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Why modify gravity?
Dark Energy and Cosmological Constant

I: Old cosmological constant problem: !
!

Why is the universe not accelerating at a gigantic rate 
determined by the vacuum energy?

II: New cosmological constant problem: !
!

Assuming I is solved, what gives rise to the remaining vacuum 
energy or dark energy which leads to the acceleration we 

observe?



I: Old cosmological 
constant problem:  

Solution 1: Give in - too hard!!

Solution 2: Anthropic Principle - Give in with an excuse !

Solution 3: Change how vacuum energy gravitates !

Examples : Extra dimensions - SLED (Cliff Burgess 
talk)   (UV modification of gravity)!

Or more fundamental IR modification to gravity!

‘Degravitation or screening of cosmological constant’



II: New cosmological 
constant problem:  

Vanilla Dark Energy e.g. quintessence (a.k.a. 
inflation) could explain but poorly motivated and 
little new interesting physics!

Cosmological constant introduces a new scale - tie 
scale to new IR physics!

Self-acceleration - generate acceleration from new 
gravitational physics!

Potentially technically natural solution for II 
(assuming I solved by other means)

H(today) ⇠ 10

�33
eV



The original (post Einstein) modified 
theory of  gravity: 
Kaluza-Klein theory 

!!

5 Dimensional Gravity compactified 
on a circle !

5D massless graviton =  4D massless 
graviton + 4D  massless photon + 4D 
massless scalar +   N 4D massive 
gravitons!

Consistent UV modification at KK 
scale m= 1/R



Kaluza-Klein = theory of  
massive gravitons

ds

2 = dy

2 + [⌘µ⌫ + hµ⌫(x, y)]dx
µ
dx

⌫

y 2 [0, L]

hµ⌫(x, y) =
1X

n=�1
e

2⇡iny/L
hµ⌫,n(x)

Kaluza-Klein tower of massive graviton states !
with wavefunctions

hµ⌫,n(x)

Finite number of weakly coupled gravitons N ⇠ MplanckL

mn =
2⇡

L
n



Gravitational 
Deconstruction

ds

2 = dy

2 + [⌘µ⌫ + hµ⌫(x, y)]dx
µ
dx

⌫

Now replace the continuous extra dimension by a lattice

yk = k
L

N @yhµ⌫(x, yk) =
N

L

(hµ⌫(x, yk+1)� hµ⌫(x, yk))

Gives a theory of N massive and one massless graviton

k = 0 . . . N

This picture of the discrete Fourier transform of the KK picture

Arkani-Hamed, Cohen, Georgi 2001
Arkani-Hamed, Schwartz 2004

L

2⇡



ds

2 = dy

2 + [⌘µ⌫ + hµ⌫(x, y)]dx
µ
dx

⌫

Now replace the continuous extra dimension by a !
disordered lattice!

Gives a theory of N massive and one massless graviton

Random distribution of nearest neighbour interactions

But now the masses are no longer equally spaced on the KK tower!

L

2⇡

Gravitational 
Deconstruction

By making one of the lowest non-zero mass state as low as desired:

IR modification of gravity!

de Rham, Matas, Tolley 2013



Gravitational Deconstruction
All of this may be performed at the non-linear level, easiest in 

Einstein-Cartan (vielbein formalism)

5D GR

4D multigravity - Ghost free

S = M2
5

Z
dy

Z
E ^ E ^ E ^R5

S = M2
4

X

i

Z
e ^ e ^R4 +M2

4

X

i

m2
i ei ^ ei ^ (ei+1 � ei) ^ (ei+1 � ei)

1 massless + N massive gravitons

By weighting the discretization we may generate all 
allowed ghost free mass terms

de Rham, Matas, Tolley 2013

Hinterbichler and Rosen 2012



Special cases: Massive Gravity and Bigravity
In the case N=1 this is exactly the ghost-free Bigravity model more 

familiar in metric form 
Bigravity!
massless graviton 
(2 d.o.f.)!
+ massive 
graviton (5 d.o.f.)

Massive gravity!
massless graviton!

with decoupled massless graviton

decoupling !
limit

Mf ! 1
Det[1 + �K] =

dX

n=0

�nUn(K)

L =
1

2

p
�g

 
M2

P R[g]�m2
4X

n=0

�n Un

!
+ LM

L =
1

2

 
M2

P

p
�gR[g] +M2

f

p
�fR[f ]�m2

dX

n=0

�nUn(K)

!
+ LM

+decoupled massless graviton fµ⌫

K = 1�
p
g�1f

Hassan, Rosen 2011

de Rham, Gabadadze, AJT 2010



r � rV

r � rV

Screened region
Weak coupling region

For Sun

rV � 250pc

rs � 3km

m�1 � 4000Mpc

Vainshtein effect
When curvature is large R � m2 recover GR
When curvature is small R ⌧ m2 fifth force propagates

