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Scalar theories

- k-essence
- Galileons
- Horndeski theory
- Fab-four
- ...

Gravity is not included
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Canonical kinetic term + quadratic mass:

Non-linear kinetic term: K-essence

S� =

Z
d

4
x

p
�gK(X)

J
H
E
P
0
2
(
2
0
0
8
)
1
0
1

that no causal paradoxes arise in the cases studied in our previous works [27, 28, 26]

and [29].

Section 4 is devoted to the Cauchy problem for k-essence equation of motion. We

investigate under which restrictions on the initial conditions the Cauchy problem is well

posed.

In section 5 we study the Cauchy problem for small perturbations in the “ new aether”

rest frame and in the fast moving spacecraft.

Section 6 is devoted to the Chronology Protection Conjecture, which is used to avoid

the CCCs in gedanken experiments considered in [8].

In section 7 we discuss the universal role of the gravitational metric. Namely, we show

that for the physically justified k-essence theories the boundary of the smooth field config-

uration localized in Minkowski vacuum, can propagate only with the speed not exceeding

the speed of light. In agreement with this result we derive that exact solitary waves in

purely kinetic k-essence propagate in vacuum with the speed of light.

Our main conclusions are summarized in section 8.

All derivations of more technical nature the reader can find in appendices. In ap-

pendix A we derive characteristics of the equation of motion and discuss local causality.

Appendices B and C are devoted to the derivation of the generally covariant action for

perturbations. In appendix D we show how the action derived in appendix B is related

to the action for cosmological perturbations from [28, 34]. In appendix E we consider the

connection between k-essence and hydrodynamics. The derivation of Green functions is

given in appendix F.

2. Equations of motion and emergent geometry

Let us consider the k-essence scalar field φ with the action:

Sφ =

!

d4x
√
−gL (X,φ) , (2.1)

where

X =
1

2
gµν∇µφ∇νφ,

is the canonical kinetic term and by ∇µ we always denote the covariant derivative associated

with metric gµν . We would like to stress that this action is explicitly generally covariant and

Lorentz invariant. The variation of action (2.1) with respect to gµν gives us the following

energy-momentum tensor for the scalar field:

Tµν ≡
2√
−g

δSφ

δgµν
= L,X∇µφ∇νφ− gµνL, (2.2)

where (. . .),X is the partial derivative with respect to X. The Null Energy Condition

(NEC) Tµνnµnν ≥ 0 (where nµ is a null vector: gµνnµnν = 0) is satisfied provided L,X ≥ 0.

Because violation of this condition would imply the unbounded from below Hamiltonian

and hence signifies the inherent instability of the system [35] we consider only the theories

with L,X ≥ 0.

– 3 –

k-essence, k-inflation, DBI-inflation...
(for example this nonlinearity gives speed of scalar 
perturbations in inflation, different from speed of gravity)

! ⌘µ⌫rµr⌫�+m2� = 0



Nicolis et al’09
+ many others

More non-linear : Horndeski/Galileons

k-essence

DPG-like term

L2 = K(X)

L3 = g3(X)✏µ⌫⇢�✏↵�⇢�rµ�r↵�(r⌫r��),

L4 = g4(X)✏µ⌫⇢�✏↵���rµ�r↵�(r⌫r��)(r⇢r��),

L5 = g5(X)✏µ⌫⇢�✏↵���rµ�r↵�(r⌫r��)(r⇢r��)(r�r��)

shift-symmetric theories



Linear vs nonlinear theory
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future cone

past cone

- Perturbations propagate along characteristics
- Signals (wave fronts) propagate along characteristics
- Cones of influence are defined by characteristics

causal structure

future 
cone

past
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k-essence, galileons, massive gravity...



Non-linearity (mild)
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Canonical kinetic term + arbitrary potential:

However, because the kinetic term is canonical, the characteristic structure 
is the same.

Non-linear potential term

Fig taken from Ligo paper

massive gravity:



Applications of modification of gravity! !
Cosmology:

Homogeneous time-
dependent background + 

small perturbations

Static (or quasistatic) 
configurations: 
stars, black holes.

Let us try more dynamical situations. 
For example, waves.



