φ±E as seen from Earth (at the distance R0 ' 8 kpc from the GC)
are related by

∆φ±E =
d(1± e)

R0
∆Φ, (21)

where with the sign ± are indicated the shift angles of the apoastron (+)
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and periastron (-), respectively. The S2 star semi-major axis and eccentricity
are d = 919 AU and e = 0.87 (Ghez et al. 2005).

In Fig. 15, the S2 apoastron shift as a function of the DM distribution
size RDM is given for α = 0 and MDM ' 2 × 105 M¯. Taking into
account that the present day precision for the apoastron shift measurements
is of about 10 mas, one can say that the S2 apoastron shift cannot be
larger than 10 mas. Therefore, any DM configuration that gives a total
S2 apoastron shift larger than 10 mas (in the opposite direction due to the
DM sphere) is excluded. The same analysis is shown in Figs. 16 and 17
for two different values of the DM mass distribution slope, i.e. α = 1 and
α = 2, respectively. In any case, we have calculated the apoastron shift for
the S2 star orbit assuming a total DM mass MDM ' 2× 105 M¯. As one
can see by inspecting Figs. 15-17, the upper limit of about 10 mas on the
S2 apoastron shift may allow to conclude that DM radii in the range about
10−3 − 10−2 pc are excluded by present observations.
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We notice that the results of the present analysis allows to further
constrain the results (Hall and Gondolo 2006) who have concluded that if
the DM sphere radius is in the range 10−3 − 1 pc, configurations with DM
mass up to MDM = 2×105 M¯ are acceptable. The present analysis shows
that DM configurations of the same mass are acceptable only for RDM out
the range between 10−3 − 10−2 pc, almost irrespectively of the α value.
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Figure 11: An allowed region for DM distribution from S2 like star
trajectories near the Black Hole at the Galactic Center (Hall and Gondolo
(2006)).
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Figure 12: An allowed region for DM distribution from S2 like star
trajectories near the Black Hole at the Galactic Center (Hall and Gondolo
(2006).
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Figure 13: An allowed region for DM distribution from S2 like star
trajectories near the Black Hole at the Galactic Center (Hall and Gondolo
(2006).
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Figure 14: PN-orbits for different mass configurations at the Galactic
Center. The S2 star has been considered as a test particle and its apoastron
shift is indicated in each panel as ∆Φ (in arcsec). The top-left panel
shows the central black hole contribution to the S2 shift that amounts to
about 580 arcsec. The top-right panels shows the combined contribution
of the black hole and the stellar cluster (taken following eq. 16) to the
S2 apoastron shift. In the two bottom panels the contribution due to two
different DM mass-density profiles is added (as derived in eq. 17). We
assume that DM mass MDM ' 2× 105 M¯.
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Figure 15: Apoastron shift as a function of the DM radius RDM for α = 0
and MDM ' 2×105 M¯. Taking into account present day precision for the
apoastron shift measurements (about 10 mas) one can say that DM radii
RDM in the range 8× 10−4 − 10−2 pc are not acceptable.
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Figure 16: The same as in Fig. 15 for α = 1 and MDM ' 2× 105 M¯. As
in the previous case one can say that the S2 apoastron shift put severe limits
on the DM mass radii that are not acceptable in the range 9× 10−4− 10−2

pc.
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Figure 17: The same as in Fig. 15 for α = 2 and MDM ' 2 × 105

M¯. As in the previous case one can say that the upper limit to the S2
apoastron shift allows to constrain the DM radius to be out the range
1.0× 10−3 − 1.1× 10−2 pc.
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Discussion

We have considered the constraints that the upper limit (presently of
about 10 mas) of the S2 apoastron shift may put on the DM configurations
at the galactic center considered by Hall and Gondolo (2006).

When (in about 10-15 years, even without considering improvements in
observational facilities) the precision of S2 apoastron shift will be about
1 mas (that is equal to the present accuracy in the S2 orbit reconstruction)
our analysis will allow to further constrain the DM distribution parameters.
In particular, the asymmetric shape of the curves in Figs. 15-17 imply that
any improvement in the apoastron shift measurements will allow to extend
the forbidden region especially for the upper limit for RDM .

In this context, future facilities for astrometric measurements at a level
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10 µas of faint infrared stars will be extremely useful (Eisenhauer 2005) and
they give a chance to put even more severe constraints on DM distribution.