Determines characteristic Vainshtein radius M

M2
P r

3
V

⇠ m2

rV = (rsm
�1)1/3



Gauge Invariance

In Massive Gravity - Mass term breaks a single copy of local 
Diffeomorphism Group down to a global Lorentz group

Diff(M) ! Global Lorentz

In Bigravity - Mass term breaks two copies of local 
Diffeomorphism Group down to a single copy of Diff group 

Diff(M)⇥Diff(M) ! Diff(M)
diagonal



Gauge invariance can be recovered by introducing 
Stueckelberg fields

Massive Gravity Bigravity

gµ⌫(x) Fµ⌫ = fAB(�)@µ�
A@⌫�

B

reference metric
dynamical !

metric

Gauge Invariance

�

a = x

a +
1

mMP
A

a +
1

⇤3
@

a
⇡

⇤3 = m2MP

Stuckelberg !
fields

helicity-0 mode of graviton

helicity-1 mode of graviton



and perform the scaling or decoupling limit,

Mp → ∞ , Mf → ∞ , m → 0 (4.6)

while keeping

Λ3 = (m2Mp)
1
3 → constant and Mp/Mf constant . (4.7)

In addition, the scaling is done such that the β̂n are kept constant where βn = M2
p β̂n.

The resulting action in the Λ3 decoupling limit can be split into two contributions

lim
Mp→∞ ,Λ3 constant

Sbigravity = Shelicity−2/0 + Shelicity−1/0 (4.8)

where Shelicity−1/0 contains only interactions between the helicity-1 and helicity-0 de-
grees of freedom [76]5:

Shelicity−1/0 = −
β̂1

4
δµνρσabcd

!

1

2
Ga

µω
b
νδ

c
ρδ

d
σ + (δ + Π)aµ[δ

b
νω

c
ρω

d
σ +

1

2
δbνδ

c
ρω

d
αω

α
σ]

"

−
β̂2

8
δµνρσabcd

#

2Ga
µ(δ + Π)bνω

c
ρδ

d
σ + (δ + Π)aµ(δ + Π)bν [ω

c
ρω

d
σ + δdσω

c
αω

α
ρ]
$

−
β̂3

24
δµνρσabcd

#

(δ + Π)aµ(δ + Π)bν(δ + Π)cρω
d
αω

α
σ + 3ωa

µG
b
ν(δ + Π)cρ(δ + Π)dσ

$

,

where

ωab =

%

∞

0

du e−2ue−uΠa
a′

Ga′b′e
−uΠb′

b (4.9)

=
&

n,m

(n+m)!

21+n+mn!m!
(−1)n+m (ΠnGΠm )ab ,

is the solution of

Gab = ∂aBb − ∂bBa = ωac(δ + Π)cb + (δ + Π)a
cωcb , (4.10)

Πab is defined as

Πab =
∂a∂bπ

Λ3
3

. (4.11)

Similarly Shelicity−2/0 contains the interactions of the helicity-2 and helicity-0 modes
and is given by

Shelicity−2/0 =

%

d4x

'

−
1

4
hµν Êαβ

µν hαβ −
1

4
vµν Êαβ

µν vαβ

+
Λ3

3

2
hµν(x)Xµν +

MpΛ3
3

2Mf
vµA[x

a + Λ−3
3 ∂aπ](ηAν + ΠA

ν )Y
µν

(

, (4.12)

5As in [76] we take the standard definitions of the Kronecker deltas: δµνρσabcd = εµνρσεabcd. More
generally we have δµνρabc = 1

1!
εµνρdεabcd and δµνab = 1

2!
εµνcdεabcd.
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where Êαβ
µν is the Lichnerowicz operator defined on a background Minkowski space-time

with the convention (Êh)µν = −1
2

!

!hµν − ∂α∂µhα
ν − ∂α∂νhα

µ + ∂µ∂νh− ηµν(!h− ∂a∂bhab)
"

.
The tensors Xµν and Y µν are defined by

Xµν = −
1

2

4
#

n=0

β̂n

(3− n)!n!
εµ...εν...(η + Π)nη3−n , (4.13)

and

Y µν = −
1

2

4
#

n=0

β̂n

(4− n)!(n− 1)!
εµ...εν...(η + Π)(n−1)η4−n , (4.14)

where we have used a short hand notation in which the indices of (η + Π) and η are
contracted between the pairs of Levi-Civita symbols ε in order.