Waves: canonical scalar
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“Traveling” wave 
is also a solution 
for k-essence and 

galileons !

Are there other (more non-
trivial) solutions ?



K-essence: traveling wave
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Figure 2: The solution of a wave propagating in the right direction is shown for the model

L(X) = X + 1

2
X2. This solution describes a “travelling wave”, for which the shape of the

wave does not change with time and no caustics form. On the left panel the travelling

wave solution is shown in the (τ,χ) plane. The solution fully lies on the section ÃC̃ of a

singe characteristic Γ−, which is a straight line. The same solution is shown on the right

panel in the (t, x) plane. The right-directed characteristics ξ+ are straight and parallel

lines, as a consequence of the straight characteristic Γ− in the (τ,χ) plane, on which the

image of the wave solution lies. The characteristics ξ+ do not intersect each others. The

ξ− characteristics are not straight, but any ξ− is obtained from another ξ− by a shift

(t + const, x+ const), therefore they do not intersect each others either.

that the wave keeps its form while propagating (which is also clear from the form of the solution

for the travelling wave (28)). Another important consequence is that the speed of perturbations

in the direction of wave propagation is constant and it equals to the speed of light, cs = 1.

It is interesting to mention that for a theory L = L(φ,X) in the case of initial data close

to zero, one can formulate a criterion for the smooth solution to exist globally [28]. It happens

that for pure k-essence, this condition is satisfied automatically. Assuming small X, travelling

wave solutions may be considered as a particular class of such solutions. On the other hand,

more general wave solutions, studied below in Sec. 3.2, do not have small X limit, thus the

above condition is violated.

3.2 Generic waves in k-essence. Formation of caustics

The situation described above is a particular case of wave propagation, which requires initial

conditions X = 0 as we have seen in the previous section 3.1. The general wave solution violates

9

To simplify the study, we restrict ourselves to the case of two-dimensional motion, i.e. ϕ

is a function of the time coordinate t and one spatial coordinate x. Taking into account that

the equation of motion (7) does not depend on ϕ explicitly, it will be convenient to define the

following variables,

τ = φ̇, χ = φ′, (8)

where dot denotes derivative with respect to time and prime is the derivative with respect to x.

The consistency d
dt(

d
dxφ) =

d
dx(

d
dtφ) requires the following relation to be hold,

τ ′ = χ̇. (9)

In terms of the new variables (8) the kinetic term reads, X = 1
2
(τ2 − χ2). Using (8) and (9),

Eq. (7) can be rewritten in the following form,

Aτ̇ + 2Bτ ′ + Cχ′ = 0, (10)

where we defined,

A = LX + τ2LXX , B = −τχLXX , C = −LX + χ2LXX . (11)

It is easy to see that in the case of the canonical scalar field, L = X, the above equation takes the

form τ̇ −χ′ = 0, which by substitution of (8) assumes the form of the wave equation ϕ̈−ϕ′′ = 0.

In general, however, the coefficients A,B,C are functions of τ and χ.

We will study (10) by the method of characteristics5. First, let us consider an arbitrary

smooth curve in the (x, t) plane, with a parameter σ along the curve. The derivatives of the

coordinates t and x along the curve we denoted by tσ ≡ dt/dσ and xσ ≡ dx/dσ. Then we can

easily compute the derivatives of τ and χ along the curve σ in terms of xσ and tσ,

τσ = τ̇ tσ + τ ′xσ,

χσ = χ̇tσ + χ′xσ.
(12)

Using (12) (and assuming non-zero tσ and xσ along the curve σ) Eq. (10) can be rewritten as

follows,
A

tσ
τσ +

C

xσ
χσ −

τ ′

ξ

!

Aξ2 − 2Bξ + C
"

= 0, (13)

where we introduced the derivative along the curve ξ ≡ (dx/dt)σ = xσ/tσ . Now, if the expression

in the parentheses vanishes,

Aξ2 − 2Bξ + C = 0, (14)

then Eq. (13) becomes an ordinary (in general nonlinear) differential equation,

(ξA)dτ + Cdχ = 0,

5In this section we mostly follow the mathematical literature on quasilinear differential equations, see e.g. [25] and

[26].
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K-essence: generic wave
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Figure 3: The solution of a wave propagating in the right direction is shown for the model

L(X) = X + 1

2
X2 in the (τ,χ) plane (left panel) and in the (t, x) plane (right panel). In

the (τ,χ) plane the solution fully lies on the section ÃB̃C̃ of a singe characteristic Γ0
− .