In addition, it is also expected to detect faint infrared stars or even hot
spots (Genzel & Karas 2007) orbiting the Galactic Center. In this case,
consideration of higher order relativistic corrections for an adequate analysis
of the stellar orbital motion have to be taken into account.

In our considerations we adopted simple analytical expression and reliable
values for RDM and MDM parameters following Hall & Gondolo (2006) just
to illustrate the relevance of the apoastron shift phenomenon in constraining
the DM mass distribution at the Galactic Center. If other models for the
DM distributions are considered (see, for instance (Merritt et al. 2007)
and references therein) the qualitative aspects of the problem are preserved
although, of course, quantitative results on apoastron shifts may be different.
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Searches for DE or alternative gravity
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Astrophysical observations are pointing out huge amounts of dark matter
and dark energy needed to explain the observed large scale structures and
cosmic accelerating expansion. Up to now, no experimental evidence has
been found, at fundamental level, to explain such mysterious components.
The problem could be completely reversed considering dark matter and
dark energy as shortcomings of General Relativity and claiming for the
correct theory of gravity as that derived by matching the largest number
of observational data. As a result, accelerating behavior of cosmic fluid
and rotation curves of spiral galaxies are reproduced by means of curvature
effects.
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We investigate the possibility that the observed flatness of the rotation
curves of spiral galaxies is not an evidence for the existence of dark
matter haloes, but rather a signal of the breakdown of General Relativity.
To this aim, we consider power - law fourth order theories of gravity
obtained by replacing the scalar curvature R with f(R) = f0R

n in
the gravity Lagrangian. We show that, in the low energy limit, the
gravitational potential generated by a pointlike source may be written as
Φ(r) ∝ r−1

[
1 + (r/rc)β

]
with β a function of the slope n of the gravity
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Lagrangian and rc a scalelength depending on the gravitating system
properties. In order to apply the model to realistic systems, we compute
the modified potential and the rotation curve for spherically symmetric and
for thin disk mass distributions. It turns out that the potential is still
asymptotically decreasing, but the corrected rotation curve, although not
flat, is higher than the Newtonian one thus offering the possibility to fit
rotation curves without dark matter. To test the viability of the model,
we consider a sample of 15 low surface brightness (LSB) galaxies with
combined HI and Hα measurements of the rotation curve extending in the
putative dark matter dominated region. We find a very good agreement
between the theoretical rotation curve and the data using only stellar disk
and interstellar gas.
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Figure 18: Rotation curves.
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Figure 19: Rotation curves.

68



Figure 20: Rotation curves.
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Figure 21: Rotation curves.
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Figure 22: Parameters from rotation curves.
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Gravitational lensing is investigated in the weak field limit of fourth
order gravity in which the Lagrangian of the gravitational field is modified
by replacing the Ricci scalar curvature R with an analytical expression
f(R). Considering the case of a pointlike lens, we study the behavior
of the deflection angle in the case of power law Lagrangians, i.e. with
f(R) = f0R

n. In order to investigate possible detectable signatures, the
position of the Einstein ring and the solutions of the lens equation are
evaluated considering the change with respect to the standard case. Effects
on the amplification of the images and the Paczynski curve in microlensing
experiments are also estimated.
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Figure 23: Parameters from rotation curves.
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Microlensing scales are few A.U.

Therefore, there are significant deviations
from the Newtonian law in the Solar
system.
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Recent supernovae of type Ia measurements and other astronomical
observations suggest that our universe is in accelerating phase of evolution at
the present epoch. While a dark energy of unknown form is usually proposed
as the most feasible mechanism for the acceleration, there are appears some
alternative conception that some effects arising from generalization of
Einstein equation can mimic dark energy through a modified Friedmann
equation. In this work we investigate some observational constraints
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on modified Friedmann equation obtained from generalized Lagrangian
L ∝ Rn in minimal coupling with matter in Palatini formalism. We mainly
concentrate on the constraints of model parameters from distant supernovae
but other constraint from baryon oscillation prior is also considered. We
obtain the confidence levels on two additional model parameter (n,Ωm,0).
We conclude that the FRW model of First-Order Non-linear gravity survives
several observational test like SNIa observation and baryon oscillation peaks.
We find preferred value of Ωm,0 ' 0.3 from combined analysis of supernovae
data and baryon oscillation peak. For deeper statistical analysis we apply
Akaike and Bayesian information criteria of model selection for comparison
prediction of the model with prediction of concordance ΛCDM model.
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Figure 24: SNe Ia fits .
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Figure 25: SNe Ia fits.
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Figure 26: SNe Ia fits.
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Figure 27: SNe Ia fits.
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We explain the effect of dark matter (flat rotation curve) using modified
gravitational dynamics. We investigate in this context a low energy limit of
generalized general relativity with a nonlinear Lagrangian L ∝ Rn, where
R is the (generalized) Ricci scalar and n is parameter estimated from
SNIa data. We estimate parameter β in modified gravitational potential
V (r) ∝ −1

