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I. Introduction

1. The Meson Bc

A. The Meson Bc, B̄c: (cb̄), (c̄b) Double Heavy
B. Discovery at Tevatron by CDF in 1998 (RUN-I)

Mass: mBc
= 6.40± 0.39± 0.13 GeV;

Lifetime: τBc
= 0.46+0.18

−0.16 ± 0.03 ps
Ratio of the cross sections and branching ratios

R ≡ σ(Bc)·Br(Bc→J/ψlν)
σ(B)·Br(B→J/ψlν)

= 0.132+0.041
−0.037 ± 0.031+0.032

−0.020
C. Theoretical Estimates [see references]

Production: Fragmentation from energetic b-quark produced at high energy

hadronic colliders.

a. Fragmentation calculation with fragmentation functions calculated in terms

of pQCD with decay constant).
b. Complete calculations of order α4

s.

At LHC with luminosity L = 1033∼34cm−2s−1, 108 ∼ 1010 events of Bc and

B̄c are expected.

At Tevatron, RUN-II and Run-III, 107 ∼ 108 and more events of Bc and B̄c

are expected.
The experimental study of the meson Bc is reaching to a new stage.
Decays:

a. Three weak decay components: b̄ decay, c decay and c, b̄ annihilation and

their possible ‘interference’.
b. Vcb ¿ Vcs and mc ¿ mb, the three components are comparable.
A few remarkable points for the decays:

a. Br(Bc → J/ψ(ηc, χc, hc) + · · ·) sizable.
b. Br(Bc → Bs + · · ·) greater than 50 %.
c. Br(Bc → τ+ντ ) and Br(Bc → cs̄) quite big.
d. Bc rare decays, e.g., it may give the strongest constraint on MHDM by study-

ing the decays Bc → τ+ντγ etc.
e. Penguin diagrams have interference with the ‘main parts’ that are different

from the other heavy mesons and the total width of the meson Bc is enhanced

by a factor about 3 ∼ 4% only due to this fact. It may potentially enhance

the direct CP violation effects such as those from CKM phase.
f. Exclusive semileptonic decay width Γ in 10−6 eV (our estimate)

Decay Γ Decay Γ

Bc → ηc + l+νl 14.2 Bc → J/ψ + l+νl 34.4

Bc → η′c + l+νl 0.727 Bc → ψ(2S) + l+νl 1.45

Bc → D0 + l+νl 0.094 Bc → D0∗ + l+νl 0.269

Bc → Bs + l+νl 26.6 Bc → B∗s + l+νl 44.0

Bc → B0 + l+νl 2.30 Bc → B0∗ + l+νl 3.32
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g. Branching ratios Bc(B̄c)→ Bs(B̄s)+ · · · are great and with such numerous of

Bc(B̄c) events and additional vertex detector for mesonsB(B̄), Bs(B̄s), Bc(B̄c), etc,

to observe the CP violation with the meson Bs(B̄s) and Bs − B̄s mixing in

LHC in terms of Bc(B̄c) by selecting those Bs(B̄s) produced from Bc(B̄c)

only have outstanding advantages:

* The produced Bs(B̄s) is tagged precisely.
* Various backgrounds in the hadronic collision may be rejected by the precise

production and decay vertices of the particles.

2. The Color Octet Components in the Meson Bc

A. According to the scale rule of NRQCD and similar to charmonium

and bottomium, Bc may contain color octet components:

|Bc > = O(v0)|(cb̄)[1,1 S0] > +O(v)|(cb̄)[8,3 S1]g >

+ O(v)|(cb̄)[8,1 P1]g > +...

Since Bc carries flavors explicitly, the color octet components of Bc

cannot play the ‘game’ as those for charmonia in production.
B. If the scale rule of NRQCD is correct as indicated to solve the puzzle

for the J/ψ and ψ′ production by the high order color octet com-
ponents, it is interesting to explore the roles in decays of the meson
Bc.