The characteristic Γ0
− is not a straight line in this case (compare to Fig. 2) This solution

leads to formation of caustics, as it is shown on the right panel. The right-directed

characteristics ξ+ are not parallel, unlike the solution in Fig. 2 and caustics form, when

different characteristics intersect (shown by red dots.)

this condition. In fact, a physical situation leading to X ̸= 0 is quite generic. In particular,

a wave propagating on a cosmological background has X ̸= 0. Indeed, for a homogeneous

cosmology we have χ = φ′ = 0, while φ̇ is generically non-zero, τ ̸= 0 (in k-essence models

designed to explain the present-day acceleration of the Universe, φ̇ is necessarily non-zero). For

simplicity assume a constant φ̇, i.e. τc =const. This assumption does not affect the main result.

Consider a propagating wave travelling in the positive x direction. In the (τ,χ) plane, the whole

wave lies on the characteristic Γ0
−, see Fig. 3, similar to the case considered in section 3.1. The

homogeneous cosmology corresponds to the point C̃ on the left panel and to the white regions

on the right panel of Fig. 2. The wave is shown by the grey color and its image lies on the

characteristic Γ0
−.

The characteristics ξ+ are straight lines in the (t, x) domain, because each characteristic

ξ+ collapses to a point in the (τ,χ) plane. However, in contrast to the travelling wave, the

slope of a characteristic ξ+ now depends on the position, see the right panel of Fig. 3, therefore

the characteristics ξ+, although being straight lines, are not parallel. In particular, in ξ+ has

different values at the points A, B, C. This is a consequence of the fact that Γ0
− is not a straight

10

Caustics form



Waves in galileons

L2 = K(X)
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Waves in galileons

In 1+1 the higher order galileons,        and       , automatically 
vanish due to the “epsilon” structure of the Lagrangians  

L4 L5
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!
For k-essence wave solutions:

4 Waves in Galileon

Before extending our study of wave propagation to include higher-order Lagrangians, let us first

notice an important property of the wave solutions we considered so far in Sections 3.1 and 3.2.

A generic simple wave solution satisfy the following relation,

φ̈φ′′ − (φ̇′)2 = 0. (32)

It is easy to verify (32) for the travelling wave of the section 3.1, due to the simple form of the

corresponding solutions, φ(t, x) = f(t− x) or φ(t, x) = f(t+ x). For the general wave solution

considered in section 3.2, we need to invoke the definition of the general simple wave: it is a

solution whose image completely lies on one characteristic in the (τ,χ) plane. For example, the

image of the solution shown in Fig. 3, lies on a certain Γ0
− characteristic, the one which passes

through the points Ã, B̃ and C̃. Using this feature, it is not difficult to get the following chains

of relations,

φ̈ = τ̇ =
dτ

dσ−
σ̇−, φ′′ = χ′ =

dχ

dσ−
σ′
−, φ̇′ =

dτ

dσ−
σ′
− =

dχ

dσ−
σ̇−. (33)

Combining (33) we arrive at (32). This relation, (32), will be crucial for what follows in the

rest of this subsection. On the other hand, Eq. (32) is exactly the condition which does not

allow to perform a hodograph transformation, and exchange the dependent and independent

variables [25].

As we saw in section 3.2, formation of caustics is rather generic in k-essence. In order to

“smooth out” caustics, we can try to modify the action (6) of the theory, by adding extra

terms. However, we would like to naturally impose the following restrictions for modifications:

i) the resulting equation is of the second order in time, so that the Ostrogradski ghost does

not appear; and ii) the Lorentz invariance is preserved. Such theory has been formulated by

Horndeski [3] and later was re-descovered in [4, 5, 6] by the name galileon. We need only a part

of the Horndeski theory, since we assume that the metric is non-dynamical. Also we restrict our

study to the shift-symmetric case, as we did in the case of pure k-essence.