r(1 + ( r
rc

)β). Then we compare value of β obtained from SNIa
data with β parameter evaluated from the best fitted rotation curve. We
find β ' 0.7 which becomes in good agreement with an observation of
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spiral galaxies rotation curve. We also find preferred value of Ωm,0 from
the combined analysis of supernovae data and baryon oscillation peak. We
argue that although amount of ”dark energy” (of non-substantial origin) is
consistent with SNIa data and flat curves of spiral galaxies are reproduces in
the framework of modified Einstein’s equation we still need substantial dark
matter. For comparison predictions of the model with predictions of the
ΛCDM concordance model we apply the Akaike and Bayesian information
criteria of model selection.
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We present an analysis of a devised sample of Rotation Curves (RCs),
aimed at checking the consequences of a modified f(R) gravity in galactic
scales. Originally motivated by the the dark energy mystery, this theory
may serve as a possibility of explaining the observed non-Keplerian profiles
of galactic RCs in terms of a break-down of the Einstein General Relativity.
We show that in general the power-law f(R) version could fit well
the observations with reasonable values for the mass model parameters,
encouraging further investigation on Rn gravity from both observational
and theoretical points of view.
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Figure 28: Parameters from rotation curves.
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Figure 29: Rotation curves.
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Solar system constraints on fourth order gravity
(AZ, A. Nucita, F. De Paolis, G. Ingrosso, Phys. Rev. D

74, 107101 (2006))

Since many years different alternative approaches to gravity have
been proposed in the literature such as MOND scalar-tensor, Yukawa-like
corrected gravity theories and so on. Very recently, it has been proposed
by Capozziello et al. (2006) in the framework of higher order theories of
gravity – also referred to as f(R) theories – a modification of the gravity
action with the form

A =
∫

d4x
√−g[f(R) + Lm], (22)
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where f(R) is a generic function of the Ricci scalar curvature and Lm is
the standard matter Lagrangian. For example, if f(R) = R+2Λ the theory
coincides with General Relativity (GR) with the Λ term. In particular,
Capozziello et al. (2006) considered power law function f(R) theories of
the form f(R) = f0R

n. As a result, in the weak field limit, the gravitational
potential is found to be

Φ(r) = −Gm

2r

[
1 +

(
r

rc

)β
]

, (23)

where

β =
12n2 − 7n− 1−√36n4 + 12n3 − 83n2 + 50n + 1

6n2 − 4n + 2
. (24)
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Figure 30: The parameter β as a function of n for fourth order gravity.
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The dependence of the β parameter on the n power is shown in Fig. 30.
Of course, for n → ∞ it follows β → 1, while for n = 1 the parameter
β reduces to zero and the Newtonian gravitational field is recovered. On
the other hand, while β is a universal parameter, rc in principle is an
arbitrary parameter, depending on the considered system and its typical
scale. Consider, for example, the Sun as the source of the gravitational field
and the Earth as the test particle. Since Earth velocity is ' 30 km s−1, it
has been found that the parameter rc varies in the range ' 1− 104 AU.

Once rc and β has been fixed, Capozziello et al. (2006) used them to
study deviations from the standard Paczynski light curve for gravitational
microlensing (Paczynski (1986)) and claimed that the implied deviation can
be measured.It is clear that for gravitational microlensing one could detect
observational differences between GR and an alternative theory (the fourth
order gravity in particular), so that one should have different potentials at
the scale RE (the Einstein radius) of the gravitational microlensing . For
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the Galactic microlensing case RE is about 1 AU. This is a reason why the
authors Capozziello et al. (2006) have selected rc at a level of astronomical
units to obtain observable signatures for non-vanishing β. The aim of the
present paper is to show that solar system data (light bending and planetary
periods) put extremely strong constraints on both rc and β parameters
making this alternative theory of gravity not so attracting.