In this representation the dependence of the action on vµν is nontrivial due to π
dependence in vµA[xa + Λ−3

3 ∂aπ](ηAν + ΠA
ν ) term. We can however undo this with a

coordinate transformation in the last term to write an equivalent representation:

Shelicity−2/0 =

$

d4x

%

−
1

4
hµν Êαβ

µν hαβ −
1

4
vµν Êαβ

µν vαβ

+
Λ3

3

2
hµν(x)Xµν +

MpΛ3
3

2Mf
vµν(x

a)Ỹ µν

&

, (4.15)

where

Ỹ µν = −
1

2

4
#

n=0

β̂n

(4− n)!(n− 1)!
εµ...εν...η(n−1)(∂Z)4−n , (4.16)

and where (∂Z)aν = ∂µZa(x) and the function Za(x) is defined via the implicit relation

Za(xb + Λ−3
3 ∂bπ(x)) = xa . (4.17)

The fact that we have performed the coordinate transformation in only the last term
might seem strange, however it is allowed because the integration variable is a dummy
variable. Essentially we are using the four dimensional version of the identities
$

∞

−∞

dx (f(x) + h(x)) =

$

∞

−∞

dxf(x) +

$

∞

−∞

dxh(x) =

$

∞

−∞

dxf(x) +

$

∞

−∞

dZ h(Z)

=

$

∞

−∞

dx

'

f(x) +
dZ(x)

dx
h(Z(x))

(

. (4.18)

where Z(x) is a monotonic function satisfying Z(±∞) = ±∞.
To elucidate the meaning of this remember that the diff Stückelberg fields are

defined in the decoupling limit as Φa(x) = xa + Λ−3
3 ∂bπ(x), thus the relation (4.17) is

Za(Φb(x)) = xa , (4.19)

in other words the function Za is the inverse function, i.e. inverse coordinate transfor-
mation to Φa. The function Φa provides a map from the coordinates of the metric g
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Fasiello, AJT 2013

Weak field phenomenlogy of massive gravity and bigravity well described 
by 1 or 2 massless gravitons coupled to matter plus a Galileon non-

minimally coupled to matter

Weak (helicity-2) field limit= Galileons
de Rham, Gabadadze 2009

gµ⌫ = ⌘µ⌫ +
1

MP
hµ⌫ fµ⌫ = ⌘µ⌫ +

1

MP
vµ⌫



Fasiello, AJT 2013

Post-diagonalization: Galileons
de Rham, Gabadadze 2009

S =

Z
d

4

x


�1

4
h

µ⌫E↵�
µ⌫ h↵� � 1

4
v

µ⌫E↵�
µ⌫ v↵�

�
+ S

Galileon

+ S

mattercoupling

S
Galileon

=
4X

n=0

⇡ cn Un(K) Det[1 + �K] =
dX

n=0

�nUn(K)

Kµ
⌫ = @µ@⌫⇡

Novel feature, matter has `disformal’ couplings

S

matter coupling

=

Z
d

4

x

1

MP
(⇡T + @µ⇡@⌫⇡T

µ⌫ + . . . )



Imagine a scalar � = �b + ��

coupled to the energy density � = �b + ��

Generic form of equation of motion for perturbations

kinetic term mass term coupling to matter

Z(�b, ⇢b)


d

2

��

dt

2

� c

2

s
d

2

��

dx

2

�
+m

2(�b, ⇢b)�� = �(�b, ⇢b)GNewton

�⇢

gradient term

Galileons encode the essential phenomenology 
of  the Vainshtein mechanism

This is one of a handful of screening mechanisms …..



Force between two masses:

Fifth forces -!
 Forces beyond the Gravity, Electromagnetic, Weak 

Force, Strong Force

Z(�b, ⇢b)


d

2

��

dt

2

� c

2

s
d

2

��

dx

2

�
+m

2(�b, ⇢b)�� = �(�b, ⇢b)GNewton

�⇢

F ⇡ MaMbG

r2
�2

(�b, ⇢b)p
Z(�b, ⇢b)cs(�b, ⇢b)

exp(�m(�b, ⇢b)r)



Fifth force constraints: screening

To ensure fifth forces are small

Only three independent possibilities!