A convenient way to write the galileon action is to use the fully antisymmetric tensor

ϵµνρσ [29]. The galileon Lagrangian can be then written as a sum of the different terms,

L3 = g3(X)ϵµνρσϵαβρσ∇µφ∇αφ(∇ν∇βφ),

L4 = g4(X)ϵµνρσϵαβγσ∇µφ∇αφ(∇ν∇βφ)(∇ρ∇γφ),

L5 = g5(X)ϵµνρσϵαβγδ∇µφ∇αφ(∇ν∇βφ)(∇ρ∇γφ)(∇σ∇δφ),

(34)

where gi(X) are arbitrary functions of the kinetic term. Notice that in the 1 + 1 dimensional

motion the terms L4 and L5 do not contribute to the equations of motion, because of the

antisymmetric nature of the epsilon-tensor: ϵµνρσϵαβγσ and ϵµνρσϵαβγδ are zero in the case of

two dimension. Therefore the only non-trivial part of the full Horndeski model in the 1 + 1

dimensional motion is given by the Lagrangian L3 of (34), which can be rewritten as

L3 = G(X)!φ, (35)

12
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Waves in galileons

Any simple wave solution of 
k-essence                    is also a solution of a theory:   

where G(X) is an arbitrary function of X. The variation of the action S3 =
!

d4xL3 gives,

δS3

δφ
= GX(X)

"

(!φ)2 −∇µ∇νφ∇µ∇νφ
#

+GXX (!φ∇µφ∇µX −∇µX∇µX) = 0. (36)

It is easy to see that for an ansatz φ = f(x − t) or φ = f(x + t) Eq. (36) is automatically

satisfied, therefore a φ = f(x ± t) is a solution for the theory ∼ X + X!φ, in accordance

with [17]. Moreover, it can be shown the travelling wave φ = f(x± t) is s solution for the full

Horndeski theory as well [19].

Let us see how the presence of the galileon Lagrangians affect the general wave solution we

studied in section 3.2. For the general case φ = φ(t, x), Eq. (36) gives, in two dimensions,

δS3

δφ
= −2GX

$

φ̈φ′′ − φ̇′2
%

− 2XGXX

$

φ̈φ′′ − φ̇′2
%

. (37)

It is clear that for φ(t, x) for which (32) holds, the equation of motion for the galileon is identically

zero. This means, that the general wave solution which we studied in section 3.2 is also a solution

for the generalised galileon theory,

L = K(X) + L3 + L4 + L5. (38)

As a consequence of this fact, caustics are a generic feature of the galileon theory as well.

5 Conclusions

In this paper we studied in detail propagation of waves in 1+1 dimensions in the k-essence and

the galileon models by the methods of characteristics. We found the following main results:

• We confirmed that for the k-essence and the galileon model the travelling wave solu-

tions (28) and (29) exist, in accordance to previous results in the literature. However,

as we have shown in Sec. 3, this travelling wave solutions correspond to fine-tuned initial

conditions.

• The general initial conditions for the k-essence model lead to a propagating wave, which

does not correspond to a travelling wave. The propagating wave does not preserve its

form along its evolution. Eventually for a generic wave the evolution leads to formation

of caustics. After a caustic is formed, a solution of the differential equation cannot be

continued.

• Any wave solution for the k-essence model (6) is also a solution for the most general shift-

symmetric galileon theory (38), where the k-essence part of the galileon model is the same

as in (6).

The above results suggest that both k-essence and the generalised galileon models cannot

be considered as fundamental. At the moment when the caustics form, one should give extra

input about the theory, which would allow to deal with the solutions at and after formation of

13
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Conclusions

Monday 15 June 15

Travelling wave solutions in k-essence and in Horndeski theory 
exist, but they correspond to fine-tuned initial data. 
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More general initial conditions lead to a propagating wave, which is 
not a traveling wave. Evolution of a generic simple wave leads to 
formation of caustics.  
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Any wave solution for the k-essence is also a solution for the most 
general shift-symmetric galileon.
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More general solutions for galileons?
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Beyond Horndeski ?
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Physical consequences?


