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Outline 

0. What the anisotropic inflation is 

1. Evolution of homogeneous anisotropic 
background 

2. Features of the induced primordial 
fluctuation  
              (applying linear perturbation) 

3. Its possible imprints on the CMB 



0-1.motivation of the study 
• Standard inflation theory 

– Primordial fluctuation: statistically homogeneous & isotropic      
…but this always has to be tested observationally. 

• Statistical anisotropy (e.g. direction dependence of p.s.) 

 
• “tentative detection” in the CMB (Groeneboom et al, 2009) 

Assuming above ”ACW signal” , WMAP5 temp. map (W band, L=2-400)  is analyzed  

Percent-level violation of statistical isotropy 
 has become an observational target! 

Groeneboom et al, 2009 

Inflationary model w/ anisotropy deserves to be considered 

http://maru.bonyari.jp/texclip/texclip.php?s=/begin{equation}P({/bf k})=P(k)/left[ 1+/textcolor{red}{g_{*}}(/hat{/bf k}/cdot/textcolor{red}{/bf n})^2 /right]. /nonumber///end{equation}
http://maru.bonyari.jp/texclip/}) /rangle= P(/textcolor{red}{/bf k}) /delta ^3({/bf k-k
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{eqnarray}

g_{*} &=& 0.29/pm0.031, /nonumber//

n &=& (94^{/circ},26^{/circ})/pm 4^{/circ}. /nonumber

/end{eqnarray}


0-2.idea of anisotropic inflation 
Introduce vector field 

（& privileged direction）to inflation 

Generate primordial fluctuation 
that is statistically anisotropic 

problem 

1. Whether anisotropic cosmic expansion can be an attractor solution. 
2. Then, how the anisotropy in generated fluctuation will become. 
3. What we can expect as the characteristic signature in the CMB.  

   

Cosmic no-hair theorem・・・systems such as “perfect fluid with p/ρ<-1/3” or 
“cosmological const. + matter(strong & dominant e.c.) ”  converge to  isotropic universe. 

Solution we propose 

Consider vector field coupled (thru function f) to scalar inflaton field 



1-1.Background EoM 

• Basic eqs: 

define expansion normalized variables: 

to obtain 3-dim. autonomous system to analyze 

http://maru.bonyari.jp/texclip/texclip.php?s=/begin{equation}

ds^2 = -dt^2+a^2/left[

b^{-4}dx^2+b^2/left(dy^2+dz^2/right)/right], /nonumber

/end{equation}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{equation}

H /equiv /dot{a}/a, /quad /textcolor{red}{/Sigma /equiv /dot{b}/b.} /nonumber

/end{equation}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{equation}

/dot{A_x}=/frac{p_A}{f^2ab^4}. /quad (p_A:{/rm const.}) /nonumber//

/end{equation}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{equation}

/rho_{/rm vec}= /frac{p_A^2}{2f^2a^4b^4} /quad /left(=-P_x=P_y=P_z. /right) /nonumber

/end{equation}


1-2.Phase flow: 
review of single field inflation@Z=0 
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Y-axis：Slow rolling is attractive (for small dV/dφ) 
          “inflation is realized even if initially fast rolling” 
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1-2.Phase flow: 
review of single field inflation@Z=0 
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<0  ⇒attractor 

Y-axis：Slow rolling is attractive (for small dV/dφ) 
          “inflation is realized even if initially fast rolling” 
X-axis：cosmic no-hair th.(for ρ+3p<0 perfect fluid) 
                        “the universe is isotropized by inflation” 

eigen value: 



1-2.Phase flow 

Anisotropic fixed point@(X,Y,Z)=... 
                    if 

saddle point 



1-2.Phase flow 

Anisotropic fixed point@(X,Y,Z)=... 
                    if 

As Re (ω)< 0,it’s an attractor! 

saddle point 



1-2.Phase flow 

Anisotropic fixed point@(X,Y,Z)=... 
                    if 

As Re (ω)< 0,it’s an attractor! 

saddle point 
an attractor solution of 
anisotropic inflation is found! 



2-1.Analysis of fluctuation: 
perturbation in anisotropic background 

• mode mixing between 3d-sca.,vec.,ten. pert. 