(b) Mass is large

(a) Coupling is small

(c) Kinetic term is large

�(�b, �b)� 1

Z(�b, �b)� 1

m(�n, �b)�
1

rexp

F ⇡ MaMbG

r2
�2

(�b, ⇢b)p
Z(�b, ⇢b)cs(�b, ⇢b)

exp(�m(�b, ⇢b)r)

�2
(�b, ⇢b)p

Z(�b, ⇢b)cs(�b, ⇢b)
exp(�m(�b, ⇢b)r)

Vainshtein!!!!!

chameleon

symmetron



Generalized Galileons and 
Horndeski

The Galileons can be combined together with k-essence and 
canonical scalar fields into the generalized Galileons 

Det[1 + �K] =
dX

n=0

�nUn(K)

Kµ
⌫ = @µ@⌫⇡

L =
dX

n=0

An(⇡, X)Un(K)

X = �1

2
(@⇡)2

The covariant version of these Lagrangians are the 
Horndeski Lagrangians



Generalized Galileons and 
Generalized Massive Gravity
The massive gravity action can be generalized to a covariant 

theory whose decoupling limit corresponds to the generalized 
Galileons

S = M

2
P

Z
d

4
x

p
�g

"
�(�a

�a)R�
dX

n=0

�n(�
a
�a)Un(K)

#
de Rham, Keltner, AJT, 1403.3690 

inclusion of potentials for Stueckelberg fields, in the decoupling 
limit corresponds to 

L =
dX

n=0

An(X)Un(K)

Kµ
⌫ = @µ@⌫⇡

X = �1

2
(@⇡)2

N.B. these models allow !
for flat FRW solutions!!!



Gauge Invariance II
Schwinger taught us that you can have a mass without violating 

gauge invariance!
Example: Proca theory L =

1

4
Fµ⌫F

µ⌫ � 1

2
m2A2

µ

Integrate out Stueckelberg fields

L =
1

4
Fµ⌫F

µ⌫ � 1

2
m2(Aµ � @µ�)

2

Introduce Stueckelberg fields

L =
1

4
Fµ⌫F

µ⌫ � 1

4
m2Fµ⌫

1

⇤Fµ⌫

Such a nonlocal mass term can be obtained from loop effects 
from integrating out a light field Schwinger Model (2D)



Gauge Invariance II
We can do the same for massive gravity - integrating out 

Stueckelberg fields generates non-local mass terms which are 
nevertheless manifestly gauge invariant

These non-local terms could be viewed as arising!
from integrating out quantum effects from light fields

Ghost-free massive gravity can be written in the 
manifestly gauge invariant form

L =
1

2

p
�gR� 1

2
m2Rµ⌫ 1

⇤2
(Rµ⌫ � gµ⌫R) + . . .

+ Infinite number !
higher curvature similar terms



UV complete Massive Gravity
A local, causal, unitary theory UV completion of a theory of a 

single massive (with no massless!) graviton exists in AdS

Porrati, 2001

UV completion: 4d gravity coupled to a CFT in AdS

L =
p
�g(R+ 2|⇤|) + LCFT

CFT = e.g. conformally coupled scalar field
Integrating out the CFT with mixed boundary conditions at the 

boundary of AdS generates a non-local contribution to the action

Non-local term precisely generates a mass for the graviton!

Higgs Mechanism for Gravity or Schwinger mechanism for Mass!



The simplest model (dRGT model - Massive Gravity in Minkowski) 
does not support spatially flat (or closed) FRW solutions

Argument is simple: as in GR we have Friedman equation and 
Raychaudhuri equation - the 2nd follows from 1st by diff invariance!

!
 But in MG diff invariance is broken and so 2nd does not follow from 

1st - consistency of two imposes condition on scale factor

where overdot denotes the time derivative ∂0. We emphasize that the quantity ḟ
appears in the Lagrangian only linearly. The same remains true if we keep nonzero
α3 and α4 - it is just the special structure of the terms L(n)

der(K), n = 2, 3, 4 in (12),
that ensures that ḟ enters only linearly! This is a consequence of the fact that in the
decoupling limit the equations of motion of this theory have no more than two time
derivatives acting on the helicity-0 field in particular (and on any field in general)
[3]. Away from the decoupling limit this is related to the constraint that was found
in Refs. [1, 4, 5]. Here we see the constraint for the FRW metric to all orders, by
taking variation of (14) w.r.t. f :

m2∂0(a
3 − a2) = 0 . (15)

This constraint makes time evolution of the scale factor impossible. As we have noted
above, keeping the K3 and K4 terms in (12) can only modify the polynomial function
of a on which ∂0 acts in (15). Therefore, there are no nontrivial homogeneous and
isotropic solutions in the theory of massive GR, defined by (12).

It is also instructive to show the absence of FRW solutions in the unitary gauge,
for which φa = δaµx

µ, and no f field appears in the action to begin with. In this gauge,
the most general homogeneous and isotropic ansatz involves the lapse function N(t),

ds2 = −N2(t)dt2 + a2(t)dx⃗2 , (16)

and the Lagrangian (12) with α3 = α4 = 0 reads

L = 3M2
Pl

!