C. It is the purpose for us to study the decays of Bc to leptons with
gluon bremsstrahlung

II. The Decays to P-wave Charmonium

1. The Semileptonic Decays Bc → χc(hc)l
+νl and the

Nonleptonic Decays Bc → χc(hc) + h+

A. Semileptonic Decays Bc → χc(hc)l
+νl

The T−matrix element for the semileptonic decays Bc → X(cc̄) + `+ + ν`:

T =
GF√
2
V uν`

γµ(1− γ5)v` < Xcc̄(p
′, ε)|Jµ|Bc(p) > ,

X(cc̄) denotes χc and hc, V is the Cabibbo-Kobayashi-Maskawa(CKM) matrix

element.
Jµ is the charged current responsible for the decays, p, p′ are the momenta of

initial state Bc and final state X(cc̄).
We have:

∑

|T |2 = G2
F

2
|Vij|2lµνhµν ,
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hµν : the hadronic tensor.
lµν : the leptonic tensor (easy to compute).

B. The hadronic tensor hµν

hµν = −αgµν + β++(p+ p′)µ(p+ p′)ν + β+−(p+ p′)µ(p− p′)ν +
β−+(p− p′)µ(p+ p′)ν + β−−(p− p′)µ(p− p′)ν + iγεµνρσ(p+ p′)ρ(p− p′)σ ,

C. The decay-rate:

d3Γ

dxdy
= |Vij|2

G2
FM
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α
(y − m2

l

M2 )

M2
+ 2β++

[

2x(1− M ′2

M2
+ y)− 4x2 − y+

m2
l

4M2
(8x+

4M ′2 −m2
l

M2
− 3y)

]

+4(β+− + β−+)
m2
l

M2
(2− 4x+ y − 2M ′2 −m2

l

M2
)+

4β−−
m2
l

M2
(y − m2

l

M2
)− γ

[

y(1− M ′2

M2
− 4x+ y) +

m2
l

M2
(1− M ′2

M2
+ y)

]}

,

2. The Weak Current Matrix Elements for Bc to a P-
wave Charmonium and the Form Factors
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The Feynman diagram for the weak current matrix element.

A. The weak current matrix element for X(cc̄) is hc([
1P1])

The vector current matrix element:

< Xcc̄(p
′, ε)|Vµ|Bc(p) >≡ rε∗µ + s+(ε

∗ · p)(p+ p′)µ + s−(ε
∗ · p)(p− p′)µ,

The axial vector current matrix element:

< X(cc̄)(p
′, ε)|Aµ|Bc(p) >≡ ivεµνρσε

∗ν(p+ p′)ρ(p− p′)σ ,

p and p′ are the momenta of Bc and hc respectively, ε is the polarization vector

of hc.
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B. The weak current matrix element for X(cc̄) is χc([
3P0])

The vector matrix element vanishes.
The axial vector current matrix element

< X(cc̄)(p
′)|Aµ|Bc(p) >≡ u+(p+ p′)µ + u−(p− p′)µ .

C. The matrix element for X(cc̄) is χc([
3P1])

The vector current matrix element

< X(cc̄)(p
′, ε)|Vµ|Bc(p) >≡ lε∗µ + c+(ε

∗ · p)(p+ p′)µ + c−(ε
∗ · p)(p− p′)µ ,

The axial vector current matrix element

< X(cc̄)(p
′, ε)|Aµ|Bc(p) >≡ iwεµνρσε

∗ν(p+ p′)ρ(p− p′)σ .

D. The weak current matrix elements for X(cc̄) is χc([
3P2])

The vector current matrix element

< X(cc̄)(p
′, ε)|Vµ|Bc(p) >≡ ih+−εµνρσε

∗ναpα(p+ p′)ρ(p− p′)σ ,

The axial vector current matrix element

< X(cc̄)(p
′, ε)|Aµ|Bc(p) >≡ kε∗µνp

ν + b+(ε
∗
ρσp

ρpσ)(p+ p′)µ + b−(ε
∗
ρσp

ρpσ)(p− p′)µ.

r, s+, s−, v, u+, u−, l, c+, c−, w, k, b+, b− and h+− are the form factors.
They all are functions of the momentum transfer t = (p− p′)2.