As stated above, we now discuss some observational consequences of
the fourth order gravity, depending on the choice of the parameters β and
rc.

A constraint on the proposed theory can be derived by considering
the light bending effect in the Sun limb. It is well-known that in the
parameterized post-Newtonian formalism the bending angle through which
a electromagnetic light ray from a distant source is deflected by a body
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with mass m is

θ =
(1 + γ)Gm

c2b
(1 + cos φ), (25)

where b is the impact parameter, φ is the solar elongation angle (between
the Sun and the source as viewed from Earth) and γ is the post-Newtonian
parameter. For GR, γ = 1 and for light rays at Sun’s limb, θGR = 1.75′′.
Recently, Shapiro et al. (2004) measured the bending angles for distant
compact sources and concluded that light bending angles follow GR with a
very high precision (γ = 0.9998± 0.0004).

In other words, this means that the deflection of the light path is well
described by the GR theory. In particular, as radio observations of distant
sources have shown the observed and expected bending angles are related
by θobs = (1.001± 0.001)θGR. In the framework of the fourth order gravity
theory, the deflection angle of light rays at Sun’s limb depends on both the
parameters β and rc. We explore this dependence in Fig. 31, by requiring
that the expected value for the bending angle is, at least, within 2σ (grey
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region) or within 5σ (light grey region) the observed value. Inspecting the
same figure, it is clear that only β-values nearby zero (corresponding to a
completely arbitrariness of rc) are consistent with the observed deflection
angles.

We therefore emphasize that β-values considered in Capozziello et al.
(2006) (i.e. β = 0.25, 0.43, 0.58, 0.75) are ruled out by light deflection
data.
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Figure 31: Constraints on the fourth order theory parameters (β and rc)
arising from the deflection angle of light rays close to the solar limb. The
grey and light grey regions embed the part of the parameter space allowed
by solar system observations at the 2σ and 5σ confidence level, respectively.
It is noticing that for scale reason we have not plotted values of rc up to
104 AU. For these cases, the observations can be restored only for β → 0.
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A stronger constraint on the fourth order gravity theory can be obtained
from the motion of the solar system planets. Let us consider as a toy
model a planet moving on circular orbit (of radius r) around the Sun. From
Eq. (23), the planet acceleration a = −∂Φ(r)/∂r is given by

a = −Gm

2r2

[
1 +

(
r

rc

)β

− β

(
r

rc

)β
]

. (26)

Accordingly, the planetary circular velocity v can be evaluated and, in turn,
the orbital period P is given by

P = PK

√
2

[
1 +

(
r

rc

)β

− β

(
r

rc

)β
]−1/2

, (27)

where PK = [4π2r3/(Gm)]1/2 is the usual Keplerian period. In order to
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compare the orbital period predicted by the fourth order theory with the
Solar System observations, let us define the quantity

∆P

PK
=
|P − PK|

PK
= |f(β, rc)− 1| (28)

being f(β, rc) the factor appearing on the right hand side of equation (27)
and multiplying the usual Keplerian period.

There is a question about a possibility to satisfy the planetary period
condition – vanishing the Eq. (28) – with β parameter which is significantly
different from zero. Vanishing the right hand side of Eq. (28) we obtain the
relation

ln r = ln rc − ln (1− β)
β

, (29)

so that Eq. (29) should be satisfied for all the planetary radii. This is
obviously impossible since the fourth order theory defines β as a parameter,
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while the specific system under consideration (the Solar system in our case)
allows us to specify the rc parameter. Hence the right hand side of Eq. (29)
is fixed for the Solar system, implying that it is impossible to satisfy Eq. (29)
even with two (or more) different planetary radii.
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Figure 32: The orbital period in units of the Keplerian one (the function
f(β, rc)) is given, as a function of β, in the case of Mercury (dashed
line), Venus (dotted line), Earth (solid line) for different rc (it is clear that
f(β, rc) →

√
2 for β → 1). If r > rc there is β ∈ (0, 1) satisfying Eq. (29),

but the β values depend on fixed rc and r and they are different for a fixed
rc and different r, so that it is impossible to satisfy Eq. (29) if the number
of planets is more than one. Moreover, if we have at least one radius r ≤ rc,
there is no solution of Eq. (29).