−
aȧ2

N
−m2(a3 − a2) +m2N(2a3 − 3a2 + a)

"

. (17)

As can be straightforwardly verified, the condition (15) in this case arises as the
requirement of consistency of the equations of motion for the two fields, a and N
in (17). More specifically, one can obtain (15) by taking the difference between the
time-derivative of the e.o.m. for N and the e.o.m. for a. Technically, this is so
because the second term on the r.h.s. of (17) has no factors of N in it and the
constraint arises as the direct result of the Bianchi identity of GR.

We briefly note that the homogeneous and isotropic solutions would not be for-
bidden if the mass term were not an explicit constant, but instead emerged as a
VEV of some field-dependent function; i.e., if we replaced m2 → m2(σ) in (12),
where σ is a scalar field that also has its own kinetic and potential terms. Then,
variation w.r.t. f would give rise to a constraint

∂0(m
2(σ)(a3 − a)) = 0 , (18)

that relates time evolution of the scale factor to that of the σ field, but it does not
forbid homogeneous and isotropic solutions. Hence, the absence of the homogeneous
and isotropic solutions is an intrinsic property of massive GR with an explicit mass
term, as in (12). By this property it could potentially be distinguished observation-
ally from the theory with a dynamical mass m2(σ). Moreover, for the latter theory
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Perfect Homogeneous and Isotropic solutions (FRW) are 
forbidden in the simplest form of Massive Gravity

Possible to find inhomogeneous models that are locally 
indistinguishable from FRW over scales set by the graviton 
mass

d � m�1 In each bubble the 
Vainshtein mechanism 
ensures the cosmology 
is close to Einstein GR

COMPTON WAVELENGTH of GRAVITON  = 
COHERENCE LENGTH

Evading FRW No-Go, I



• Previously described Generalized Massive gravity does 
admit FRW solutions (no-one has done pert analysis yet)!

• Bi-gravity (see Agnis Schmidt-May talk) and multi-
gravity do admit FRW solutions!

• Quasi-dilaton and other extensions where mass term 
depends on a field admit FRW solutions!

• In general allowing the mass to depend on other 
fields (be they scalars or additional metrics) is the 
solution to this problem!

Evading FRW No-Go, II



Same argument can be applied to generic cosmological 
solutions on quasi-dilaton massive gravity  

2.2 Adding the quasi-dilaton

We would like to promote the purely gravitational sector of the ghost-free massive GR to

a theory, invariant under the global rescalings of the four scalars φa w.r.t. the physical

coordinates, xµ (or, to put it in a different way, the dilatations in the internal space). To

this end, we introduce a canonically normalized field σ, and impose the global invariance,

realized in the Einstein frame as in (1). The extended massive gravity action which respects

this symmetry reads,

SE =

!

d4x
M2

Pl

2

√
−g

"

R−
ω

M2
Pl

gµν∂µσ∂νσ −
m2

4

#

U2(K̃) + α3U3(K̃) + α4U4(K̃)
$

%

+

!

d4x
√
−gLm(gµν ,ψ) ,

(9)

where we have defined

K̃µ
ν = δµν − eσ/MPl

&

gµα∂αφa∂νφbηab . (10)

Note that the global symmetry (1) constrains the coupling of σ to gravity up to deriva-

tive terms. We will choose this symmetry as a guiding principle for constructing matter

couplings as well. In particular, we will couple the matter fields to the Einstein-frame

metric gµν in the minimal way, without any direct coupling to the Stückelberg fields φa.

This significantly constrains the interactions of σ with matter, allowing only for irrelevant

derivative interactions, which we will ignore in what follows.

Note that the global symmetry (1) is a linear combination of the global subgroup of

diffeomorphisms, xµ → e−αxµ, and dilatations, which are also a symmetry of the purely

gravitational sector and are realized in the Einstein frame as

xµ → eαxµ , gµν → e−2αgµν , σ → σ −MPlα , φa → eαφa . (11)

For constructing the couplings to matter however, we choose to explicitly break the di-

latation invariance (11), retaining (1) as the exact global symmetry of the action 6.

One interpretation of the theory (9) is the following. In massive gravity, we introduce

6In fact, the choice of (1) as the guiding principle for coupling the theory to matter can easily be
motivated from phenomenological considerations. Indeed, we cannot allow any O(1) coupling of matter
to σ, if it is to be stabilized/hidden from the experimental tests of gravity. One can easily see this from
the following reasoning. Massive gravity without the dilaton possesses a built-in property of screening
extra scalars from observations - the Vainshtein mechanism [35], which originates from the continuity of
the theory in the m → 0 limit, leading to the agreement of predictions of a massive theory with GR in
the massless limit. But if σ is to couple to matter, the massless limit of (9) will feature a free dilaton,
gravitationally coupled to external sources, modifying GR at O(1). In fact, even without coupling σ to
matter there still is a potential problem of hiding (one combination of) the scalars π and σ from solar
system tests. We will however show in Sec. 4 that the Vainshtein mechanism successfully takes care of
this issue.
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Generically we find a nonzero kinetic term for helicity zero 
mode showing that the general cosmological solutions are 

healthy!!
!