3. The Momentum Recoil in the Decays and the Gen-
eralized Instantaneous Approximation

A. The Momentum Recoil in the Decays

m(cc̄) ∼ 3.5 GeV and mBc
' 6.4 GeV, the momentum recoil of the produced χc(hc) in

CMS of Bc meson can be great even relativistic (velocity β):

βmax ' 0.6, for the semileptonic decays Bc → χc(hc) + l+ + νl.

β (≤ 0.58) is fixed and depends on the hadron mass mh, for two body nonleptonic

decays Bc → χc(hc) + h (h = π+, β is the biggest).

The recoil effects should be considered carefully.

B. The Generalized Instantaneous Approximation
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To start with a fully relativistic formalism for the transition matrix elements of the

weak currents.

The Mandelstam formalism Proc. R. Soc. London 233, 248 (1955)

the right one (which is based on B.-S. equations for the binding systems)

lµ ∼ < X(cc̄)(p
′, ε)|Oµ|Bc(p) >

= i
∫ d4q

(2π)4
Tr

[

χp′(q′)( 6p2 −m2)χp(q)Γ
µ
]

.

χp′(q′), χp(q) are B.-S. wave functions for charmonium and Bc respectively.

Generalized Instantaneous Approximation (GIA) To integrate out the time-

like component of the relative momentum in d4q for the matrix elements of the weak

currents (a contour integration).

The final formulation: The transition matrix elements of the weak currents turn

to 3-dimension integrations of the Schrödinger wave functions for the relevant bound

states with suitable operators inserted. so do the form factors.

4. The Results see Phys. Rev. D65 014017.

A. All the form factors depend on two functions ξ1 and ξ2

The two independent functions ξ1 and ξ2:

ελ(L) · ε0ξ1 ≡
∫ d3q′p′⊥

(2π)3
ψ′∗n1Mz

(q′p′T )ψn00(qpT ),

εαλ(L)ξ2 ≡
∫ d3q′p′⊥

(2π)3
ψ′∗n1Mz

(q′p′T )ψn00(qpT )q
′α
p′⊥,

qµ = qµp‖ + qµp⊥ , qµp‖ ≡ (p · q/M 2
p )p

µ , qµp⊥ ≡ qµ − qµp‖ ,

qp =
p · q
Mp

, qpT =
√

q2p − q2 =
√

−q2p⊥ .

The covariant ‘volume element’ of the relative momentum k

d4k = dkpk
2
pTdkpTdsdφ,

φ: the azimuthal angle, s = (kpqp − k · q)/(kpT qpT ).

The polarization along the recoil momentum
→

p′
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The P -wave (L=1) orbital ‘polarization’ ελα(p) in moving p (p2 = m2):

ε0µ ≡
pµ − p·p′

M ′2p
′
µ

√

(p·p′)2

M ′2 −M2
,

ε±1α (p) = ∓
√

3

8π
(f 1α(p)± if 2α(p)) , ε0α(p) =

√

3

4π
f 3α(p) ,

f iµ(p) =
−m2giµ −m(Egiµ − pig0µ) + pipµ

m(E +m)
, (i = 1, 2, 3; µ = 0, 1, 2, 3).
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The functions ξ1 and ξ2 vs. tm − t

(The solid line is of ξ1 and the dashed one is of ξ2)
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B. The semileptonic decay width and the energy spectrum of the charged
lepton

The semileptonic decay widths (in the unit 10−15 GeV)