97



Just for illustration we present the function f(β, rc) as a dependence on
β parameter for fixed rc and planetary radii r (see Fig. 32). As one can see
from Eq. (29) (and Fig. 32 as well) for each planetary radius r > rc there
is β ∈ (0, 1) satisfying Eq. (29), but the β value depends on fixed rc and
r, so that they are different for a fixed rc and different r. Moreover, if we
have at least one radius r ≤ rc, there is no solution of Eq. (29). Both cases
imply that the β parameter should be around zero.

In Fig. 33 (left panel), the factor f(β, rc) is given as a function of β
for the two limiting values of rc, 1 AU (dashed line) and ' 104 AU (solid
line), considered by Capozziello et al. (2006). As one can note, only for β
approaching zero it is expected to recover the value of the Keplerian period.
In the above mentioned figure, the calculation has been performed for the
Earth orbit (i.e. r = 1 AU).

Current observations allow also to evaluate the distances between the
Sun and the planets of the Solar System with a great accuracy. In
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particular, differences in the heliocentric distances do not exceed 10 km
for Jupiter and amount to 180, 410, 1200 and 14000 km for Saturn,
Uranus, Neptune and Pluto, respectively. Errors in the semi-major axes of
the inner planets are even smaller so that the relative error in the orbital
period determination is extremely low. As an example, the orbital period
of Earth is T = 365.256363051 days with an error of ∆T = 5.0 × 10−10

days, corresponding to a relative error of ∆T/T less than 10−12. These
values can be used in order to constrain the possible values of both the
parameters β and rc introduced by the fourth order gravity theory. This can
be done by requiring that ∆P/PK . ∆T/T so that, in the case of Earth,
|f(β, rc) − 1| . 10−12 which can be solved with respect to β once the rc

parameter has been fixed to some value. For rc = 1 AU and rc = 104 AU
(i.e. the two limiting cases considered by Capozziello et al. (2006) we
find the allowed upper limits on the β parameter to be 4.0 × 10−12 and
3.9 × 10−13, respectively (since ∆P/PK = ∆β[−1 + ln (r/rc)]/4). These
results can also be inferred from the middle and right panels of Fig. 33.
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Figure 33: The factor f(β, rc) is given as a function of β (left panel) for
the two limiting values of rc, 1 AU (dashed line) and ' 104 AU (solid line),
respectively. As one can note, only for β approaching 0 it is expected to
recover the value of the Keplerian period. Here, the calculation have been
performed at Earth (i.e. r = 1 AU). In the middle and right panel, the
quantity f(β, rc)− 1 is given as a function of β for rc = 104 AU and rc = 1
AU. Note that only for values of β close to 0 the Solar System observation
can be restored (see text for more details).
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A more precise analysis which takes into account the planetary semi-
major axes and eccentricities leads to variations of at most a few percent
with respect to the results in Fig. 33, since the planetary orbits are nearly
circular. Therefore, in spite of the fact that orbital periods of planets are
not generally used to test alternative theories of gravity (since it is taken
for granted that the weak field approximation of these theories gives the
Newtonian limit), we found that these data are important to constrain
parameters of the fourth order gravity theory.

GR and Newtonian theory (as its weak field limit) were verified by a
very precise way at different scales. There are observational data which
constrain parameters of alternative theories as well. As a result, the
parameter β of fourth order gravity should be very close to zero (it means
that the gravitational theory should be very close to GR). In particular, the
β parameter values considered for microlensing Capozziello et al. (2006)for
rotation curves Capozziello et al. (2006) and cosmological SN type Ia
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Borowiec et al. (2006) are ruled out by solar system data.

No doubt that one could also derive further constraints on the fourth
order gravity theory by analyzing other physical phenomena such as Shapiro
time delay, frequency shift of radio photons, laser ranging for distant objects
in the solar system, deviations of trajectories of celestial bodies from ellipses,
parabolas and hyperbolas and so on. But our aim was only to show that
only β ' 0 values are not in contradiction with solar system data in spite of
the fact that there are a lot of speculations to fit observational data with β
values significantly different from zero.
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Conclusions

• Present large telescopes and especially forthcoming Next Generation
Large Telescope (NGLT) could be treated as a tool for an indirect
detection of DM near the Galactic Center

• Solar system constraints on Rn theories are very severe.
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