However has its own instabilites, D’Amico et al 2013

D’Amico et al 2012
Quasi-Dilaton



Previous problems resolved by De Felice, Mukohyama 2013

2

invariant under (1). We then build the following terms,
which provide a mass to the graviton.

L2 ≡
1

2
([K]2 − [K2]) , (7)

L3 ≡
1

6
([K]3 − 3[K][K2] + 2[K3]) , (8)

L4 ≡
1

24
([K]4 − 6[K]2[K2] + 3[K2]2

+ 8[K][K3]− 6[K4]) , (9)

where square brackets denote a trace.
Note that the dependence of the extended fiducial met-

ric (4) on the time-derivative of the quasidilaton alters
the Hamiltonian structure of the system, and one might
worry about possible reappearance of the Boulware-Deser
(BD) ghost [11]. Fortunately, the type of theory consid-
ered in the present paper falls into a wider class of models
that was claimed to be free from the BD ghost [12].

After introducing a canonical kinetic term for the qua-
sidilaton field σ, we are ready to write down the full
Lagrangian as

S =
M2

Pl

2

!

d4x
√
−g

"

R− 2Λ−
ω

M2
Pl

∂µσ∂
µσ

+2m2
g(L2 + α3L3 + α4L4)

#

. (10)

This action can be further extended, e.g. by introducing
shift-symmetric covariant Galileon-type kinetic terms for
the quasidilaton field, or/and by introducing other mas-
sive gravity Lagrangians with different values of ασ, α3,

and α4. One can also add an extra term ξ
$

−f̃e4σ/MPl

invariant under (1). In the present paper, however, we
shall focus our attention to the simplest extension pro-
vided by (10).

In the limit ασ → 0, the action (10) reduces to the one
in the original theory of quasidilaton, but it was shown
in [13, 14] that the original theory suffers from ghost
instability in the scalar sector. In the following we shall
show that the inclusion of the ασ term can render the
extended quasidilaton theory stable.

The background. Let us consider here a flat
Friedmann-Lemaître-Robertson-Walker (FLRW) ansatz
for the theory defined in Eq. (10), that is

ds2 = −N(t)2dt2 + a(t)2δijdx
idxj , (11)

φ0 = φ0(t) , (12)

φi = xi , (13)

σ = σ̄(t) . (14)

The extended fiducial metric (4) then reduces to

f̃00 = −n(t)2 , f̃ij = δij , (15)

where

n(t)2 ≡
%

φ̇0
&2

+
ασ

M2
Plm

2
g

e−2σ̄/MPl ˙̄σ
2
. (16)

We introduce the following quantities characterizing the
background solution.

H ≡
ȧ

Na
, (17)

X ≡
eσ̄/MPl

a
, (18)

r ≡
n

N
a . (19)

We consider here a to be a dimensionless quantity, so as
n, N , X , ω, r and ασ. Also [φa] = M−1, [H ] = M ,
and [σ] = M . As we shall see below, the three indepen-
dent equations of motion for the background allow for an
attractor solution on which H , X , and r are constants.

Varying the action w.r.t. φ0(t) and then setting n(t) =
1 leads to

∂t[a
4 X(1−X)J ] = 0 , (20)

where

J ≡ 3 + 3(1−X)α3 + (1−X)2α4. (21)

This implies that X(1−X)J ∝ 1/a4 → 0 as the universe
expands (i.e. a → ∞). We thus have three cases: X = 0,
X = 1 and J = 0. We would not consider the case with
X = 0 since it would lead to a strong coupling [8]. The
case with X = 1 is not interesting since it does not lead to
a self-accelerating solution but corresponds to a solution
driven by the bare cosmological constant Λ. Therefore,
in this paper we shall consider the case with

J = 0. (22)

This, together with

r = 1 +
ωH2

m2
gX

2[α3(X − 1)− 2]
, (23)

'

3−
ω

2

(

H2 = Λ+ ΛX , (24)

leads to a self-accelerating solution. Here,

ΛX ≡ m2
g(X − 1)[6− 3X

+ (X − 4)(X − 1)α3 + (X − 1)2α4] . (25)

Eq. (24), together with the requirement that
∂(H2)/∂Λ > 0, or, in other words, the positivity
of the effective Newton’s constant for the background
evolution, implies that

ω < 6 . (26)

This study shows that it is possible, in general, for this
theory to possess self accelerating solutions with effective
cosmological constant given by ΛX . It should be noticed
that the new component in the extended fiducial metric
(4), i.e. the term proportional to ασ, does not enter in
the background dynamics. However, the parameter ασ,
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We present the first example of a unitary theory of Lorentz-invariant massive gravity, with all
degrees of freedom propagating on a strictly homogeneous and isotropic, self-accelerating de Sitter
background. The theory is a simple extension of the quasidilaton theory, respecting the symmetry
of the original theory but allowing for a new type of coupling between the massive graviton and the
quasidilaton scalar.