2d-Scalar 2d-Vector 

3d-
Scalar 

curvature 
perturbation 

3d-
Vector 

“//”linear 
polarization 

“⊥”  linear 
polarization 

3d-
Tensor 

“+”gravitational 
wave(GW) 

“×”  graviational 
wave 

in isotropic 
(FL) universe 
 5 d.o.f are 
decoupled 

in this anisotropic universe, 
2 and 3 d.o.f. are respectively 
coupled 

3 modes 2 modes 

http://maru.bonyari.jp/texclip/texclip.php?s=$

(/Phi)$


2-2.perturbative analysis: setup 
• homogeneous background：assuming anisotropic inflation, 

and parameterize as: 
– slow-roll parameters: 

 

– density ratio (const. assumed):  

 

• Conformal  time 

 

 

 
EoM of curvature perturbation: 

And for the others: 

Θ: angle between k vector & x-axis 

http://maru.bonyari.jp/texclip/texclip.php?s=/begin{equation}

/epsilon /equiv -/frac{/dot{H}}{H^2},/, 

/delta /equiv 2/epsilon-/frac{1}{2H}/frac{/dot{/epsilon}}{/epsilon}. 

/nonumber

/end{equation}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{equation}

I /equiv /frac{2}{/epsilon}/frac{/rho_{/rm vec}}{V(/phi)},

/quad (0/leq I <1.\
http://maru.bonyari.jp/texclip/texclip.php?s=

/begin{equation}

ds^2 = a^2/left[

b^{-4}/left( -d/eta^2+ dx^2/right)+b^2/left(dy^2+dz^2/right)/right]. /nonumber

/end{equation}
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http://maru.bonyari.jp/texclip/'=/cdots,/quad H_{+}'


2-3.evaluation of anisotropy 

• evolution of direction dependence of curvature fluctuation 

energy ratio: 10-7 

:e-folding number from horizon exit to inflation end 

http://maru.bonyari.jp/texclip/texclip.php?s=$N(k)$
http://maru.bonyari.jp/texclip/texclip.php?s=/[

/frac{P_{/Phi}({/bf k})|_{/theta = /pi /2}}{P_{/Phi}({/bf k})|_{/theta = 0}}-1 /nonumber

/]
http://maru.bonyari.jp/texclip/texclip.php?s=$

P_{/Phi}({/bf k}) /approx P_{/Phi}^{/rm iso}(k) /left[ 1+24I

/textcolor[rgb]{0,0.4,0}{N(k)^2}

/textcolor{blue}{/sin ^2 /theta} /right]

$


i. direction dependence of curvature power spectrum 
 

 

ii. direction dependence of GW p.s. 
 
 

iii.   cross correlation between curvature  
                                     & + mode GW  

 

iv.   linear polarization of GW 

3-1. statistical anisotropy of primordial 
fluctuations 

Privileged 
direction 

+  mode pol. 

I:density ratio,  N(k):e-folds,  θ:angle between k & privileged direction 

ε:slow-roll parameter of inflation 

http://maru.bonyari.jp/texclip/texclip.php?s=$/bf /hat{k}$ sphere
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P_{H_{+}}({/bf k})-P_{H_{/times}}({/bf k}) /sim {/cal O}/left( 

/textcolor{red}{/epsilon ^2}

I^2

/textcolor[rgb]{0,0.4,0}{N(k)^4}
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$
http://maru.bonyari.jp/texclip/texclip.php?s=$

P_{/Phi}({/bf k}) /approx P_{/Phi}^{/rm iso}(k) /left[ 1+24I
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$
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P_{H_{+,/times}}({/bf k}) /approx P_{H}^{/rm iso}(k) /left[ 1+6

/textcolor{red}{/epsilon}

I
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$
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I
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3-2.hierarchy of anisotropy: 
off-diagonal(l≠l’) TT spectrum  

 
i.curvature 

(direction 
dependence) 

amplitude : set by observational upper bound (24IN2 ~ 0.3 ), r~0.3 

ii.GW(d. d.) 

iv. linear 
polarization 
 

 
iii.cross correlation 

multipole moment l 



3-3. characteristic signal:  
off-diag TB/EB by (iii) cross correlation  

 
TB 

EB 

Ref. of magnitude: 
conventinal isotropic 
BB(CBB

l ) induced by 
GW 

With most optimistic anisotropy,  TB signal has amplitude comparable to conventional  
isotropic BB induced by GW (regardless of tensor-to-scalar ratio; both are O(ε)) 

multipole moment l 



Summary 
• introducing vector field that is coupled to inflaton, 

possibility of generation of statistical anisotropy in 
primordial fluctuation is studied 

– There exists an attractor solution of the anisotropic 
inflation depending on the form of coupling function. 
    (shear/ expansion < O(epsilon)) 

– In addition to direction dependence of curvature fluc., 
violation of 3-dim. rot. sym. induces: 

 3d- scalar –tensor cross correlation  
>> d. d. of GW   >> linear polarization of GW 
(epsilon hierarchy) 

– If gravitational wave is to be found in CMB, characteristic 
signature(e.g. off-diag TB ) induced by 3d ST cross 
correlation may also be detectable. 
    (O(epsilon) effect) 

 

Thank you! 