Γ(Bc−→1P1`ν`) Γ(Bc−→3P0`ν`) Γ(Bc−→3P1`ν`) Γ(Bc−→3P2`ν`)

e(µ) 2.509 1.686 2.206 2.732

τ 0.356 0.249 0.346 0.422

The energy spectrum of the charged lepton for the decays Bc → χc +

e(µ) + νe(µ)
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1
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*7+-/. * 0�243
(The solid line is of hc[

1P1], the dotted-blank-dashed line is of χc[
3P0], the

dashed line is of χc[
3P1], the dotted-dashed line is χc[

3P2])

The energy spectrum of the charged lepton for the decays Bc → χc+τ+ντ
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(The solid line is of hc[

1P1], the dotted-blank-dashed line is of χc[
3P0], the

dashed line is of χc[
3P1], the dotted-dashed line is χc[

3P2])
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C. Two-body nonleptonic B+
c decay widths in unit 10−15 GeV

Channel Γ Γ(a1 = 1.132) Channel Γ Γ(a1 = 1.132)

1P1π
+ a21 0.569 0.729 1P1ρ a21 1.40 1.79

3P0π
+ a21 0.317 0.407 3P0ρ a21 0.806 1.03

3P1π
+ a21 0.0815 0.104 3P1ρ a21 0.331 0.425

3P2π
+ a21 0.277 0.355 3P2ρ a21 0.579 0.742

1P1A1 a21 1.71 2.19 1P1K
+ a21 4.26× 10−3 5.46× 10−3

3P0A1 a21 1.03 1.33 3P0K
+ a21 2.35× 10−3 3.02× 10−3

3P1A1 a21 0.671 0.859 3P1K
+ a21 0.583× 10−3 0.747× 10−3

3P2A1 a21 1.05 1.34 3P2K
+ a21 1.99× 10−3 2.56× 10−3

1P1K
∗ a21 7.63× 10−3 9.78× 10−3 1P1Ds a21 2.32 2.98

3P0K
∗ a21 4.43× 10−3 5.68× 10−3 3P0Ds a21 1.18 1.51

3P1K
∗ a21 2.05× 10−3 2.63× 10−3 3P1Ds a21 0.149 0.191

3P2K
∗ a21 3.48× 10−3 4.47× 10−3 3P2Ds a21 0.507 0.650

1P1D
∗
s a21 1.99 2.56 1P1D

+ a21 0.0868 0.111
3P0D

∗
s a21 1.48 1.89 3P0D

+ a21 0.0443 0.0568
3P1D

∗
s a21 2.21 2.83 3P1D

+ a21 0.00610 0.00782
3P2D

∗
s a21 2.68 3.44 3P2D

+ a21 0.0209 0.0267

1P1D
∗+ a21 0.0788 0.101

3P0D
∗+ a21 0.0567 0.0726

3P1D
∗+ a21 0.0767 0.0983

3P2D
∗+ a21 0.0972 0.124

For comparison, note here that the decay width Γ and branching ratio:

Γ(Bc → J/ψ + l+ + νl) = (25 ∼ 35) · 10−15 GeV, (l = e or µ)

Br(Bc → J/ψ+ l++νl) = (1.7 ∼ 2.4)%, if the lifetime τBc
= 0.46 ps.
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III. The Decays to Leptons l+νl with Gluon Bremsstra-
hlung

1. The Color Singlet Component Decays Bc → l+νlgg

Three typical Feynman diagrams for the decay Bc → l+νgg

2. The Color Octet Component Decays Bc → l+νlg

Two diagrams for the decay Bc → l+νg (Bc is in color octet state)

3. The ‘Long Distance’ Contributions

Typical diagrams for the long distance contribution.
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4. The Results

A. The lepton energy spectrum in the Bc-meson decays

I. The case (Case A)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
El
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-3
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-2