Introduction. Since the pioneering work of Fierz and
Pauli in 1939 [1], it has been a long-standing question in
theoretical physics whether a graviton can have a non-
vanishing mass. Recently a fully nonlinear theory of mas-
sive gravity was found by de Rham, Gabadadze and Tol-
ley (dRGT) [2, 3] and has provided a positive answer to
this fundamental question.

The study of massive gravity is motivated not only
by the above mentioned theoretical question but also by
the observed acceleration of cosmic expansion, one of the
greatest mysteries in modern cosmology. There is a pos-
sibility that a finite graviton mass might be the source
of accelerated expansion of the universe. In this respect,
it is important to establish a theoretically consistent and
observationally viable cosmological scenario in massive
gravity. However, it was recently shown that all homoge-
neous and isotropic cosmological solutions in the dRGT
theory are unstable [4].

This no-go result suggests two possible directions: (i)
to break either homogeneity [5] or isotropy [6, 7] of
the cosmological background, or (ii) to extend the the-
ory [8, 9] (see also [10] for a non self-accelerating bi-
gravity extension). The purpose of the present paper is
to explore the second possibility and to establish a stable
self-accelerating homogeneous and isotropic cosmologi-
cal solution. The hope is that this theory will provide a
theoretically acceptable setup to start studying the phe-
nomenology of this theory and its potential imprints in
the experimental data.

The model. The quasidilaton, denoted hereafter as σ,
is an additional scalar field in the context of an extended
dRGT massive gravity [8], introduced to realize a new
global symmetry

σ → σ + σ0 , φa → e−σ0/MPl φa , (1)

where φa (a = 0, · · · , 3) are four scalar fields called Stück-
elberg fields and σ0 is an arbitrary constant. The theory
also enjoys the Poincare symmetry in the space of Stück-

elberg fields

φa → φa + ca , φa → Λa
bφ

b , (2)

so that φa enter the action only through the so called
Minkowski fiducial metric defined as

fµν = ηab∂µφ
a∂νφ

b . (3)

We extend the quasidilaton theory by adding a new
type of coupling between the massive graviton and the
quasidilaton. This is achieved by replacing fµν in the
action of the original theory with

f̃µν ≡ fµν −
ασ

M2
Plm

2
g
e−2σ/MPl∂µσ∂νσ , (4)

where ασ is a new coupling constant 1 and mg is the
graviton mass introduced in (10) below. Note that the
factor e−2σ/MPl in the second term was introduced so
that fµν and f̃µν share the same scaling property under
(1):

fµν → e−2σ0/MPl fµν , f̃µν → e−2σ0/MPl f̃µν . (5)

Having defined f̃µν in this way, a building block for the
action of extended quasidilaton massive gravity is con-
structed as

Kµ
ν = δµν − eσ/MPl

!
"

g−1f̃

#µ

ν

, (6)

where g−1 represents the inverse gµν of the physical met-
ric gµν . It is easy to see from (5) that the tensor Kµ

ν is

1 We expect ασ = O(1). In other words, the (technically natural)
suppression scale of the new term is Λ2 ∼ (MPlmg)1/2 and thus
is higher than Λ3 ∼ (MPlm

2
g)

1/3. The reason for this is because
the original quasidilaton (i.e. the theory with ασ = 0) in the Λ3

decoupling limit enjoys an enhanced Galileon symmetry [8].
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where ασ is a new coupling constant 1 and mg is the
graviton mass introduced in (10) below. Note that the
factor e−2σ/MPl in the second term was introduced so
that fµν and f̃µν share the same scaling property under
(1):

fµν → e−2σ0/MPl fµν , f̃µν → e−2σ0/MPl f̃µν . (5)

Having defined f̃µν in this way, a building block for the
action of extended quasidilaton massive gravity is con-
structed as

Kµ
ν = δµν − eσ/MPl

!
"

g−1f̃

#µ

ν

, (6)

where g−1 represents the inverse gµν of the physical met-
ric gµν . It is easy to see from (5) that the tensor Kµ

ν is

1 We expect ασ = O(1). In other words, the (technically natural)
suppression scale of the new term is Λ2 ∼ (MPlmg)1/2 and thus
is higher than Λ3 ∼ (MPlm

2
g)

1/3. The reason for this is because
the original quasidilaton (i.e. the theory with ασ = 0) in the Λ3

decoupling limit enjoys an enhanced Galileon symmetry [8].