10
-1

d
/

B c
dE

l

(The dashed line stands for the short distance contributions from the color singlet,

the decay Bc → l+νgg, the thin dotted line for the long distance contributions

from color singlet one, mainly due to ηc as an intermediate state. The thin dashed-

dotted line and the solid line stand for the decay Bc → l+νg, the contributions

from the color octet components of Bc,
3S1[8] and

1P1[8] respectively. Here the

color-octet component wave function (S-wave) and its derivative (P -wave) at

origin are taken as |ψS(0)|8 = 0.1 · |ψS(0)| and |ψ′P (0)|8 = 0.1 · |ψ′P (0)|)
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II. The case (Case B)
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(The dashed line stands for the short distance contributions from the color singlet,

the decay Bc → l+νgg, the thin dotted line for the long distance contributions

from color singlet one, mainly due to ηc as an intermediate state. The thin dashed-

dotted line and the solid line stand for the decay Bc → l+νg, the contributions

from the color octet components of Bc,
3S1[8] and

1P1[8] respectively. Here the

color-octet component wave function (S-wave) and its derivative (P -wave) at

origin are taken as |ψS(0)|8 = 0.3 · |ψS(0)| and |ψ′P (0)|8 = 0.3 · |ψ′P (0)|)
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B. The behavior around the end point of the lepton spectrum

- Case A: Case B:

xcut 0.80 0.85 0.90 0.95 0.80 0.85 0.90 0.95

RS 0.257 0.191 0.122 0.047 0.037 0.026 0.015 0.005

- Case A: Case B:

xcut 0.90 0.92 0.94 0.96 0.80 0.85 0.90 0.95

RP 0.280 0.212 0.154 0.089 0.132 0.081 0.041 0.014

RS,P is the ratio of the integrations for the charged lepton spectrum around the end

point between the color-singlet and the color-octet components in Bc meson.

RS = Γ([1S0,1],xcut)
Γ([1S0,1],xcut)+Γ([3S1,8],xcut)

for the S-wave color-octet state |1S08 >.

RP = Γ([1S0,1],xcut)
Γ([1S0,1],xcut)+Γ([1P1,8],xcut)

for P-wave color-octet state |1P18 >.

With the definition:

Γ([1S0,1], xcut) ≡
∫ 1
xcut

dxdΓ(
1S0,1)
dx

,

Γ([3S1,8], xcut) ≡
∫ 1
xcut

dxdΓ(
3S1,8)
dx

,

Γ([1P1,8], xcut) ≡
∫ 1
xcut

dxdΓ(
1P1,8)
dx

.

The cut of the scaled lepton energy xl is chosen in such a way that in the

integration range the contribution from the color-octet component is bigger

than that of the color-singlet one.
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IV. Discussions and Conclusions

1. Remarkable advantages

Bc is interesting, not only because it has many interesting properties, but also because

it can be used for studying those, such as Bs and Bs − B̄s mixing and CP violation

etc.

2. Bc decays to P -wave charmonium are sizable, in comparison
with Γ(Bc → J/ψ + l+ + νl) = (25 ∼ 35) · 10−15 GeV, (l = e or µ)

Considering the facts, not only for observing themselves but also for observing Bc →
J/ψ · · ·, the theoretical precise knowledge on them are desired.

3. There are two functions ξ1 and ξ2

From the experience to calculate the decays of Bc (in S-wave mainly) to a P -wave

charmonium, we know that there are two functions ξ1 and ξ2 which are independent

and comparable in value even when only the lowest order relativistic effects in the

bound states are kept. All the form factors, besides the kinematics factors, depend on

them.

It is different from those of Bc to an S-wave charmonium.

4. Potential new ‘window’ to observe the 1P1 charmonium hc

The decay branching ratio BR(Bc → hc · · ·) is quite big comparing with the others.

5. The possible color octet components in a double heavy meson

To observe the possible color octet components in a double heavy meson, such as Bc

besides J/ψ, is interesting from the point view of NRQCD. The decay Bc → l++νl+· · ·
may be potentially used for this purpose and further theoretical studies, including

Monte Carlo simulations, are needed.
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