Massive gravity with 
dynamical mass and 
couplings and a 
dynamical reference 
metric

Cosmological solutions free of instabilities

Generalized Quasi-Dilaton



Growth of  Structure
These theories have a modified growth of structure which is 

highly nonlinear⇢ = ⇢̄+ �⇢

⇢̄ � ⇤3MPIn early universe when 

Vainshtein mechanism at work, fifth force is screened - GR 
recovered e.g. inflation is essentially unchanged

In late universe when ⇢̄ ⌧ ⇤3MP

Vainshtein mechanism switches off and linearized fluctuations 
know about fifth force

For typical linearized region modifications see Richard Battye talk



Growth of  Structure
⇢ = ⇢̄+ �⇢

In late universe when ⇢̄ ⌧ ⇤3MP

Vainshtein mechanism switches off and linearized fluctuations 
know about fifth force

As structure grows

Vainshtein mechanism turns on in high density (potential) 
regions and not in low density

Highly nonlinear effect!!! %
Need challenging N-body simulations

Khoury and Wyman 2009!
Schmidt 2009!
Chan and Scoccimaro 2009!
Wyman et al 2013

Khoury & Wyman

GR MG



Astrophysical tests

Even if all matter couples to the same 
metric, these theories can violate the 
equivalence principle due to the 
nonlinearity of the Vainshtein 
mechanism

Lunar Laser Ranging provides one of the best constraints 
on such theories (modification of moon orbit) Dvali et al 2003

Black Holes do not carry Galileon hair 
but stars couple to Galileon. Can lead 
to an effect where a Black Hole is 
offset from the center of its host 
Galaxy Hui, Nicolis 2012

18

Figure 5. Astrophysical tests of gravity described in 4.2 mapped to the observations described in 6.3. It is
evident that more than one kind of telescope is needed for typical tests. However as discussed in the text, the
sample size needed is modest and the galaxies are nearby, so they can be observed with high signal-to-noise
using modest telescope resources.

space of astrophysically testable models. For Vainshtein theories the astrophysical tests are less mature, but
possibly even more promising since current limits come only from cosmological scales and are specific to the
DGP model. A summary of the some of the astronomical resources needed for the tests described in Section
4.2 follows. Figure 5 shows the mapping of physical e↵ects to particular observational methods. The tables
below list the tests according to the length scales probed.

• Low redshift spectroscopy: Spectroscopic observations of samples of galaxies at low-z is essential for a
variety of tests of gravity. Such observations provide a detailed map of the nearby universe and can be
used to extract the velocity field traced by galaxies. They can be carried out as part of cosmological
BAO surveys, and also by spectroscopic cameras on other telescopes. Multi-slit or fiber spectrographs
on a number of telescopes are suitable.

• Spatially resolved spectroscopy. The internal dynamics of di↵erent tracers of galaxies (stars, ionized
and neutral gas clouds) requires specialized observations. Some data exist on dwarf galaxies exists,
whose principal purpose was to test for the nature of the inner dark matter profile and those can
be examined for di↵erential motions. Current galaxy surveys using optical telescopes (SAURON,
ATLAS-3D, CALIFA) focus on early type or massive galaxies. A larger survey of low mass galaxies,

Community Planning Study: Snowmass 2013

From Snowmass `Novel Probes’ planning document



Extra polarizations of graviton = extra modes of gravitational wave !
!
Binary pulsars lose energy faster than in GR so the orbit slows down more 
rapidly

de Rham, AJT, Wesley 2012!
de Rham, Matas, AJT 2013

Binary Pulsars



B-modes and graviton mass

In these theories the effective mass of gravitational waves is a 
function of time - this is enforced by the ghost-free structure!

Late time graviton mass is usually taken to be very small 10^-33 eV << 
H(recombination)!

For specific cosmological solutions, early time graviton mass may be 
much larger > H(recombination) putting this in tension with B-mode !

In bi-gravity, there are a massive AND massless graviton!

Massless dominates gravity at early times and massive at late times 
(Inflation essentially unaffected by massive). Massive comes to 
dominate during dark energy domination !

Implications of graviton mass bounds have to be worked out on a 
case by case basis

Dubovsky, Flauger, Starobinsky, Tkachev 2009

Raphael Flauger talk



Conclusion

There are a rich family of theoretical modified gravity 
models that are consistent with GR in high curvature/
high density regions but differ in low curvature/density 
regions  = Vainshtein mechanism!

 These infrared modified theories are very testable on a 
whole range of scales - cosmological, astrophysical, solar 
system!

Still work to be done to identify consistent stable 
cosmological solutions and which of the theories are best 
fit with data but plenty of reason for optimism
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